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CHAPTER 7 

HIGHER DIMENSIONS 
AND CODIMENSIONS 


T he aim of this chapter is, roughly speaking, to see whether and how the re¬ 
sults of the previous chapters generalize; instead of surfaces in M 3 , we will 
be considering higher dimensional manifolds, of higher codimensions, imbed¬ 
ded or immersed in more general Riemannian manifolds. Even at the risk 
of making the chapter somewhat disorganized，I have tried to make it pretty 
complete, so that readers do not have to sit gnawing their thumbs wondering 
whether a generalization does not appear because it is trivial or because it is 
false, or because it is unknown. It should be mentioned, however, that a few 
diddly topics, like the Dupin indicatrix, aren’t considered at all. In addition, a 
few points are taken up in later chapters, and the bibliography for appropriate 
sections should also be consulted. Finally, the most notable omission of all is 
the generalization of the Gauss-Bonnet Theorem，which occupies the place of 
honor in the last chapter of the book. 

A. THE GEOMETRY OF 
CONSTANT CURVATURE MANIFOLDS 

Although our aim in this chapter is to obtain results of the greatest possible 
generality, many of the theorems will not hold, or even make sense, unless the 
ambient manifold has constant curvature A"。. It will be necessary for us to be as 
familiar with the properties of these Riemannian manifolds as we are with the 
case of Euclidean space (A^o = 0). We will consider only the simply-connected 
complete w-dimensional Riemannian manifolds (M， 〈，” of constant curva- 
ture A^o ； by Problem 1-5, the manifold (M, { , )) is then uniquely determined 
up to isometry by Kq, 

For A^ 0 > 0, the manifold (M，〈，〉）is just the «-sphere S n (Ko) of radius 
1/v^o in 

S n (Ko) = |/? g : {/7, p) — 1 , 

with the Riemannian metric induced from the ordinary metric { , ) of . 
For simplicity, we usually consider only the case Kq 二 1, setting S n = 5 W (1). 
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It is clear that every orthogonal map A g 0(« + 1) takes S n io itself and is an 
isometry. Nloreover ， 0(w + 1) is precisely the set of isometries of S ? since 3. 
suitable A e 0(n + 1) takes any orthonormal frame X\,...,X n e S n p at any 
point p e S n io any other orthonormal frame Y\,... ,Y n € S n q at any point 
q ^ S n , and an isometry of S n is determined by its action on S n p (Problem 1-5). 

For Ko < 0, we can obtain an analogous submanifold of R n+l by considering 
a non-positive definite Riemannian metric on M” +1 • Denoting the components 
of a point a e R n+X by .. 〆， we consider first the non-degenerate inner 

product { ， ）on R w+1 defined by 

《 “ ，办 ）=— “0 办 0 + 办 1 + •.. + a n b n . 

This is called the Lorentzian inner product on R n+ \ and the group 0*(^ + 1) 
of all linear transformations /: R n+[ M w+1 which preserve ( ， > is called 
the Lorentz group [actually (Problem 1)，any map /: 股 ” 十 1 — R n+l preserving 
( ，〉 is automatically linear]. By means of the standard identification of M w+1 ^ 
with R n+ \ we obtain a non-degenerate inner product 《， on each M w+1 p ， 
and thus a non-positive definite Riemannian metric on R n+ \ which we denote 
also simply by {,》• In terms of the standard coordinate system 
on M w+1 we have 

(,> = -dx° <S) dx° + dx x ® dx x + - • + dx n ® dx n . 

The isometries of (M w+1 ,( , » are (Problem 2) precisely the maps of the form 
p \-^ A(p) + q A e O 1 (« + 1), q e R”. 1 • 

Now for Ko < Q consider the quadric hypersurface 

卜 eir +1 :(尸 ，尸 }=去}. 

As illustrated on the next page, this consists of two components, each homeo- 
morphic to M"; we will pick one of them, say the one consisting of points with 
p° > 0, and define 

H n (K 0 ) = |p e R n+] : p 0 > 0 and {p, p) = 去 }. 

For simplicity, we usually consider only the case Kq = —\, setting H n ( — \)= 
H n , the //-dimensional hyperbolic space”，To find the tangent space H n p , we 
proceed precisely as in the case of S n • Any cur\ r e c in H n satisfies 

(r(/),r(0) = 0 for all t => = 0 ， 
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the cone 



so H n p contains only vectors v p with {v,p) = 0. Moreover, {v : (u, p) = 0} 
is the kernel of the non-zero linear functional v (v, p), so it has dimension 
exactly n — \. Thus 

H n p = {v p : (i;, p) = 0} for p g H n , i.e” (p,p) = -1. 

We now claim that the induced Riemannian metric on H n is positive definite. 
To show this, it is convenient to consider the index of a bilinear function B : V x 
v M on a vector space V, which is defined to be the largest dimension of 
any subspace W dV on which B is negative definite [that is, B(w, w) < 0 for 
all 0 u; g W]. The bilinear function 

(a,b)^ {a,b) = -a°b° + a l b ] +-^+a n b n 

on R n+l clearly has index > 1， for it is negative definite on the subspace 
U — {(“ o ,0,... ， （)）}• Moreover, ( , ) is positive definite on the subspace 
c/+ = {(oV，if (, > were negative definite on a subspace W of 
dimension > 2, then ( , ) would be negative definite on the non-zero subspace 
W 门以 +， which is clearly impossible. So ( ， ）has index 1. Naturally each 
\ ^ )p also has index 1. Now consider ( , ) p on H n p . If v p e H n p ， then i* is 
linearly independent of p. and we already have (p, p) < 0, so wc cannot have 
(u, u》< 0. as ( , ) has index 1. Nor can we even have (u, v) = 0, for then we 
would have 


(p + V,p + v) - (/?, p) + 2(/7, v) + (u, 1 ；> = (/?, p) < o, 
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which is also impossible. Thus { , ) p is positive definite on H n p , and H n is 
an ordinary Riemannian manifold. (In the picture on the previous page this is 
quite clear, since all tangent lines have greater slope than the generators of the 
cone V] (.x , ) 2 = (x 0 ) 2 , and a vector v along one of these generators satisfies 

= °) 丄， n 

Naturally every element of O 1 (« + 1) which keeps {p eR n : p > 0} fixed 
will give an isometry of H n onto itself. We also claim that all isometries of H n 
arise in this way. To prove this, we just note that if (^i ) p , • ■ ■, {v n )p e H n p is 
orthonormal, and similarly for (w 山， ... ， (w n ) q € H n q , so that 

(PP) = = - 1 

(Vi , p) = 0 = (wi,q) 

{Vi,Vj) = {Wi, Wj) = 8ij, 

then the linear transformation taking 

p q and u,- i-^ Wi 

is clearly in O l (n + 1). Since there are thus isometries of H n taking any or¬ 
thonormal basis at any point to any orthonormal basis at any other point, H n 
must have constant curvature. We can compute that H n (Ko) has constant cur¬ 
vature Ko in a manner exactly analogous to a computation of the curvature of 
S n (K 0 ), by using Theorems 1-1, 1-6, and 1-9; the only difference is that we must 
allow the ambient manifold in Theorems 1-1 and 1-6 to have a non-positive 
definite Riemannian metric, and the “unit” normal field v in 1-9 will actually 
satisfy (v, v) 二 —1. The manifold H n (K 0 ) is (geodesically) complete. Because 
we are dealing with an indefinite metric on M M+I , this does not simply follow 
from the fact that H n (K 0 ) is a closed subset of M” +1 . However, it is an easy 
exercise to prove completeness using the fact that there are isometries taking 
any orthonormal basis to any other. We also mention that the geodesics of H n 
are (Problem 3) precisely the intersections H n C\ P where 尸 is a plane in R n+l 
through 0; more generally, the totally geodesic submanifolds of H n are H n H P 
where 尸 is a \*ector subspace of 

In the past we have given several other models for H n , and lor S n minus a 
point. For example, we have described the metric of a space of constant cur- 
\ ature A^o in terms of normal coordinates, in Addendum 1 to Chapter II. 7. In 
Addendum 2 to that chapter we found the most general isothermal coordinate 
systems on the manifolds of constant curvature, after first determining the ex¬ 
pression for the metric on S n in the coordinate system defined by "stereographic 
projection”. To define this map, we considered S n as the sphere of radius 1 
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around the point (0, … ， 0, 1)，so that S n is tangent to R n — R n x {0} C M” +1 . 
Letting * be the “north pole” * = (0,... ,0,2) e S n , the stereographic projec¬ 
tion 


a : S ” — {*卜 r 1 

is defined geometrically as follows: for any p ^ * in S n , we let o(p) be the 
point where the line between p and * intersects R n . It is easy to check (see the 


氺 



G 

- P n+ \ 








figure on the right) that 


( 1 ) 


<y(p) 


2 尸 1 


2-p n 


+1 


2p n \ 

’ 2 - 尸朴 1 J 


and that / = a~ x is given by 


(2) a _1 (>0 = f{y) 








i\2 


i + iE,-(y) 2 ' 




If , y n denotes the standard coordinate system on R”，then the y l o a 

give a coordinate system on S n -{*}. We can compute the metric ( , ) in terms 
of this coordinate system by computing 


n+l 


«+i 


f*YA xi ® dxi = YA fi 


w+1 n 

EE 

/ =1 j 、 k=\ 


叶 Li … M 


dyj dv k - 


dy } ® dv k 


by means of equation (2). 

However we can save ourselves a lot of computational work by first proving 
geometrically that a is conformal. It clearly suffices to consider the case n = 2. 
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Notice first that if L C M 2 is a straight line, then the lines through * and 
points of L form a plane with a horizontal line through * deleted, so o~ x {L) is 
E - {*} for some circle S C S 2 . Now given two linearly independent vectors 
X\,X 2 e S 2 P , consider the straight lines L U L 2 through o{p) pointing in the 
directions of cf^(X\) and a^{X 2 ). Their inverse images under a are Ei - {*} 


氺 



and E 2 - {*} for two circles Ej, E2 C 5 2 containing *• The angle between X\ 
and X 2 is the angle of intersection of Si and S 2 at p, which is the same as the 
angle of intersection of Si and E 2 at *. But the tangent lines to Si and E 2 
at * are parallel to L\ and L 2 , respectively. So the angle of intersection at * is 
the same as the angle between o^X\ and 0 ^X 2 - Thus, o is conformal. 

Now for any point y e R n , let c: [0, In] R” be a curve, parameterized 
proportionally to arclength, which goes once around a circle centered at 0 and 
passing through y; thus 〆 always has squared length \y\ 2 . Formula (2) shows 



that (a~ ] c c) f always has squared length 


E 

/ =1 


‘ y l — 

2 - 
|v| 2 


"[l + ^E/0-V ) 2 ] ： 
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This shows that in the conformal coordinate system {x l = y l o a) on S n — {*}， 
the metric 〈，〉 has the form 


⑶ 



dx l ® dx l 

[i + i w ) 2 ] 2 


If we were dealing with a sphere of curvature the factor 1/4 would be 
replaced by Ko/4. 

For later use，we mention one further property of the stereographic projection: 
it takes spheres in S n to spheres and hyperplanes of M w ，and vice-versa. Indeed ， 
a sphere S c is the intersection of S n with some hyperplane, 


/i+i 


'E — l p e S n : aj p l = 


and then 

y e a(E) 


a~'(v) e S 


E ⑺ 






+ ~ a n-\-\ 


EW 




by (2). 


This is always a sphere or hyperplane in R ”，and the converse works similarly. 

Now for Ko < 0, in particular for A^o = — 1, we can just formally replace the 
factor 1/4 in (3) by —1/4. In Addendum 2 to Chapter II. 7 we showed that this 
metric does indeed have A^o = — 1. In fact，this metric was simply one possible 
choice for the conformal metrics of constant curvature A^o = — 1. 

We have already pointed out that, in order to have a connected manifold, we 
must consider the metric 

_ ^ dx l ® dx l 

， = fer[i-u ： ( (-vo 2 ] 2 

only on the open ball of radius 2 ， 

B n = B n {2) = {x € : E〆？) 2 < 4}, 

but that { , ) is already complete on B n (see pg. 11.339). Thus (B”，（ ， ）) must 
be isometric to the space H n C ( 脱 ” 十 、 { , 〉）； a method for constructing an 
explicit isometry between (B n , ( , )) and H n will be suggested later. 
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The model (B n , { , )) will often be very useful, and we will examine it in great 
detail, determining，in particular, precisely what the isometries of (B n , {,)) 
onto itself look like. In order to do this, however, we first need to generalize a 
few results from previous chapters. 

First of all, Dupin’s Theorem (4-10) on triply orthogonal systems of surfaces 
generalizes immediately to a theorem on ^-orthogonal systems of hypersurfaces 
in R n . We will also need to generalize Theorem 2-2, concerning all-umbilic 
surfaces in M 3 . For a hypersurface M C M w+1 we locally have a unit normal 
field v: M S n C M w+I , and a map dv : M p M p (Theorem 1-8); we call 
p G M an umbilic dv : M p M p is multiplication by a constant. 

1. LEMMA. For w > 2, let A/ C M /l+1 be a connected hypersurface with all 
points umbilics. Then M is part of a hyperplane or an n-dimensional sphere. 

Remark: Later on we will have much more general results. 

PROOF. As in the proof of Theorem 2-2, it suffices to prove this locally. Choose 
an adapted orthonormal moving frame X\,,.., X n , X n+ \ = v on M. By hypoth¬ 
esis, there is a function X on M such that 

( 1 ) = —\X X tangent to M. 

In terms of the dual and connection forms we have 

f„ + M) = ty x x n+u Xj) = -x(x,xj), 


and thus 

^j +l = -^n+\ = X ° J - 

Taking the exterior derivative of this equation, we obtain 



(IX a 6^ + X d6^ — d\j/】+Y = 

- EC — 

(pg. HI. 19) 



= 

i 

A ft>j, 


while 


de j = - 

A V. 


So we find that 

This implies that dX = 

d 乂 A 0 』 = 0 j = 1,..., 

= 0, so A is constant. 
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The remainder of the argument can be carried out as in the proof of Theo¬ 
rem 2-2, by considering an immersion /: (7 o M for C K” open. Here is 
an alternative (essentially equivalent) argument. If X = 0. then all \//j +l = 0, 
so the second fundamental form 5 = 0; thus M is totally geodesic (Proposi¬ 
tions 1-16 and 1-17), so M lies in a hyperplane. So we assume X ^ 0. Let V be 
the vector field on M w+1 defined by 


If x 1 



V(p) = Pp eM n+l p . 



， x” +1 is the standard coordinate system on M” +1 ，then 


V 


E 




dx l 


and we easily see that = X for all tangent vectors X of M /1+1 . Thus 

equation (1) can be written 

▽Vd+i + 入 K) = 0. 


Thus the vector field X n+ \ +XV is parallel along M. Identifying tangent vectors 
of R” +1 with elements of M n+1 , this means that X n+ \ +AF isa constant vector ㈨ 
on M, so we have 

^n+i(p) + Xp = vo e M” +1 . 


Thus 


P = v -^ x r iip) 


for all p e M. which means that M lies in the sphere of radius 1 / 入 around the 
point uo/ 入 .♦:. 


Using Lemma 1. and the generalization of Dupin's Theorem, it is now a 
straightforward matter to generalize Liouville’s Theorem (4-12) to R n : every 
conformal map of an open subset of R n onto an open subset of R n is the 
restriction of a composition of similarities and im ersions. in fact at most one of 
each. In addition (compare the proof of Lemma 4-13). these conformal maps 
take hyperplanes and spheres to hypeiplanes and spheres. 



10 


Chapter 7 ， Part A 


With this information we are now in a good position to consider the isome¬ 
tries of (B n , ( , )). Since { , ) is conformally equivalent to the usual metric 
dx l ® dx l on B n ， we see immediately that 

(1) Every isometry /: (B n , { , >) ^ (B n , { , >) onto itself is a conformal 
map of B n onto itself (as a subset of R n with the usual metric). 

We next claim 

(2) If /: B n is a conformal map of B n onto itself and /* : B n p B n p 

is a multiple of the identity for some p e B n ，then / is the identity (or 
possibly minus the identity, if /? = 0). 

To prove this, consider the sphere S = boundary B n . Then S is taken into 
itself by / (more precisely, by the composition of similarities and inversions of 
which / is the restriction). If P is a hyperplane through p, then f(P) is a 
hyperplane or sphere tangent to 尸 at (since /*: B n p —> B n p is a multiple 
of the identity). But also the angle at which P cuts S must equal the angle at 
which f(P) cuts f(S) = S. It follows easily that f(P) = P. Consequently, / 
cannot be an inversion or the composition of one inversion and one similarity, 
for the inversion must be through a point ^ B n , and then f(P) could not 
be a plane. So / must be a similarity, and the desired result follows easily. 

Now consider any conformal map f: B n B n of B n onto itself，and let 
p e B n be point ^ 0. U X\^...,X n e B n p is an orthonormal basis with 
respect to { , ) p , then there is some X > 0 with 

〈 /* ( 不 ) ， M^j))f( P ) — ^ 

so {f^(Xi)/VX} is an orthonormal basis for B n f( p ). Consequently, there is an 
isometry g : (B n ， 〈， 〉）— {B n , { , )) with 

I'hen g~ x of ： B n B n is a conformal map of B n onto itself (by (1)), and 
( 发 _1 c /)*: B n p B n p is a multiple of the identity. So g = f by (2). Thus 

(3) Every conformal map / : B n ^ B n of B n onto itself is an isometry of 
(5”， 〈， 〉）onto itself. 

We can now deduce some further information about (B n , { , )). We know 
(pg. III. 26) that the -dimensional totally geodesic submanifolds through 0 e B n 
are just B n H P, where P is a r/-dimensional plane through 0 in R n . Now 
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any totally geodesic submanifold is the image o( B n 0 P under some isometry 
f : B n — B n • The map / is conformal by (1), so 

(4) Every totally geodesic submanifold of B n is the intersection of B n with 
a plane or sphere which intersects S = boundary B n orthogonally. 

Conversely, suppose that S is a plane or sphere which intersects S orthogo¬ 
nally, and let /? € There is a totally geodesic submanifold of B n tangent 

to S at p. By (4)，this submanifold must intersect 5 orthogonally. So it must 
be precisely S H B n . Thus 

(5) The intersection with B n of a plane or sphere which intersects S orthog¬ 
onally is a totally geodesic submanifold. 

Next consider a geodesic sphere E around 0 e B n (that is, let S be the set 
of points at fixed 〈，〉 distance from 0). By symmetry of 〈，〉， the set E is 
an ordinary (hyper) sphere. Now any geodesic sphere is the image of S under 
some isometry f: B n — B n . Since this isometry is a conformal map we see 
that 

(6) Every geodesic sphere of (B n , ( , )) is an ordinary hypersphere com¬ 
pletely contained in B n , 

Now we will work on proving the converse of (6). Suppose we have an or¬ 
dinary hypersphere S completely contained in B n . We claim first of all that 
there is a hyper sphere which is orthogonal to both S and S. To prove this 




we note that by means of an inversion through a point of S, we can reduce 
the problem to that of finding a hypersphere orthogonal to a hyperplane H 
and a hypersphere I ； lying completely on one side of it. If I ： has center p 
and q e H is the point closest to p y then we simply choose to be a hyper¬ 
sphere around q whose radius has the length of a tangent from q to Y. Now 
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that we have the hypersphere S' orthogonal to both S and S，we consider 
the intersection p of and the line L between 0 and the center of S. Let 



f \ B n B n be an isometry taking ^ to 0. We know by (5) that 5” fl S’ is 
a totally geodesic hypersurface. Therefore f must take S' to a hyperplane H 
through 0. Moreover, f takes the geodesic L to another geodesic through 0, 
i.e.，to a straight line L' through 0, but not lying in H. The image hypersphere 
/(S) must be perpendicular to both H and L’，which can happen only when 
/(S) has center 0. So /(S) is a geodesic sphere, which implies that E is also: 

(7) Every ordinary hypersphere completely contained in B n is a geodesic 
sphere. 

All of this information, by the way，was obtained only for the case « > 3, since 
we made use of Liouville’s Theorem. The case n = 2 h sometimes analyzed 
by explicit computation, making use of the identification of M 2 with C (see 
Problems 4 ， 5, 6)，but we can also use the information which we already have 
for n > 3, To do this we consider B 2 as a totally geodesic surface in B 3 . 
An isometry f: B 2 B 2 of B 2 onto itself clearly extends to an isometry 

/: B 3, B 3, of 5 3 onto itself. Since / is conformal, / is also. Moreover, 

since / is a composition of at most one similarity and inversion, it is not hard 
to see that the same must be true of / (this information is not redundant in the 
2-dimensional case). Conversely, if f: B 2 fi 2 is a conformal map of B 2 onto 
itself which happens to be a composition of at most one similarity and inversion, 
then / can easily be extended to a similar conformal map /: > B 3 of 

onto itself. Since / is an isometry; so is /. It now follows, exactly as before, that 
the geodesics of B 2 are portions of lines or circles intersecting S orthogonally^ 
while the geodesic circles are the ordinary circles completely contained in B 2 . 
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In Addendum 2 to Chapter II. 7 we also described a complete manifold of 
constant curvature 尺 0 = — 1 by means of the metric 

^ dx l ® dx l 

on the upper half-space J{ n = {a e R n : a n > 0}. It is easy to describe the 
isometry between 3i n and B n . In fact, since the metric on each of them is 
conformally equivalent to the usual metric on E rt ，the isometry f \ B n 3i n 
must be a conformal map. If we take an inversion I about a point * on the 
boundary sphere S of 5, then /(5) will be an open half-space, and it is only 
necessary to compose / with an appropriate similarity. We now easily see that 
the isometries of 3i n onto itself are precisely the conformal maps taking 3i n 
onto itself; that the totally geodesic submanifolds of 3i n are T D J{ n for planes 
and spheres S intersecting R n ~ l orthogonally; and that the geodesic spheres 
of 3i n are the ordinary spheres completely contained in 3i n • It will prove 
extremely useful to be able to shuttle back and forth between B n and 3i n . 

We have now given intrinsic characterizations of the sets S fi 5” [or S fl J{ n ] 
when S is a hyperplane or hypersphere intersecting S [or M^ -1 ] either or¬ 
thogonally, or else not at all. We also want to give intrinsic characterizations 
when E intersects non-orthogonally. There are two different cases to consider, 
the first of which is related to a certain limiting construction which played an 
essential role in the earliest investigations of non-Euclidean geometry. Take 
a ray L, with initial point /?， in a non-Euclidean space. For each q on L, 
consider the sphere with center q that passes through p. As q oo, this 
sphere approaches a surface. In the Euclidean case，this surface is just the 
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plane through p perpendicular to L; in the non-Euclidean case, the limiting set 
is called a “limit sphere” or horosphere. It is easy to see that the horospheres of 
( B n , { , )) are precisely B n CM where S is a hypersphere completely inside B 
except for one point. (First consider the horospheres determined by a ray start¬ 
ing at 0, as in the figure below，and then note that there are isometries of B n 


氺 



taking any horosphere to any other.) The early non-Euclidean geometers had 
their minds blown when they proved that the laws of Euclidean geometry hold 
on the horosphere; in other words，the horosphere is flat. The easiest way for us 
to see this is to consider an isometry f: B n 3i n which involves an inversion 
around the unique point * € E fiS. The image /(E) is then a hyperplane par¬ 
allel to M w_1 . But the metric induced on this hyperplane is a constant multiple 
of dx l ® dx\ so this hyperplane (which is a horosphere of 3f n ) is flat; all 
other horospheres are isometric images of this one, so they are also flat. 

To describe the other sets and SnJf”，we first do a short computation 

in J{ 2 . Consider a semi-circle intersecting M 1 orthogonally, parameterized by 
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This curve is a geodesic, apart from its parameterization. Its length from the 
point c(9o) to c(6\) is 


n 9i 




\c\6)\de 


I •❹' 
fOo 


(-rsinO)~ + (r cos0) — 


de 


•01 


f0 {) 


(—r sin 6) 2 + (r cos 6) 2 


(r cos^) 2 


d6 


n 0\ 


fe 0 cos ^ 


de. 


Notice that this is independent of r. It follows that for a geodesic L which is a 
straight line perpendicular to R, the set of points at a fixed distance d from L 
is a pair of straight lines making equal angles with L. Similarly, if P is a totally 



geodesic hypersurface in 3i n consisting of a hyperplane to 脫卜 1 ， then the set of 
points at a fixed distance d from P is a pair of hyperplanes 尸 1 ，尸 2 making equal 
angles with P. For the isometry f \ B n ^ ， involving an inversion about the 
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point * € S，the set f~ x {P) is E Pi 5” for some hyperplane or hypersphere E 
with * e EDS; and the sets /— 1 ( 尸 ,）are sets of the same sort. We thus see that 



three pairs of lines at fixed distances a pair of surfaces at fixed distance from 

from a given geodesic a given totally geodesic surface 


for hyperplanes or hyperspheres E which intersect S [or R n ~ l ] in more than 
one point, but not orthogonally，the set Y D B n [or E 0 J{ n ] is one component 
of the set of points at a fixed distance from a totally geodesic hypersurface; these 
sets are thus called equidistant hyper surfaces. 

By the way，we can also describe the geodesic spheres, horospheres，and 
equidistant hypersurfaces for 

H n = {p e M w+1 : p° > 0 and {p,p) = —1}. 

They are all of the form // w fl 尸 for some hyperplane P. As illustrated in 
the figure on the top of the next page, the parabolas，which occur when P 
is parallel to generator of the cone [“x’) 2 = (x 0 ) 2 , are horospheres; ellipses, 
which occur when P makes a larger angle with the .v°-axis, are geodesic spheres; 
and hyperbolas, which occur when P makes a smaller angle, are equidistant 
hypersurfaces. Although these assertions should look pictoriallv reasonable, we 
are not yet in a position to prove them (see page 78). For the moment we merely 
want to note that we would not obtain any new hypersurfaces by considering 
the sets H n H Q where Q is another quadric hypersurface of the form 

Q = {p e M w+I ■■ (p - po.p - Po) = (■}； 

for it is easy to see that H n H 0 is always of the form H n C\ P for some hyper- 
plane P. (Analogously, the intersection of two ordinary spheres in M w+1 is also 
the intersection of one sphere with a hyperplane.) 
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Much of the above discussion evolved from the existence of conformal maps 
from S n or H n to R n . Another kind of map will play an important role. A 
homeomorphism (p : M\ M 2 from M\ into Mi is called a geodesic mapping 
if for every geodesic y of A/j, the composition 0 o y is a reparameterization 
of a geodesic of M 2 . Notice that a geodesic mapping (p \ M\ M 2 clearly 
also takes totally geodesic submanifolds of M\ to totally geodesic submanifolds 
of M 2 . 

As usual, we first consider S n . We define the central projection 0 of S n to be 
the map which takes a point p in the open northern hemisphere of S n to 
the intersection of x { 1 } c M w+1 with the straight line through p and 

the origin 0 e It is clear that 0 : is a geodesic mapping, since 



the geodesics of S n are intersections of S n with planes through the center of S n • 
An exactly analogous construction works for H n C (1R W , ( , ))，except now we 
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obtain a map defined on all of H n . We define 0 : H n R n to be the map which 



takes p € H n to the intersection of = {(l,^ 1 ,... ,a n ) e M w+1 } with the 
straight line though p and 0 e R w+1 . In this case, the image of H n is the open 
ball in JR” bounded by the intersection of R n with the cone E/U’） 2 = U 0 ) 2 ; 
thus (p(H n ) is the open ball B n (\) of radius 1. 

We can also construct a geodesic mapping by using the model (B n , {,))= 
(B n {2), { , )). To do this, we regard as the unit sphere tangent to R n = 
R n x {0} at 0. Then the stereographic projection a from the north pole of S n 




takes the open southern hemisphere of S n diffeomorphically onto B n (2). A 
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geodesic y in (B n , { ， 〉）is a straight line or circle intersecting S — bound¬ 
ary B n orthogonally. It follows from the properties of stereographic projection 
that o~ x {y) is a semi-circle intersecting the equator of S n orthogonally. Now 
let g: S n ^ R n bt the orthogonal projection g{x \..., x n ~^~ ] ) = (jc 1 ,...,/). 
Then g takes circles intersecting the equator of S n orthogonally onto straight 
line segments of M w . So g o o* -1 : B n (2) B n (l) is a geodesic mapping. Us¬ 
ing these geodesic mappings H n B n (l) and B n (2) -> 5” （ 1)，it is not hard 
(Problems 9, 10) to describe an isometry between H n and B n (2). 

Naturally，the geodesic mapping ^ R n and H n B n (\), together with 
the standard coordinate system on R”，lead to new coordinate systems for S n+ 
and H n . In particular, the unit ball B n (\), together with the metric induced by 
the metric on //'is called the “projective model” of H n . 

We could calculate the form of the metric in these coordinate systems，and 
describe the geodesic spheres, horospheres，and equidistant hypersurfaces of H n 
in the projective model, but we will never need to know any of this information. 
For us，the only important result will be the existence of the geodesic maps S w+ ^ 
and H n — B n (\). This is not surprising in view of the following: 

2. THEOREM (BELTRAMI). If M is a connected Riemannian «-manifold 
such that every point has a neighborhood that can be mapped geodesically 
to R w , then M has constant curvature. 

PROOF. The case n > 3 follows immediately from Theorem 1-18; it is the case 
n = 2 which causes all the trouble. Note first that in the case of a surface, 
Lemma II. 7-18 implies that the curvature K satisfies 

Rhijk = K(ghjgik 一 ghkgij) 

I 

2 

⑴ R l ijk = g lh Rhijk = K(8 l jgik - & l k gij、. 

h—\ 

We will use the mapping in the hypothesis of the theorem to identify our neigh¬ 
borhood in M with an open set in M 2 , on which we use the standard coordinate 
system (a 1 , a 2 ). Thus the metric gij dx l ⑧ dx^ has the same geodesics as 
the metric J2ij ^ij dx l • Since the Christoffel symbols for the latter metric 
are all zero. Proposition II. 6-18 shows that the Christoffel symbols for gij satisfy 

rj^ = 4 - S l k a>j 
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for certain functions a>i. Hence we have 


(2) 

~ ^22 

= o, r, 1 ! : 

- ?r 2 r 2 

= 2^,. 


From equation (1)，and the formula (**) 

for R l ijk on pg. 

.11.188, 

we find that 

(3a) 

Kgn = (r, 2 2 ) 2 

^ r 2 
— a^ r ' 2 

(3b) K gi2 = 

^12 - 

- —r, 2 , 

dx 2 12 

(3c) 

Kg22 = (r l n ) 2 

9x2 1 12 

(3d) Kg 2 i = 

似 / 2 - 

9 r . 
3 / 12 . 


Notice that equations (3b) and (3d) imply that 
(4) — - -^-r 

We also have 


_r 2 

a/ 12 


3x l 


12 . 


^ S \ 2^\2 = 畧 12^ 

= g\2^h + g22^\[ 

= [11,2] 

2 \ 3x ! dx 1 
3gi2 1 


by (2) 
by (2) 


dgn 

dx 2 


dx 1 2 dx 2 

Subtracting this equation from 

g \\^\2 + S 12^\2 — [ 12 5 *1 

we obtain 

^nr,^ - «?12 厂 


1 3<?ii 


3^ii 


2 dx 2 
3<?12 


Multiplying by K. and using (3a) and (3b), we obtain 
/ ^ g \\ 3 客 12 \ r 2 


(5) 


K 


3 .v 2 9a] 


) = Tl 


r 2 r 1 r 1 

2 a^ 1,2_ll2 a^ 112 - 


Now differentiate (3a) with respect to .y 2 , and subtract the result of differen¬ 
tiating (3b) with respect to .v 1 . We obtain 


茗 l 


dK 

l d^ 


g\2 


BK 

9^ 


K 


3gll 3^12 


dx 2 


dx 1 

: 2rf: 


2 a^ rr2_r21 a^ M2 


r, 2 ,- r ? 2 Ar 


3x* 


21 - 
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Using (5) we have 

dK dK 2 d ? , d t 

gn d^~ gn d^ = r, 2 d^ r ' 2 ~ r, 2 a^ r21 ' 

Hence by (4) we have 

dK dK 
gu d^~ gl2 d^ =0 - 

Similarly, 

dK dK 

-gn-^-g22-^=0. 

Since the determinant gugii - (g\i) 2 / 0 , this implies that dK/dx 1 = 0 and 
dK/dx 2 = 0. 


B. CURVES IN A RIEMANNIAN MANIFOLD 

Before investigating general submanifolds of a Riemannian manifold, we will 
consider the special case of 1 -dimensional submanifolds, which works out quite 
differently than all other cases. Our aim is not to obtain any particularly star¬ 
tling theorems about curves in Riemannian manifolds, but merely to show 
briefly how the Serret-Frenet formulas of Chapter II. 1 generalize; along the 
way we will derive a few results which are needed to discuss higher dimensions. 

Consider a Riemannian manifold (N, ( , )), and an arclength parameterized 
curve c : [a, b] N. We use N for the ambient manifold to conform with the 
notation to be used in the general case of a submanifold M C N. For consistency 
of notation, we also use for the covariant derivative in N, even though there 
will be no occasion to consider the covariant derivative V in the 1 -dimensional 
manifold c([a, b]). We will let \\ — c f denote the unit tangent vector of c. Since 
〈 v i ， Vi〉= 1 we have 


d 


2(vi(5), 


ds I 


We define the first “curvature function” k\ of c by 


^i(^)= 


ds 


and if ^ 1 (^) 7 ^ 0 for all s we set 

n . ._i D’vA) 

v 2 ⑴ =/ q ⑴ ——-—， 

ds 
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so that v 2 is a unit vector field along c which is everywhere perpendicular to v 卜 
We then have the “Frenet formula” 

(Fi) 


ds 


Now 


Moreover, 


(V2,V2) = 1 卜2 ⑷， 


K X {s)\ 2 (s). 
ZTv 2 ⑷、 


ds 


0. 


(Vi,V 2 ) = 0 => 0 




ds 


A ⑴ +(vi ⑴， 


D f \ 2 (s) ] 
ds , 


ds I 
by (Fi). 


This implies that 

D'yi(s) = 
ds 


-/fi(i)vi(5) + vector perpendicular to Vi(5) and v 2 (5). 


We define the second “curvature function' K 2 by 

i)’v 2 ⑴ 


«2{S)= 

and if k 2 {s) ^ 0 for all s, we set 

V3(*S) = K2 ⑷ -1 


ds 


+ /Cl(5)Vi(5) 


£>'v 2 ⑴ 
ds 


+ /Cl(5)V,(5) 


so that V 3 is a unit vector field along c which is everywhere perpendicular to v ， 
and V 2 . We then have 

D'y 2 {s) 


(F 2 ) 


ds 


一 /^⑴”⑴ + ^ 2 ⑴ v 3 ⑴. 


Now suppose, inductively, that for j <tn = dim N we have orthonormal vector 
fields vj,..., vy along c and nowhere zero curvature functions k' ， ... ， Kj-i such 
that 

D'\\(s) 


(Fi) 

(F 2 ) 


ds 

D'y 2 (s) 

ds 


zq ⑴ V 2 ⑴ 

-ATI ⑴ VA ) +*：2⑴ V 3 ⑴ 


(F,'-i) 


D'yj-\{s) 

ds 


-Kj-2{s)\j-2(s) + Kj-l(s)\j(s). 
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Then 

(Vy ， V y *) 

while for i < j we have 


為⑷ 

ds 


， \j(s)) = 0, 


( Vy ,v,> =0 =» ( V/ ⑴，^ = 〜 


ds j 


\ ds 
0 

-Kj-\(s) i = j — l. 


Hence 


(*) 


ds 


-Kj-x(s)\j-i(s) 

+ vector perpendicular to \\ (^),..., \j(s). 


If j < m we set 




D\{s) 


ds 


+ Kj-y{s)\j-i(s) 


and if Kj(s) ^ 0 for all s we set 


vy+i(s) = Kj(s)~' - 


D^j(s) 

ds 


+ Kj^i{s)\j-x{s) 


We then have 


(F/) 


D 、 八 s') 
ds 


-Kj_i(s)\j-\(s) + Kj{s)\j + 1 (s). 


If j = m, then only the zero vector is perpendicular to Vi ⑷， ... ， v w (5)，so 
equation (*) becomes 


(F m ) 


ds 




⑴ 


It is easy to see that we have equations (Fi) to (Fy_i) with nowhere zero 
functions K\ s ... , kj-\ if and only if 


〆 ⑷， 


D f c\s) 

ds 




c f (s) 


dsH 


are everywhere linearly independent; the vector fields Vj,..., v 7 along c are 
then precisely the result of applying the Gram-Schmidt orthonormalization 
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process to these vectors. If D ,{j) c r {s)/ds j is everywhere linearly dependent 
on c’ ⑷， … ， D /( ' J ~ X \ J (s)/ds j ~\ then the function Kj will be everywhere 0, and 
we cannot define v)+i，but we can write instead 

Z)’V/(‘y) 

(Fj) J s = 

[Note, in particular, that (Fis just (F w ).] As in the theory of curves in M 3 , we 
consider only intervals where a set of equations (Fi), … ， (F^-i), (FJ) holds for 
some j < m. In other words, we assume that Ki ， … ， Kj 一 i are nowhere zero, 
while Kj is identically zero. We call vi ， … ， v) the “Frenet frame” for c. The 
subspace of N c ( s ) spanned by Vi (s) and v/(^) is sometimes called the (/ — l) st 
osculating plane of c at s. 

Notice that once we have c’( 5 )， ... ， D^ m ~ 1) c , (s)/ds m ~ 1 linearly independent, 
so that vi，•.., v m _i are defined, then there are only two possible choices for 
each v m (^). Having made a choice of \ m (a), there is then a unique continuous 
way of choosing ⑷ for all s e [a,b]. We still have equations (Fi) to (F m ), 
but now the function K m -\ might take on negative values, whereas all other Kj, 
being non-zero norms, are everywhere positive. The particularly interesting 
situation occurs when N is oriented. Then we define to be the unique 

unit vector in N c ( s ) orthogonal to V](^) ? ... ， v w 一 i(*s) such that (vi^), ..., v m (^)) 
is positively oriented [equivalently, we can define v m (.s) = vi(^) x • • • x 
where the cross-product is determined by the metric and the orientation (see 
Problem 11)]. For curves in R 3 this is precisely how we defined the binormal 
b = V 3 , and obtained the torsion r = a ：2 which could be positive, negative, or 
zero. When we apply this procedure to arclength parameterized curves c in an 
oriented 2 -dimensional Riemannian manifold, we obtain an everywhere defined 
curvature Ki. whose values may be positive, negative, or zero. Clearly K\ is just 
the geodesic cun ature K g defined previously 

In the next theorem we will, for simplicity ignore these refinements and con¬ 
sider only curves with (.’(△') ， ••• ， D ,{m ~ l) c f (s)/ds m ~ l everywhere linearly inde¬ 
pendent. Readers may sort out for themseh.es the details which have to be 
changed when N is oriented and we allow K m ^.\ to take on non-positi\ r e \ alues. 

3. THEOREM. (1) Let c\c: [a^b] N m be arclength parameterized curves 

with nowhere zero cunature functions K\ . Km-\ ic\ . ^m-\- l’espec- 

ti\ el\; and Frenet frames Vi. \ m and Vi.v w . respectively. Suppose that 

Kj = ki for \ < i < m — l. and that 

(*(“）= c(a) and V/(a) = v, (a) for / = 1， . • • ，川 . 


Then c = c. 
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(2) Let N m be complete, let … On-i : [^, b] ^ M be everywhere positive 
continuous functions, and let Vi,..., be an orthonormal basis for some N p . 
Then there is an arclength parameterized curve c : [a,b] N with c(a) = p 
whose curvature functions are fC\,, K n -\ and whose Frenet frame vj,..., 
satisfies v/(^/) = V/ for \ < i < m. 

PROOF. To prove (1) it clearly suffices (by a least upper bound argument) to 
show that c(^) — c ⑷ for s sufficiently close to a. So we might as well assume 
that M = with some metric 5Z /,； Sij dx l ® dx 】 ， where x 1 ， ... ， x w is the 
standard coordinate system for R m . Let Vf(s) e be the vector representing 
V / ⑷ when we identify tangent vectors of with elements of R m in the usual 
way. We thus have m + 1 functions 

c,v\,... ,v m \ [a,b] M w . 

We will also let Dvi(s)/ds be the vector representing D\i(s)/ds when we iden¬ 
tify tangent vectors of with elements of The formula on pg. 11.232 
shows that Dvj(s)/ds can be written in terms of 

c(5), 〆(■«) ， Vj(s), v/{s), i.e .， c{s), i ； i(5), vj{s), v/(s). 

Each Frenet equation (Fy) then gives us an equation 

(Ey) v/(s) = Fj(c(s),Vi{s),...,V m (s)). 

We also have the equation 

(E 0 ) c f (s) = 

So the equations (Eo), (Ei), ... ， (E m ) gives us an equation 

(*) ot f (s) = F(a{s)) 

for the function a = (c\ _ _ v m ). The function F depends only on K\ . 

Km~i (and the Christoffel symbols). 

For the function a = (c\ v\,... ,v m ) there is a similar equation 

(5’(j) = F(a{s)). 

Moreover, since k( = K( for all the function F is exactly the same as F. Now 
by hypothesis, the functions a and a are equal at cl so by uniqueness of solutions 
of (*) we have a = a. Hence c = c\ 
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To prove (2) we first show that the desired curve c can be defined on some 
interval [a, a + s]. Again we may clearly assume that M — R m . Now we can 
solve equation (*) on some interval [a, a + s], with any given initial conditions. 
This gives us a curve c : [a,a + s] ^ M and vector fields c f = Vi,..., v m along c 
satisfying the Frenet formulas (Fi) to (F w ), with 

c(a) — p and v/(a) = v/, \ <i <m. 

We have 

〈 v, _’ v 》’ ⑴ = v ) ⑴) + k i{s), ^dr\ , 

using the formulas (Fi) to (F w ), we find that this is zero. Since {v/(a)} = {v/} is 
orthonormal, {v/} must therefore be orthonormal everywhere. So v l5 ..., v w is 
the Frenet frame of c, and the Kf are its curvatures. 

In order to extend c to all of [a,b], we first consider the equation (*) once 
again. If we choose our initial point p to lie in some compact set, then there 
will be £ > 0 with the property that for any orthonormal {v/} at any such p, 
there is a curve c : [a,a + s] N with curvature functions Ki on [a, a + s], 
whose Frenet frame v,,..., v m satisfies v/(a) = v,' The size of e will depend 
on bounds for F, and hence only on bounds for the Ki, as well as bounds for 
the Christoffel symbols . It is thus clear that for every point q e M there is 
S(q) > 0 with the following property: 

(**) If d{p,q) < 8{q) and {v/} is an orthonormal basis for M p , then for any a' 
with a < a’ < b there is a curve c: [a f , min(a / + 8(q),b)] M with 
curvature functions Ki on this interval，whose Frenet frame Vi,..., v m 
satisfies V/(“’）= 

Now by a least upper bound argument it clearly suffices to show that the 
curve c: [a, a + s) with Frenet frame Vi、. •. ， v w , can always be extended 

to the closed interval [a,a + s]. The curve c* is parameterized by arclength (since 
vj = c f has length 1 )， so for 3.W a < < a + £ we have d(c(a), c(a r )) < length 

of r on [a.a r ] = a’ 一 a < e. So the image of c on [a,a + s) lies in some compact 
subset K of the complete manifold M. Thus there is 5 > 0 which will serve as 
8(q) in (**) for all q e K. Now choose a < < a + £, so that {a + s) — a f < 5, 

and find the curve r with curvature functions /c/, whose Frenet frame Vi - - v m 

satisfies v z *(aO — \i{a r ). The curve r is defined at least on [ci\s] by (**)，and c 
followed by c is an extension of c at least as far as c + e. ❖ 
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4 . COROLLARY. Let iV be a complete m-dimensional Riemannian manifold 
of constant curvature K 0 . Let c,c: [a,b] — N be arclength parameterized 
curves with nowhere zero curvature functions fc \，...and k\,..., K m -\, 
respectively. If Ki = ki for 1 < i < m - 1, then there is a unique isometry 
A \ N —> N such that c = A o c. 

PROOF. Left to the reader. 

We also want to consider curves with k' ， … ， Kj_\ nowhere zero, but Kj identi¬ 
cally zero, for some j < m - 1 . In Chapter II. 1 we found that curves with k = 0 
are straight lines, while curves with r = 0 lie in a plane. The generalization for 
curves in R m is the following. 

5. THEOREM. Let c: [a,b] R m be an arclength parameterized curve 
with Ki, … nowhere zero, and Kj everywhere zero. Then c lies in some 
7 -dimensional plane in R m . 

PROOF, Let V) ,..., V ； be the Frenet frame for c, and let A ⑷ C ⑷ be the 
j -dimensional subspace of R w c ⑴ spanned by viCs),... We claim that 

all △⑷ are parallel (considered as 7 -dimensional planes in R m ). To prove this, 
we note that since D f \i {s)/ds is just \/(s) in the Frenet equations (Fi), ... ， 
(Fy-i), (Fj) show that each \/{s) is a linear combination of certain of the v/(^), 

j 

y/(s) = ^2a u (s)\ t (s). 

l = \ 

So if w is a parallel vector field on R 771 (that is, it for some w € we have 
w(p) = w p for all p), then 

1 J 

(*) - 7 -{v/U), w(c(^))> = yv{c{s))) = y]a t/ (^){v,(^), w(c(s))). 

ds t =. 

By uniqueness of solutions of the system (*), we see that if all 〈 V / ⑷， w(c(a))〉= 0, 
then all w(c(^))) = 0 for all In other words, A(^) is always orthogonal 

to the same vectors as A (a). Hence A(^) is parallel to A(a). Our result now 
follows from 

6 . LEMMA. Let c : [a,b] be an immersed curve，and for each s let 

A(^) c M w c ( 5 ) be a 7 -dimensional subspace of M w c ⑴ with c f {s) e △ ⑷ . Sup¬ 
pose that all △( 夕 ) are parallel. Then c is a curve in some 7 -dimensional plane 
P C R 爪 ， and P is just exp (△⑷ ）for any s. 
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PROOF. Let P = A ⑷， considered as a 7 -dimensional plane in M m . Without 
loss of generality we may assume that P is parallel to the (x 1 ， ... ， x^)-plane. If c 
does not lie entirely in 尸 ， then by the mean value theorem some tangent vector 
c’(s) has a non-zero k th component for some k > j. But this is impossible, 



since 〆 ⑷ e AQ) and A(^) is parallel to P = A(a). So c lies in P. Since 
each A(^) is parallel to 尸 =A ⑷ and also contains the point c(^) e P, each 
A(^) must equal P when A(^) is considered as a 7 -dimensional plane in R m . 
In other words, P = exp(A(*s)). ♦ 

As soon as we try to replace M m in Theorem 5 with a manifold N of con¬ 
stant curvature, we find that the proof of Lemma 6 doesn’t generalize at all. 
However, the result is still true, and we will give two proofs, exploiting two 
different descriptions of constant curvature manifolds. First consider a curve 
c : [a 9 b] — N ’m any Riemannian manifold N, and suppose that for each s 
we have a 7 -dimensional subspace A(^) C N c ( s ), so that A is a “distribution 
along c”. Let r s : N c ( a 、— N c ( s ) be the parallel translation along c from c(a) 
to c(s). We say that A is parallel along c if r 5 (A(a)) = A(^) for all .v. Suppose 
that A is parallel along c and that K is a smooth vector field along c belonging 
to A (that is, K ⑷ e A(^) for all . 9 ). Proposition II. 6-3 immediately shows that 

D f V{s) 

- e △⑴ for all s, 

ds 

so that D r V{s)/ds also belongs to A. We need the converse assertion also. 

7. PRE-LEMMA. Let r: [a,b] N be a curve in a Riemannian mani¬ 
fold and let A be a smooth /-dimensional distribution along c. Suppose 
that D f V{s)/ds belongs to A whenever K is a smooth vector field belonging 
to A. Then A is parallel along c. 



Higher Dimensions and Codimensions 


29 


PROOF. Choose everywhere linearly independent smooth vector fields K ! ，…， 
Vj along c belonging to A. By hypothesis, we can write 


( 1 ) 


ds 




for certain smooth functions a u .. We claim that there are functions b\i, with 
arbitrary initial conditions b\i{a), such that 


( 2 ) 


D ， 

ds 


^2bxi(s)Vx(s) = 0, 


1 ，•••，《/ • 


In fact, equation (2) is equivalent to 




D'V),(s) 

ds 


^2b li '(s)V l (,s) + ^2 bxi{s)a l x(s)V l (s) by (1 )， 


X.L = 


and hence to 

j 

(3) b Li \s) = Y^a t x(s)bxi{s), i = 

x=\ 

Since (3) is a linear equation, we can solve it on the whole interval [a, b], with 
arbitrary initial conditions. Choose the initial conditions b)j(a) = 8}j, and set 

j 

叫⑴ = [^久,.⑴ 14 ⑴. 

入 =1 

Then the vector fields Wj along c are parallel, by ( 2 )，and linearly independent 
at a, hence linearly independent everywhere. So the span A(,s) for all s, 

which shows that A is parallel along c\ ❖ 


8 . LEMMA. Let iV be a manifold of constant cunature A^o. Let c : [a,b] N 
be an immersed curve，and let A be a 7 -dimensional distribution along c such 
that e A(^) for all s. Suppose that A is parallel along c. Then c lies in 
some 7 -dimensional totally geodesic submanifold P C N, and exp(A(. 9 )) C P 
for all s. 
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FIRST PROOF. It is easy to see that this result is essentially a local one, so 
without loss of generality we take N to be the complete simply-connected 
manifold of constant curvature Kq. Consider first the case Ko > 0, so that 
N = S m {Ko) c M w+1 . We can then consider c R m+l c ( s ). We denote the 
covariant derivatives in N and R m+i by and ▽’ ， respectively, and we will 
let v be a unit normal field on — S m (Ko). 

Let F be a vector field along c which belongs to A, so that D ， V/ds also be¬ 
longs to A, since A is parallel along c. If D’/ds denotes the covariant derivative 
along c in R w+1 , then Corollary 1-2 gives 


m 


_ D f V(s) 
ds 


e A{s). 


Thus we see that 

(1) V{s) e A{s) for all s ——-—— e A(s) + M - v(c(^)) for all s. 

ds 


On the other hand, we also have 


D'v(c ⑷） , , 

(2) ——— = V c '⑴ v = (constant) - c ⑷， 

since all points of N are umbilics 

e A ⑷， by assumption on A. 

Now let 

A(^) = A ⑷㊉ M . v(c(^)) e R m+] C ( S ). 

From (1) and (2) we see that for a vector field W along c in K w + 1 we have 

T> f W(s) 

W(s) e A{s) for all s =» --- e A(^) for all s. 

ds 


By our prelemmanary remark we see that A is parallel along c in M w+1 . So 
Lemma 6 shows that c lies in some (j + l)-dimensional plane P C K m+1 , 
and P — exp(A ⑷) for all s. Since v(c(^)) e A(^), the plane P must pass 
through the origin 0 e R w+1 . Hence c is contained in 尸 D S m (A^o), which is 
a /-dimensional totally geodesic subspace of S m (Ko). Clearly, we also have 
exp(A(^)) c Pn S m (K 0 ) for all 

The case Ko < 0 can be proved similarly, taking N to be H m (Ko), considered 
as a subset of with the Lorentzian metric. 
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SECOND PROOF. As the result is essentially local, we can assume that we have 
a geodesic mapping (p\ N ^ R m . If V denotes covariant differentiation on 
then Proposition II. 6-18 shows that there is a 1 -form oj on R m with 

(1) ^<t>^x4>*Y - = oj(cf)*X) . <()*Y + ⑴ (0*y) • (p^X. 

Let 

y(s) = 4>{c{s)) 

A(^) = 0 *AU) c ⑷. 

Then we have 

(2) y\s) = (p^c\s) g 0 *A(s) = A ⑴. 

If F is a vector field along c with V(s) e A(s) for all \ and hence D f V(s)/ds e 
A ⑷ for all s, the equation ( 1 ) implies that 

D^V{s) ^ fD f V(s)\ , , 

~ ds ~ = 沴 * I~ ~d s ~J +0)( <y Q)) - (f>*y(s) + 0 ){(f)^V{s)) . y {s) 

e A ⑷， by ⑵. 

In other words, if is a vector field along y with e A(^) for all then 

also DW{s)/ds e A(^) for all s. Once again, this implies that A is parallel 
along y. So Lemma 6 implies that y lies in some 7 -dimensional plane P C 
Then c lies in 0 - 1 ( 尸 )， which is totally geodesic 7 -dimensional submanifold 
of N. Clearly, we also have exp(A(^)) C (p~ x (P) for all s. ♦> 

9. THEOREM. Let be a manifold of constant curvature Kq. Let c: [a, b] 

N be an arclength parameterized curve with …， Kj •一 \ nowhere zero, 
and 々 everywhere zero. Then c lies in some 7 -dimensional totally geodesic 
submanifold of N. 

PROOF. Let vi，...，vy be the Frenet frame for c, and let △⑷ C M c ^ s ) be 
the subspace spanned by \\{s ),.. The argument in the proof of The¬ 

orem 5 shows generally that A is parallel along c. So our result follows from 
Lemma 8 . ♦> 

10. COROLLARY. Let N m be a complete manifold of constant cun ature 

尺 0 - Let c\c\ [a,b] N be arclength parameterized curves with K\,. .. ，々 - 1 
and ,Kj-\ nowhere zero, and kj and kj eveiyvvheie zero. If Kf — k\ for 

1 ^ f < j ~ U then there is an isometry A \ N ^ N such that c = Aoc. The 
group of all such isometries is isomorphic to the orthogonal group 0{m — j - 1 ). 

PROOF. Left to the reader. ♦> 
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For later use, we note a consequence of Lemma 8 for higher dimensional 
submanifolds M of N. 

11. COROLLARY. Let /V be a manifold of constant curvature A^o. Let M 
be a connected submanifold immersed in N, and let A be a 户 dimensional 
distribution along M such that M p C △(/?) for all /? E A/. Suppose that A is 
parallel along every curve c in M. Then M lies in some 7 -dimensional totally 
geodesic submanifold P C N, and exp(A(/?)) C P for all p G M. 

PROOF. Choose a point p 0 e M, and let P be the largest 7 -dimensional 
totally geodesic submanifold of N with P D exp(A(/?o)). For any p e M, 
choose a curve c: [ 0 , 1 ] — M with c(0) = p 0 and c(\) = p. Lemma 8 , 
applied to the distribution ^ A(c*(^)) along c ， implies that c lies in some 

/-dimensional totally geodesic submanifold 广 C M，and exp(A(c(^))) C P f 
for all 夂 Applying this for s = 0, we see that P f C P. Hence 尸 e 尸 ， and also 
exp(A(/?)) = exp(A(r(l))) C P f C P. ♦♦♦ 

G. THE FUNDAMENTAL 
EQUATIONS FOR SUBMANIFOLDS 

In Chapter 1, we considered a submanifold M n of a Riemannian manifold 
(N m , ( , >) with i \ M N the inclusion map. For each e Af, we have 
N p 二 M p ® Mp- 1 , and we used this decomposition to define two projections, 
J \ N p M p and N p — M/. For vector fields X and Y tangent along M 
we wrote 

▽、卜 T(VV,，）+ 丄 (▽、,，） 

where is the covariant differentiation in N, and we showed that T(▽ 、 y)= 
Vx n Y, where V is the covariant differentiation in M determined by the metric 
/*〈，〉，while 丄 (▽、[) = s(X p , Y p ) is symmetric in X p and Y p (and indepen¬ 
dent of' the extension Y of Y p ). This gave us 

The Gauss Formulas: N’x p Y 二 + s{X p , Y p ) 


and we then derived 

Gauss’ Equation: 

(R f (X ， Y)Z,W) = (R(X, r)Z, W) 

+ {s{X,Z),s{Y,W)) - (siY. Z),s(X, W)) 
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for all tangent vectors X, Y, Z,W e M p . (For convenience we will often use 
X, V, Z,... without subscripts to denote vectors as well as vector fields.) 

For a hypersurface with a unit normal field v, we showed that e M p , and 

we determined this vector explicitly by 

The Weingarten Equations: Y p ) = — {v,s(X p , Y p )). 

Defining a tensor II by s(X p , Y p ) = 11(^, Y p ) - v(p), we then derived the 

Codazzi-Mainardi Equations: 

(R f (X, r)Z,v> = (V^ii)(r,z)- (V F ii)(^z). 

Now we want to consider a submanifold of arbitrary codimension. We define 
the normal bundle Nor M of M in N to be 

Nor A/ = 1J M/, 

peM 

and we define the projection map 

m : Nor M M 

to be the one which takes all vectors in M p ^ to p. Thus (compare pg. 1.344) 
vt : Nor M A/ is a vector bundle whose fibre (p) over p is A 

section ^ of £* is a map with ^(p) e M p ^ for all p, in other words, a normal 
vector field along M. 

Unlike the case of a hypersurface, it is no longer true that V’xj 6 M p , even 
if ^ always has length 1 , so we will look at the general decomposition 

▽、$ = T(V、0 + 丄 W). 

The tangential component is just as nice as in the case of hypersurfaces: 

12. PROPOSITION. If ^ is a section of the normal bundle of M, and X p e 
M p , then the vector T(VV P ^) ^ M p satisfies 

(T(^xM Y p) = (^x p ^Y p ) = -(Hp),s(X p ^ Y p )), for all Y p e M p . 

Consequently, T(V、$) depends only on X p and ^(p). 

PROOF. If K is a vector field tangent along M which extends Y p , then y) = 0 . 
so 

0 = X p ((^Y)) = (V Xp ^Y p ) + {^p),V Xp Y) 

= (V Xp ^Y p ) + (^p),s(X p ,Y p )). 

since ^(p) e A / 户 丄 ， by assumption. 
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For any vector ^ € Mp 1 , we will define A^ p : M p -* M p as follows. For each 
X p € M p , we let A^ p (X p ) e M p be the unique vector satisfying 

{A^ p (Xp), Yp) — (s(Xp, Yp)^^p) for all Y p € Mp. 

By Proposition 12, we also have 

A ^ x p ) - -〒(▽、!)， 

where 专 is any normal vector field extending ^ p . When M is a hypersurface in 
M” +l with unit normal vector field v, the map A Vp : M p —> M p is the same as 
■- d v Mp - > Mp. 

For the normal component 丄 (▽ 乂专 ） we will simply introduce a new symbol, 
just as we did for 丄 (V 、 F). For a section § of the normal bundle of M, and 
for X p e M p , we define 

Dx p ^ = 丄 e Mp 1 . 

Unlike the case of 丄 (▽' 々 7)，the value of 丄 (▽’/〆）depends on the values of § 
in a neighborhood of p, not just on 与 (p). 

13. PROPOSITION. The map (X p ,^) t-> D x j is a connection on the normal 
bundle Nor M\ that is (compare pg. 11.227 and also pg. 11.346 )， 

( 1 ) Dx p +y„^ = D Xp ^ + D Yp ^ 

( 2 ) D Xp ^ + ??) = D Xp ^ + D Xp il 

(3) D a x„^ = aDxj for all a e M 

(4) D Xp f . 专二 f(p) - D Xp k + X p (f) - Hp) for all C°° functions / 

(5) If A - is a C°° vector field and f is a C°° section of the normal bundle, 
then p Dx,,^ is also C°°. 

Moreover, Z) is compatible with the metric ( , ) on the normal bundle: 
X p ({l ， ri)) = + (^D Xp il). 

PROOF. All properties follow immediately from the corresponding properties 
for ♦ 
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We will call D the normal connection for the imbedding M (Z N. With 
the notation we have just introduced, we may now write the decomposition 
▽、卜 丁(〜)+ 丄 (〜)％ 

The Weingarten Equations: = —A^ p (X p ) + Dx p ^. 

In the case of a hypersurface, we used the second fundamental form s and a 
unit normal vector field v to define a real-valued second fundamental form II. 
In the general case, we choose v w+ i, … ， v w to be everywhere orthonormal sec¬ 
tions of E defined in a neighborhood of a point and we define m — n real-valued 

second fundamental forms II r by 

\V{X P ,Y P ) = {^ f x p y p ^ r {p)) = (s(X p ， Y p ) ， v r (p)) r = m + 1， •••，《• 

We thus have 

s(X p ,y p ) = J2^ r (^P^p)^r(p). 

r 

Notice that the set {IF} depends on the choice of the {v r }; there are many 
possible choices, unlike the case of a hypersurface, where the choice of the 
single unit normal field v was essentially unique. Using the II r instead of s, we 
can write 

Gauss’ Equation: 

(R\X,Y)Z,W) = (R(X,Y)Z,W) 

+ Z)IV(Y,W) - II r (y, Z)ll r (X, W)}. 


Since the tensors IV give us an explicit expression for s, they also essentially 
give us an expression for the A Vr (p), for the equation 

^p) = ( v r(p)-> s (^p^ ^p)) — II r (Xp^ Y p ) 

determines A Vr ( p ){X p ). We also want quantities by means of which we can 
express D. So we introduce certain 1 -forms, the normal fundamental forms 
by 

= WpVV ， l\〉= {Dx p V r ,V s ). 

Then 

Dx p IV = y^^ s r (X p ) - 

s 

and Dx p ^ can be computed for any ^ by using Proposition 13. 

Notice that since (v r ^v s ) = 1 or 0， we have ^ s r — —^ r s . In particular, for 
hypersurfaces we have the single 1-form = 0. 
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14. THEOREM. Let M be a submanifold of N, with corresponding s and D. 
Then for all vector fields X, V, Z tangent along M we have 

丄 (/?’(/， V)Z) = [D x (s(Y,Z))- s{W x Y,Z)-s(Y, W X Z)] 

— [Dy(s{X^ Z)) — Z) — Vy Z)]. 

If Vn^x ,..., y m are everywhere orthonormal sections of Nor A/, with corre¬ 
sponding IY and then for all vectors Z e M p we have 

The Codazzi-Mainardi Equations: 

{R\X, F)Z, v r (p)) = (Vyll W) - (V r ir)(u) 

+ J2 IW ， Z ㈧ ⑴- 『(夂 Z)^ r s (Y). 

s 

PROOF. The first equation is precisely equation (3) in the proof of Theo¬ 
rem 1-11. Now Proposition 12 gives 

(1) D x (s(Y,Z)) = D X (孓 ll s (Y, Z)v s j 

义 (IW ， Z))-v s + J2 『 ( y ， Z)Dx^s. 

s S 

Moreover, 

(2) s(V x Y,Z) + s(Y,V x Z) = + -v,. 

s S 

Then (1) and (2) give 

(3) D x (s(Y, Z)) - s(V x Y, Z) - s(V 9 V X Z) 

=^[X(iF(y,z))- iF(V^y,Z)- iF(y, v x z)]-v s 

s 

+ Y j ^ s O , ,Z)D x v s 

s 

- ^(V^lFuy, Z) - 4 - y^ ll s (Y,Z)DxV s by Corollary II.6-5*. 

s S 

Hence 

(4) {D x {s(Y,Z))- W, Z 卜 s(YV x Z),v r ) 

^(v^iD(y,z) + ^iF(y,z)^(X). 

s 

* As on pg. III. 11, we really need this Corollary for tensors of type ($). 
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Naturally there is a similar equation with X and Y interchanged. Substitut¬ 
ing into the first part of the Theorem, we obtain the Codazzi-Mainardi equa¬ 
tions. ❖ 

The Codazzi-Mainardi equations which we have derived here are obviously 
a lot less satisfying than they were in the case of a hypersurface, since the set 
{IF} is not unique. As a matter of fact, the nicest form of the Codazzi-Mainardi 
equation is obtained by looking a little more closely at the expression 

D x (s(Y,Z))~ W ， Z )- 狀 V X Z) 

which appears in the first part of Theorem 14. A quick check shows that this 
expression is linear in X, Y, and Z over the C°° functions. So the value of this 
expression at p depends only on X p ， Y p ,Z p . To obtain an explicit descrip¬ 
tion of this function of three vectors, we consider ^ as a section of the bundle 
Hom(rA/ x 7"A/,Nor M) whose fibre at p is the vector space of all bilinear 
maps M p x M p M p ^~. Now, using the connection V in TM and the connec¬ 
tion D in Nor M, a connection V in the bundle Hom(TM x TM, Nor M) can 
be defined in the following natural way. Given 

I a section \j/ of Hom(TM x TM, Nor A/), 

1 a vector X p e M p , 

we want to have a bilinear map 

^x p ^- M p 乂 M p — Mp 1 , 

so we want to define 

(^x p t)(Y pi Z p ), for Y p ， Z p e M p . 

Let c be a curve in M with (: y (0) = X p , and let 

_ the parallel translation in TM along c 
Th — from c*(0) to c(h) determined by V, 

_ the parallel translation in Xor M along c 
P h — from r(0) to c(h) determined by D. 

Then we define 

^x I A)(y p ,Z p )=\\m\ [ Ph _'[nc(h))(T h Y p ， T h Z p )) - x/f(p)(Y p ,Z p )]. 

n^O tl 
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[Notice that if Nor M were just the trivial bundle M x M，making 沴 essentially 
a tensor of type Q, and D were the flat connection, with parallel translation the 
same along all curves, taking (p ， a) to ( 彳， “） for all p^q e M and ^ € M., then this 
definition would reduce to the definition of W Xp ^ already given (pg. II. 235). On 
the other hand，if Nor M were TM ， with the connection ▽，then this definition 
would reduce to the definition of when 诊 is a tensor of type (〒)•] Now 

it is easy to see that if Y and Z are vector fields, then 

(V Xp ir)(Y p ,Z p ) = Dx p (^(Y.Z))- f{y Xp Y ， Z p 、- ^{Y p ^ Xp Z) 

[Corollary II.6-5 is the special case when Nor M is the trivial bundle]. We can 
therefore also express the Codazzi-Mainardi equations in an intrinsic form: 

15. COROLLARY. Let A/ be a submanifold of N. Then for all vectors 
X,Y,Z e M p we have 


The Codazzi-Mainardi Equations: 

±(R'(X, Y)Z) = (V x s)(Y,Z)- (V Y s)(X,Z) 


where V is the covariant differentiation on Hom(rM x TM, Nor M) deter¬ 
mined by the covariant differentiations V on TM and D on the normal bundle 
Nor M. 

The Gauss and Codazzi-Mainardi equations tell us what 〈/?’（（ K)Z, W) is 
when all four vectors are in M p , or when three are in M p and one is in M P L 
(which one doesn’t matter, because the symmetry properties of R f allow us to 
express all possibilities in terms of the one where W G 丄 ). We can just as well 
ask what {R f (X, Y)Z, W) is when two vectors are in M p and two are in M p ^~. 
The answer is known (though not very well known) as the Ricci equations, or 
sometimes as the Ricci-Kuhne equations. We need one more definition. Given 
X,Y e M p , and an orthonormal basis Ui ， … ， U n of M p , we set 

n 

ir * iv (x, y) = ir(x ， 认） • n s (Y,Ui). 

i=\ 

It is easy to check that IF *IP does not depend on the choice of the orthonormal 
basis U\,...Mn Classically; IF*II 5 would be written as a contraction involving 
the components of IF, II s and the metric ( ， 〉* on T*M (compare pg. III. 130). 
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16. THEOREM. Let A/ be a submanifold of N, with corresponding s, A, 
and D. Then for all vector fields X and Y tangent along M, and all sections ^ of 
the normal bundle Nor M we have 

丄 n - 幻 

+ [Dx(Dy^) - Dy(Dx^) — D[x,y]^]- 

If ， •. • ， are everywhere orthonormal sections of Nor M, with corre¬ 
sponding IF and ^ s r , then for all vectors X,Y e M p we have 

The Ricci Equations: 

{R\x, Y)v r (p), v s { P )) = iv ^ ii s (x, y)-ir * iiw) 

W 

(Notice that these equations are trivial if M is a hypersurface.) 

PROOF. The Weingarten equations and the Gauss formulas give 

VV(VV^) = ~V X (A^(Y)) + Vx(Dy^) 

=-Vx(A^(Y))- s(X, A^(Y))- A {Dy ^(X) + D X (D Y ^ 


and hence 



(i) 

丄 (▽ 、 w)) 

= -s(X,A^{Y)) + Dx(Dy^), 

(n 

丄 (▽，“▽'⑹) 

=-s(Y,A^(X)) + D y (Dx^). 

Also, 


= A([m) + D[x,y^, 

so 




( 2 ) 丄 = D[ X ,y]^ 

Equations (1) ， (1’)，and (2) give the first part of the theorem. 
Now if U\, …， U n is an orthonormal basis for M p , then 

n 

A V r (p)( X p) = y^Mv r (p)( X P^ Uf) . Ui 

i=\ 

n 

= ⑻， wnt// 
/ =1 
n 
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(40 (D Y (D x v r lv s )^ Y(p s r (X)) + [ 

w 

Also, 

⑶ 〈 Amw，vO = {D^ xY V r ,V s ) - {D^y X V r ,V s ) 

= ^xY)-^(V y X). 

From (4) ，（ 4')，and (5) we get 

( 6 ) {Dx(DyV r ) - Dy(D X V r ) - D[x^Y]^r, ^s) 

=[W;(n) - K^xY)}- [Y(P s r (X)) - ^(V Y X)] 

+ (n - ⑷ 

w 

=(^xP s r )(Y)- (Vy^)(X) + ^(F)^(X) 

、 w 

by Corollary II.6-5. 

Substituting (3) ， {[V), (6) into the first part of the theorem, we obtain the Ricci 
equations. <♦ 
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The expression D X (D Y ^) - D Y (D x g) - D [x ,y]^ which appears in the first 
part of Theorem 16 can be treated just like the expressions which arose in 
Theorem 14. In fact, for any connection D in any vector bundle m : E —> M, 
the map 

(X, Dx(Dy^) - D y {D x ^) - D[ X ,y]^ 

(for vector fields X,Y on M and sections ^ of E) is linear in X, Y y and ^ over the 
C°° functions. Consequently, its value at /? e M depends only on X p , Y p , ^(p): 
we already know this for the two vector fields X, Y (Theorem 1.4-2), and the 
proof for the section ^ is essentially the same. We therefore have a well-defined 
map 

Rd = Rd(P): M p x M p x vj~\p) 
the curvature of the connection Z), given by 

Rd(P)(X p , Y p % = Dx(D y ^(p) - D Y (Dx^)(p)- D [x ^(pl 

for any vector fields X and Y extending X p and Y p , and any section ^ of £ 
with ^(p) = ^ p . Thus we can state a more intrinsic form of the Ricci equations: 

17 . COROLLARY. Let M be a submanifold of N, with corresponding 5 
and A. Then for all vectors X,Y e M p and ^ € M P L we have 


The Ricci Equations: 

±(R f (X, Y)^)= R d (X,Y)^+ s{A^X),Y)~ s(A^Y),X) 


where is the curvature of the connection D in Nor M. 

The Gauss, Codazzi-Mainardi, and Ricci equations are the only general 
equations which we have for submanifolds of a Riemannian manifold. It would 
not be reasonable to expect an interesting formula for {R\X, Y)Z, W) when 
three of the vectors are in Mp 1 . For if X,Y,Z e A//, then R\X, Y,Z) has 
nothing to do with M at all, and (R f (X, Y)Z, W) would depend only on the 
position of M p . The classical reason for resting content with these three equa¬ 
tions was somewhat different. In Chapter 2 we saw (at least in a special case) 
that the Gauss and Codazzi-Mainardi equations were precisely the integrability 
conditions for the Gauss formulas. It turned out that the integrability condi¬ 
tions for the Weingarten equations reduced to the Codazzi-Mainardi equations ， 
but this was only because we happened to be dealing with a hypersurface. In 
general，the integrability conditions for the Weingarten equations lead to two 
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sets of equations; one set reduces to the Codazzi-Mainardi equations, while 
the other set is precisely the Ricci equations [notice that our proof of Theo¬ 
rem 16 essentially investigated integrability conditions also, for we compared 
▽^(▽'5^) with VV(V^^)]. It was therefore clear to classical differential ge¬ 
ometers that the II r and ^ s r determine an ^-dimensional submanifold of M m up 
to Euclidean motion, and that any set of IV and 《 comes from some subman¬ 
ifold if the three fundamental equations are satisfied. In order to derive these 
results without writing everything out in very classical terms, we will first see 
what our fundamental equations say in terms of moving frames. 

Consider an adapted orthonormal moving frame X\,..., X n , X n+ \,.. .,X m 
on M. As in Chapter 1 , we let 0 i , coi, and be the dual forms, connection 
forms，and curvature forms on M for the frame 不 ， … ， X”， and we let 
and ^ be the forms on N for the frame Then on TM we have 

<t> 1 = = 0 . 

By looking at the first structural equations, we found that 

and that there are unique functions s r ^ on M satisfying 

= S U = S ji ■ 

These functions are related to s by the equation (pg. III. 19) 

HXj ， Yfc) = 丫 s r ik X r . 

r 

So if we choose the orthonormal vectors X n+x ,.. ., to be our v n+x v m , 
then the II r are given simply by 

⑻ 4 =>* ^(x) = iv(x,xj), 

while the normal forms 扣 are simply 

(b) = ^ s r on TM. 

Since the map A is determined by 

(A Vr (Xi), Xj) =： {v r ,s(Xi, Xj)) 

= s r . 

/ 厂 
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we also have the explicit formula 

^v r (^i ) — Xj . 
j 

More important, we have 

n 

(c) IV * II s (Xi,Xj)= ，心） 

k=\ 

= 丫 J r ik s 'k ， 
k=\ 

Now let us look at the second structural equation 

㈣ - 八少》 + %. 

y 

If we restrict to TM, and choose various ranges for the indices, we obtain the 
following three equations (for the first we also use the structural equation on M, 
as in Chapter 1): 


㈧ 


r 

(B) 

dfj = 

: 卜 0 ^ ♦: 八中 I" + 屯 : 

i w 

(C) 

dVr : 

=+ % . 


w 


Using equation (a) we see immediately that equation (A) is precisely equivalent 
to Gauss’ equation (in the form given on page 32). For equations (B) and (C) 
we recall that for a 1-form r] we have (pg. 1.215) 

(d) d n (X k ,Xi) = XMX,))- Xi(r!(X k )) - rj([X k ,Xi]). 

We also have 

(e) [X k , Xi] = V Xk Xi - X k = at](X k )Xi - a>' k (Xj)Xi 
and (Corollary II. 6-5) 

(0 (▽々 in (屯 = A ( ir (4 勾 )）- ir (▽知札勾 ）- ir ( x /， ▽知曷） 

(g) (V x J s r 、 (X!、= X^iXi))- 

When we apply equations (B) and (C) to (Xk, X[), and use equations ⑻一 (g)，we 
find that (B) and (C) are equivalent to the Codazzi-Mainardi equations in The¬ 
orem 14, and the Ricci equations in Theorem 16， respectively. Equations (A), 
(B)，(C), involving differential forms, are much more convenient for considering 
questions connected with integrability conditions. 
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18. THEOREM. (1) Let M, M c be two connected «-manifolds imbed¬ 
ded in let v«+i ，…， be everywhere orthonormal sections for the normal 
bundle of M，and let v n +\ ,..., be everywhere orthonormal sections for the 
normal bundle of M• Let I, II r , fi s r be the first, second, and normal fundamen- 
tal forms for M (defined with respect to the {v }), and define I, II , p r similarly. 
Let (p : M — M be a diffeomorphism which preserves all the fundamental 
forms: 

0*i = i, 0*iT = ii r ， 

Then there is a Euclidean motion A such that 0 = A\M and A^(v r ) — v r for 
r = « + 1,... ,m. 

(2) Let (A/， 《， 》）be an «-dimensional Riemannian manifold with curvature 
tensor R. For r, ^ + 1,..., let 5 r be symmetric tensors on M, covariant 

of order 2, and let b s r be 1-forms on M with b s r = —b r s . Suppose that the S r 
and b s r satisfy 

(1) Gauss’ Equation: 

0 = {(R(X, Y)Z, W)) - J2 S r (Y, Z)S r (X,W) + S r (X, Z)S r (Y,W) 

r 

(2) The Codazzi-Mainardi Equations: 

0 ^ (W x S r ){Y,Z) - (V Y S r )(X,Z) 

+ Y^{S s {Y,Z)b r s {X)- S s (X,Z)b r s ^Y)} 

s 

(3) The Ricci Equations: 

0 = 5 r * S s {X,Y) -5 r * S s (Y,X) + (V x b s r )(Y) - {V Y b s r ){X) 

+ [{ 屹⑽广⑺ - b s w {Y)bf{X)}. 

U) 

Then for every point of M there is a neighborhood U and an isometric imbed¬ 
ding f \ U ^ such that there are everywhere orthononnal sections v M +i ， 

v m of the normal bundle of f(U) in for which the corresponding forms II r 
and on f{U) satisfy 

b s r 二 r%. 

PROOF. We will consider the proof of (2) first, since the proof of (1) will come 
along for free. Since we are trying to prove a local result, we might as well 
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assume that M is R n . Let X\,..,,X n be an orthonormal moving frame for 
《，》 on M”，with dual forms 0’， and connection forms (Oj. Define 1-forms ^ 

(1 < a, < m) on R n as follows: 

\l/j = ojj 1 < i, j < n 

irj(X) = S r (X,Xj) \ < j <n < r <m 
yj/ r s — b r s n < r,s <m. 

Then the forms satisfy two crucial equations: 

r = " + 1 ，…， m 

a, = 1 ， … ， m. 

Equation (*) follows directly from the definition of and symmetry of S r . 
Equation (**) follows from the Gauss, Codazzi-Mainardi, and Ricci equations 
in the hypothesis. This should be clear from our verifications, prior to the state¬ 
ment of the theorem, that equations (A), (B), and (C) are equivalent to Gauss’ 
equation on page 32, and to the Codazzi-Mainardi equations in Theorem 14 
and 16, respectively. 

Now suppose for the moment that we have an immersion /: (M w ,((,〉〉） — 
M m , and orthonormal sections ， ... ， of the normal bundle of /(M w ). 
Identifying tangent vectors of R w with elements of as usual, we thus have 
a map 

i; = (ui,..., v m ) = , /*(D ， v w+ i,..., v m ): R n R m . 

If / is an isometry and S’ = f*lV and b s r = J*^ s r , then the components 
of the functions v a will satisfy 

m 

(i) 办卜 XXk 

y=i 

So we will first show that a map I’ = (i’i,..., ) : > M w satisfying (1) can 

be found. The idea of the proof is to look for the graph r C x R m ~ of v 
(compare pg. 11.264). Let 7t\ : x and 7T2: x be 

the projections on the first and second factors, and let {.vf} be the standard 
coordinate system on It is easy to see that if u: —>• satisfying (1) 


(*) ^ i/rj A = 0 

j=\ 

m 

(**) 神； =^ a ^ 
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exists, then its graph r C M 71 x R mZ is a submanifold on which the m 2 linearly 
independent 1-forms 


( 2 ) 


d{x^ on 2 ) - 。兀 2 ) _« 


all vanish. Conversely, if all these 1-forms vanish on an ^-dimensional manifold 
r C x R m , then T is the graph of the desired function v. So by the Frobenius 
integrability theorem (1.7-14), we just have to show that the exterior derivative 
of each form (2) is in the ideal i generated by these forms. Now 


/ m 


J^( x y 07r 2) - ^l*^a j = J2 d ( x a OJl 2) A « 

y=i 

m 

+ 。丌 2 ) . n x *dfl t 

A.—1 

m 

=0 7T 2 ) ATT]*^ 

y=i 

m x m 乂 

- 。丌 2> . ( J] A 7T ， Va) by(**) 

y=\ \y=l 

m , m 、 

=f 。丌 2) - 。丌 2 > 丌 1*<) A«, 

which is indeed in the ideal i generated by the forms (2). Thus we see that there 
is a function i?: M w —> satisfying (1). In fact, we can choose u(0) to be any 
linearly independent set of vectors in M w ~ (just choose the integral submanifold 
of i = 0 which passes through this set of vectors); in particular, we can choose 
u(0) to be a set of orthonormal vectors. 

We next note that, for the ordinary inner product 〈 , ) on the functions 
Uj,..., v m satisfy 

^((v a ^vp)) = (dv a , v^) + (v a ,dvp) 

m m 

= ilv a +^2 l ， a- 

K=1 Y=\ 

m m 

=E + E bv i 1 ) 

y ,X= 1 y. A.—1 

m m 
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In particular, for any curve c in the functions 

fa^U) = ))? ))) 

satisfy the differential equation 

m m 

“’(0 = 瓜 (0 + ⑴) / a x ( 0 . 

入 =1 x =\ 

Since ^ = ~tL this same equation is satisfied by the functions f a p(t) = 8 a p. 
So by uniqueness of solutions with a given initial condition, we conclude that 
v\,... ,v m are orthonormal everywhere. 

Now we want to show that there is actually a function f: R n ^ R m such 
that 


/*d) = Vi / = 1 ， • • •，《‘ 

For the component functions f m of / we want 

n 

df a (Xi(p)) = vf(p) i.e., df a (p) = ^Vj{p) - 6 j {p). 

y=i 

To prove that / exists, we look for its graph r C x M m . We let 7 i \: R w x 
M m -» R n and 712 ： R n x R m M m be the projections on the first and second 
factors, and we let {x a } be the standard coordinate system on M m . The T we 
are seeking is a submanifold of R w x R m on which the 1-forms 


⑶ 


d{x a 。丌 2 ) - 。丌 ■ n\*e ] 


all vanish. Now 

"(gw . W) = A Tly*e ] 


- o 丌 l) • \*0)] Ani*6 j 

i=\ 7=1 

n m 

。丌 1) ‘丌 lV/ A7l l *e j 

n 

- ^ « 。丌 1 ) ‘ 7l\*(Jt)j A 7l\*0 j 
=1 

n m 

E E (V^ 。 兀 1 ) ‘ A 7l\*d j 


by (1) 


=/i+i 


= 0 by (*). 
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So the Frobenius integrability theorem proves that there is f: R n ^ lR m with 
= Vi (i — 1，...，《). Then / is an isometry; since X\,...,X n and 
v\,... ,v n are both orthonormal sets. This proves part (2). 

As for part (1), we first note that the required Euclidean motion A, if it exists, is 
unique [for if p e M, then A^\M P must be and A^(v r {p)) must be v r (p)\. 
Therefore it suffices to prove existence of A locally. By the usual argument, 
it suffices to show that M = M if for some p e M \vc have p = (f)(p) and 
M p = M p , and 中 ” =identity and v r (p) = v r . But this follows immediately 
from the fact that there is just one function u: M” — R m2 satisfying (1), with a 
given value of u(0). 


This classical formulation of Theorem 18 was given in order to emphasize 
the extra problems which arise when the codimension is greater than 1. But 
it is a very unsatisfactory way of bringing the normal bundle into the picture. 
After all, everywhere orthonormal sections v m +i,..., of the normal bundle 
can usually be found only in a neighborhood of each point. So the first part 
of Theorem 18 really makes sense only locally, even though it is supposed to 
be global. We have similar problems in the second part, where we would like 
to obtain a global result when M is simply connected. These defects are easily 
rectified, since we also have invariant statements of our fundamental equations. 
We need one simple bit of terminology. Let M and M be C°° manifolds, and 
let m : E ^ M and m: E ^ M be C°° vector bundles of the same dimension 
over M and M, respectively. If 0: M — M is a diffeomorphism, then a C°° 
map 本 • E 一 E k called a bundle isomorphism covering 0 if: 


(1) the diagram 


d> — 

E —- — >E 

tu m 

(h — 
M ^ - 一 vM 



commutes, so that 0 takes vr~ ] (p) to m~ x ((pip)), 
each map 

0|ttt _1 (/j): zrr~\p) m~\(p(p)) 


is a vector space isomorphism. 

It then follows easily that 0 is a dift'eomorphism. Notice that if' ^ is a section 
of E, then we have a section 0(§) of E defined by 


0(?)(c/) -0(^(0-'(c/))) q e M. 
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19. THEOREM. (1) Let A/ be a connected submanifold of R m with normal 
bundle m : Nor M —> A/, and corresponding second fundamental form s and 
normal connection D. Similarly; let M be a connected submanifold with nor¬ 
mal bundle m : Nor M M and corresponding s and D. Let 0: M M be 
an isometry. Suppose that there is a bundle isomorphism 0 : Nor M — Nor M 
covering 0 such that 0 preserves inner products, second fundamental forms, 
and normal connections: 

= (^ ， V) for all|," e M/ 

^{s{X,Y)) = s(<t>^X,^Y) for all X,Y € M p 

for all X e M p and all sections ^ of Nor M. 
Then there is a Euclidean motion A such that (f) = A\M and 0 = A^\ Nor M. 

( 2 ) Let(M，《 ， 》）be a simply-connected M-dimensional Riemannian manifold ， 
with covariant differentiation V and curvature tensor R. Let m: E M bt 
an (m — ^)-dimensional vector bundle over M with a Riemannian metric {，}， 
let 5 be a connection on E compatible with { ， }，with curvature tensor Rs, 
and let o* be a symmetric section of the bundle Hom(7 ， M x TM, E). Denote 
by V the connection on Wom(TM x TM, E) determined by V and 5; and for 
X e M p and ^ e let A^(X) e M p be the unique vector satisfying 

= {^a{X,Y)} for all Y e M p . 

Suppose that o and 8 satisfy 

(1) Gauss’ Equation: 

mx, Y)Z,W)) = {a(Y, Z),a(X,W)}- {a(X,Z), a(Y, W)} 

( 2 ) The Codazzi-Mainardi equations: 

(V x a)(Y,Z)^(V Y a)(X,Z) 

(3) The Ricci equations: 

R 8 (X,Y)^ = a{A^(Y),X)- a(A^(X),Y). 

Then there is an isometric immersion f: M and a bundle isomorphism 

f •• E — {normal bundle of /(M)} covering / such that 

(/(t)./(??)> = {$• rj} for all 与 ， rj e m^(p) 

f(o(X,Y)) = s(f^X, f^Y) for all X.Y e M p 

f (& 专 ） = D^xif (^)) for all X G M p and all sections ^ of E, 

where s and D are the second fundamental form and the normal connection 
for f(M). 
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PROOF. It’s just one big translation job locally. Then simple-connectivity is 
used to prove the global result, as in Problem 2-3. ❖ 

Naturally, Theorem 19 simplifies considerably for the case of hypersurfaces ， 
when Nor M is 1-dimensional. In part (1) we can dispense with the normal 
connection Z), and in part (2) we can dispense with S (and the Ricci equations). 
When we deal with oriented hypersurfaces, we can ignore Nor M completely, 
since the orientation of M determines a unit normal field v, and thus a second 
fundamental form II. In part (1)，we simply need that 0 is an isometry with 
0*11 = II; then the Euclidean motion A of the conclusion is actually a proper 
Euclidean motion with A^v = v. In part (2)，we simply supply our Riemannian 
manifold (M, (( , ))) with a symmetric tensor S, covariant of order 2, satisfying 

mx ，= 5(y,z). S(X, W) - S(A\ z) • S(y ， z) 
(v^5)(y,z) = (v r s)(^z). 

In the general case, Theorem 19 is much less satisfying, for it does not tell us 
when a map cf) : M — M between two submanifolds of is the restriction of 
a Euclidean motion; it only gives us information about maps 0: A/ M to¬ 
gether with bundle isomorphisms 0 : Nor M — Nor M covering 0 (as a slight 
compensation, we find a Euclidean motion A preserving this additional struc¬ 
ture). In the theory of curves we have a situation more closely resembling the 
case of hypersurfaces, since certain functions K\” .. ， K m _] determine (“general ”） 
curves parameterized by arclength. For curves in M m , the results of part B are 
actually a special case of Theorem 19, for the vector fields V 2 ,..., v w along c 
give a trivialization of the normal bundle of c\ it is not hard to see (Problem 12) 
that if we choose v r — \ r , then the corresponding IF and ^ s r are all express¬ 
ible in terms of a ： i ， … w_i. For higher dimensional submanifolds of higher 
c odimension there is also a theory which determines “general” submanifolds, 
up to Euclidean motions, by means of tensors on the submanifold. Although 
this theory is certainly more appealing geometrically^ it is rather elaborate, and 
is presented separately in Addendum 4. 

For the present, we merely wish to generalize Theorem 19 by replacing 
with a more general ambient space. Now the first part of Theorem 19 simply 
isn't true for an arbitrary ambient space {N ， ( , )), which may not ha'’e am* 
isometries onto itself except the identity. For example, we can easily construct a 
metric on K w+1 such that the hypersurfaces R” x {0} and x {1} are isometric 
and ha'.e vanishing second fundamental forms, without there being any non- 
trivial isometry of onto itself, and in particular none taking M” x {0} to 
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]R W x {1}. It should be mentioned, however, that one can at least prove the 
following (Problem 12): 


Suppose that M and M are connected submanifolds of (7V ， 〈 , )) and 
that there is a point p e M 0 M with M p = M p . Let 0: M — M 
be an isometry with (p(p) = p and (f)^ p : M p M p the identity. 
Suppose that there is a bundle isomorphism (p : Nor M Nor M 
covering 0 which preserves inner products, second fundamental forms, 
and normal connections, and such that 0 is the identity map on M p ^~. 
Then M — M and (f) is the identity. 


We encounter difficulties of another sort when we try to generalize the second 
part of Theorem 19 for an arbitrary ambient manifold (N , )). Now we don’t 
even know what conditions to place on S and a, since the Codazzi-Mainardi 
and Ricci equations for S and a involve terms R f (X, Y)Z which we cannot 
evaluate unless we already have the imbedding of M into N. 

These difficulties do not arise when (N，( ， )) is a complete simply-connected 
manifold of constant curvature Kq. The Euclidean motions of part (1) will be 
replaced by the isometries A，. N — N ，， such isometries can be found taking any 
orthonormal frame at one point of N to any orthonormal frame at any other 
point (Problem 1-5). Moreover, the Codazzi-Mainardi and Ricci equations for 
a submanifold M C N are exactly the same as in the Euclidean case, since 

R\X, Y)Z = K 0 [(Y 9 Z)X- (X,Z)Y] (pg. III. 11) 

I 

A-(R f (X, Y)Z) = 0 for X, Y, Z tangent to M 

R r {X, Y)^ = 0 for X, Y, Z tangent to M and ^ normal to M. 

Gauss’ equation, on the other hand, becomes (Corollary 1-12) 

Ko[(X, J^)] 

= (R(X, Y)Z,W) + (s(X, Z),s(Y, W)) - (s(Y, Z) 9 s(X 9 W)). 

For an adapted orthonormal moving frame on M, equations (B) and (C) have 
^j=^ s r = 0. while equation (A) becomes 

(ao 尺 0 [yw] 

. r 

since 


= {R\X,Y)Xj,Xi) = K 0 [{X,Xi)- {Y,Xj)~ (X,Xj) - {Y, X t )] 
=K o [d i (X)d j (Y)-d i (Y)0 J (X)]. 
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One fairly straightforward method of generalizing Theorem 19 is to regard N 
as S m (Ko) C M m+1 , or as H m (Ko) C M m+1 with the Lorentzian metric. The 
details of this pleasant proof are left to Problems 13 and 14, partly because it 
uses a result from the next section, but mainly because we want to provide 
a (rather unpleasant) proof which involves only the intrinsic description of N 
as a manifold of constant curvature Kq. The proof of Theorem 19 itself will 
not generalize at all, because it involves the natural identification of 7"M m with 
M w x an identification that essentially depends on the fact that M w is flat. 
For a general manifold ， )) of constant curvature, we will have to consider 

the tangent bundle TN, and work with Ehresmann connections. 

Consider a principal bundle n \ P — M with group G. For each X e Q = 
Lie algebra of G, we have defined (pg. II. 311) the fundamental vector field on P 
corresponding to A"; we will change notation slightly and denote this vector field 
by o(X) [so that o can still be used as in the statement of Theorem 19]. Recall 
that an Ehresmann connection on 尸 is a fl-valued 1-form on P. We will use a 
bold face Greek letter, like (*), for such connections. Here our aim is to avoid 
confusing (*) with the (closely related) connection forms a)j of a moving frame on 
a manifold. Recall that a frame u for M p is an ordered basis u — (u \,..., u n ) of 
M p , and that we have a principal bundle F(TM) M with group GL(n,R), 
where F(TM) is the set of all frames at all p e M. An Ehresmann connection 
(0 = (io l j) on F(TM) is a M)-valued 1-form on F(TM). For any moving 

frame s = (X\,..., X n ) : U F(TM) on an open set U C M we thus have the 
matrix of 1-forms co = 5*0), and the assignment of = s*U) to s = (X\, • • ■ ， X n ) 
is a (Cartan) connection on M ; then by defining ~ 二 ，•⑴ we 

obtain a covariant differentiation operator V on M. Conversely, every Cartan 
connection on M comes from a unique Ehresmann connection (*) in this way, 
and thus every covariant differentiation operator V comes from a unique w. 
More generally, given a /:-dimensional vector bundle vj : £ — A/，we let F(E) 
denote the set of all ordered bases u of for all p e M. Then F(E)— 

M is a principal bundle with group GL(A%M), and Ehresmann connections a) 
on F(E) correspond to covariant differentiation operators (X,^) i-> on 
sections ^ of E. In the special case of F(TM) we also have the -valued 

dual form 0 = (0 1 .0 W ); for any moving frame s = (X\ . X n ). the forms 

6 l = s*Q l are just the dual forms for this moving frame. 

When we have a vector bundle m \ E ^ M which has a Riemannian metric 
{ , }. it is often more convenient to consider the bundle 0(£*) C F(E) consist¬ 
ing of orthonormal frames. Notice that for X e o(k) C R). the vector field 
o(X) on ()(£*) is just the restriction of the vector field o(X) which is defined on 
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F(E). Now suppose we have a covariant differentiation VxH which 

is compatible with the metric { , so that 

义 = { Vj ^，"} + {?， 

If $ 1 ，… ，匕 are local sections of E with {§/ ， 幻 } = S", and we define the 1-forms 
(X)) (1 < ij < k) by 

k 

▽尤幻 = y ^ j (^ i i ( x ) •匕， 

/ =i 

then we have 

( 1 ) 0)j = -(x)j . 

Let (0 = ((*>)) be the Ehresmann connection on F(E) corresponding to the 
covariant differentiation V. We claim that (o|0(£) actually takes values in 
o(k) = {skew-symmetric k x k matrices}. In fact, if K is a vertical vector at 
some u e 0(£), then Y = o{X)(u) for some X e o(k )，and 

o)(K) = (o(a(X)(u)) = X e o(k). 

On the other hand, every non-vertical vector at a frame u € 0(£") at /? € M 
is of the form s^(Z) for some local orthonormal section s = (§ 1 ， ..., and 
some tangent vector Z € M p , and then 

o)Cs*(Z)) 二， w(Z) = co(Z), 

so the claim follows from equation (1). Thus vve see that 0 )|O(£) is an Ehres- 
mann connection on the principal bundle O(E). [Conversely, an Ehresmann 
connection on 0{E) clearly extends in a natural way to an Ehresmann connec¬ 
tion on F(E) whose corresponding V is compatible with the metric { ， }.] It 
is clear that at any point u € 0(£), the horizontal subspace for the connection 
w|0(£) is exactly the same as the horizontal subspace at u e F(E) for the 
connection w. So for Y\,Y 2 e 0(E) U s the covariant differential Z)(( 0 |O(£)) has 
value 


D{i 0 \O(E))(Y u Y 2 ) = ci(( 0 \O{E)){hY u hY 2 ) 

= d(o(/iYi'/iY 2 ) 

= H(YuY 2 ). 


liYi = horizontal 
component of Yi 
in either F{E) 
or ()(£) 
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In other words, the curvature form of 0)|O(£ ， ) is just the restriction to 0(£) of 
the curvature form S2 of co. So no confusion will arise if we simply use co for 
the restriction 0 )| 0 (£*)， and S2 for the curvature form of 0 )|O(£). 

We will apply these considerations, in particular, to the case where E = TM 
is the tangent bundle of a Riemannian manifold (M w ，《 ， 》）and (*) is the 
Ehresmann connection corresponding to the Levi-Civita connection for〈〈，〉〉. 
Thus we have o(«)-valued forms 0’ ， （ 0 )，on O(TM). For another Riemann¬ 
ian manifold {N m ， { ， 〉）we have ， similarly, o(m)-valued forms Og ， 审 g on 
O(TN). 

Now suppose that we are given a Riemannian manifold (M”，《 ， 〉〉），and 
an (m — «)-dimensional vector bundle w \ E ^ M with a Riemannian metric 
{ ， }• Let 0(7 ， M, E) denote the set of all pairs (u, u) where u e O(TM) and 
v e O(E) lie over the same point p e M. Then 0(TM, E) is a principal 
bundle, whose group G is the set of all m x m matrices of the form 



A e O(n) and B e 0(m — n). 


These bundles will come into our proof of the generalization of Theorem 19 in 
the following way. If we succeed in finding an isometric immersion / : M ^ 
N, covered by an inner product preserving bundle isomorphism f: E ^ 
{normal bundle of /(A/)}, then we will also have a “principal bundle isomor¬ 
phism” from 0(771/, E) into 0(TM)\f (M). Instead of looking for / directly ， 
we will look for this principal bundle isomorphism. Since the graph of this prin¬ 
cipal bundle isomorphism is a subset of 0(TM, E) x 0(7W)，we will look for 
the graph as an integral submanifold of a certain distribution on 0(TM, E) x 
O(TTV); if (u,v) e 0(TM, E) and w e O(TW )， then the integral manifold 
through ((w, u), w) will turn out to be the graph of the principal bundle iso¬ 
morphism determined by (/*，/)，where f \ M — N is an isometry with 
f^(ui) — Wi, and f (iv) = uv. Thus, although our set-up is now rather com¬ 
plicated. it is very natural to look for maps from (J(TM. E) to O(TTV )， because 
they involve precisely the right amount of leeway which we expect in the choice 
of the isometric imbedding / : M — N, 


20. THF.OREM. The results of Theorem 19 hold w hen M w is replaced by a 
complete connected Riemannian manifold (N. ( . )) of constant curvature Kq. 
and the following modifications are made: 

(1) The map A in the conclusion of part (1) is replaced by an isometry 
A.. N — N. 
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(2) Gauss’ Equation in the hypothesis of part (2) is stated as: 

尺紙 W))((Y,Z))~ ((X,Z))((Y^W))] 

= 《攀， Y)Z,W)) + {a(X, Z)MY, W)}- {a(K, Z) ， a(JT, W)}. 

PROOF. Again we will begin by considering the second part of the theorem. 
So we are given (M, ({ , )>) and the bundle m : E ^ M, with metric { , }，a 
connection 8 compatible with { ， }，and a symmetric section a of the bundle 
Hom(7"M x TM, E). Then 8 gives us a connection form ^ on 0(£*) which is 
o(m - w)-valued; we will denote its components by ^r r s for r，s + 1,••• ， w. 
Similarly, will be the curvature form on 0(£). 

Now we have obvious maps 

0{TM,E) 


O(TM) O(E). 

For convenience we will denote 

入 1 *( 0 ’) ， 入 i*(w)) ， X\*(H l j) simply by 6^, (*)j, Qj 

入 2*(t;) ， 入 2*( 由;） simply by 汆 ; ， R. 

We define functions s[ y - : 0(TM, ^ M as follows. An element of 0(TM, E) 

is a pair (u, v), where u and v are orthonormal frames, of TM and E, respec¬ 
tively, at the same point p. Then a(ut,Uj) can be written uniquely as 

o(iu,Uj) = ^s^((w,d)) - v r . 

r 

We now define forms directly on 0(TM, E) bv 

> 、 j 1 

Ihe symmetry of a implies that s[ y - = s;,，and thus that 

J2 A 0 ( ' = 0. 




( 1 ) 
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Now we claim that on the bundle 0{TM, E) we have 

(2) 夂0[0’ Ae 勹 = - DX: 

r 

(3) dYj - 

/ s 

( 4 ) 咏 = 

i W 

The proof is in two steps. First, consider a local section (^i ,..., X n , v n+ \ ， 
v m ) = ^ ： U G(TM, E) on U d M. Denote ^*(0 r ) by 6 l , etc., and 备 *(<) 
by \(r ^. Then the 0 l , co l j, and Q l j are the forms for the moving frame X\,..X n . 
When we apply to equations (2)-(4), we obtain equations on M, of which 
the first, for example, reads 

(20 = - 

r 

When we take into account the fact that 

Vi = .re* = v r )d k , 

k k 

we find, by a straightforward calculation, that equation (2’) is equivalent to 
Gauss’ equation. As in the proof of Theorem 18, we can even avoid the calcu¬ 
lation by realizing that it will be essentially the same as the calculation which 
shows that equation (A’）is equivalent to Gauss’ equation. In a similar manner, 
we see that true equations result from applying to (3) and (4). This means 
that equations (2)—(4) hold when applied to tangent vectors which are not verti¬ 
cal. So we just have to prove that (2)-(4) hold when applied to a pair of vectors 
of which at least one is vertical. 

The 1-forms 0 1 on 0(TM) are zero on any vertical vector，while the 2-forms 
Sl l j are zero on any pair of vectors of which at least one is vertical. Since 
the vertical vectors of 0(TM, E) are precisely the vectors y for which Xi^(K) 
is vertical ill 0(TM) and ^ 2 *(^) is vertical in 0{E). we see that the forms 
Q l and on 0(TM. E) ha\ e the same property as the forms 0’ and fiy on 
O(TM). Analogous statements hold for the forms ^ on 0(TM. E). Moreo\er. 
the forms are clearly 0 on vertical vectors of 0{TM. E). It is thus clear 
that (2) holds when applied to a pair of vectors one of which is vertical. To treat 
equation (4). we note that the structural equation for 0(£*> gives 
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Since 中 f is zero on a pair of vectors one of which is vertical, while and \|r z 5 
are zero on vertical vectors, this clearly gives the result for equation (4). Thus 
we are left with equation (3). If both our vectors Y\, Yj are vertical, then the 
right side of (3) is zero; on the other hand, if Y \, are vertical vector fields 
extending Y\, Yj, then the left side is 

dV j (Y l ,Y 2 ) = y,(t ； (y 2 )) - r 2 (t ； (?i))- 
= o, 


since ^ is zero on vertical vectors. This leaves us with equation (3) in the case 
where just one vector is vertical. 

Every vertical vector at a frame (u, v) at p is o(V)(u, v) for some T in the Lie 
algebra g of the group G of Q(TM, E). We want to show that (3) holds when 
applied to 

Yi =a(r)(w ， u), Y 2 = UX P ), 

for some X p e M p and some local section (X\,,X n , v n ^\ ， ■ • ■ ， v m ) = g •• U — 
0(TM, E). We extend Yi to a vector field as follows. First extend X p to 
a vector field X on M. Then ^(X) is a vector field defined at just one point 
in each fibre. We extend ^(X) to Yi by making it invariant under R a ^ for all 
a e G. This means, in particular, that for the Lie derivative we have 

0 = L a(n ?2 = [a(r),r 2 ]. 

Equation (3)，applied to Y \, Y 2 thus becomes 


(3 ’） ^(^ ； (?2)) = J]t[(y2)0)j(^l)-X]^( y i)t-(^2). 

i s 

To prove equation (3’)，we need information about for a e G. We 

write a as 


A 


B 


A e O ⑻， 


Let us note first that the definition of s [- gives 


Be 0(m — n). 


CT((w • A)i，(u - A)j) = y^s[ ; ((M,u) -a) ■ {v ■ B) r . 

r 

From this we easily find that 

n m 

s^j((u,v) - a )= E E A» P kl (u ， v 、 (B-% 

kj=\ p=«+l 
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We can now compute 

j 

using the equation (Proposition II. 8-12) 

R A *Q l = 

k 

we find that the (m — n) x n matrix [ 屮 ] = (\Jr[) satisfies 

(*) /?/[ 1 jr] = 5- 1 [t]^. 

Now suppose we write r € g as 

r = (3 A) for r ( e o(h), r 2 6 o(m -n). 

An integral curve of Y\ = a(T)(w, i;) is given by 

t b (u ， v) • exptr = R e xptr(u,v). 

So for the left side of (3’）we find that 

^i(^}(^2)) = Hni - [¥(/2( 穴 expArW’u))) - ^J(^2)] 

=|im ^ [^(^expAr*^) - ^-(^)] 

(from the way Y2 was defined) 

=jim - [((^expAr)*^；) (^ 2 ) - ^(^2)] 

=(;•) component of 

lim j [({exp/jr 2 } _1 - [^r] • exp)(y 2 ) - [+](h)] 
h->-o h L 

by equation (*) 

- (y) component of {-T 2 . [ijr%)] + [^(> 2 )]ri} 

=-E (r2) » ⑹ + Ef( F2) 

5 / 

=-J]W(CT(r))+)(y 2 ) + 

s i 
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兀 2*^ 

w 

兀 2* 伞 ). -7Tl*C0} 

兀 

兀 2* 伞； — 丌广 屮 ；. 


Since the forms (a < are a basis for the dual space of the tangent 

space 0(77\0 出 ， it is clear that each △((“， v >， u; ) has dimension 

dimO(TM,E) x 0(TN) - dimO(7W) = dim0(771 /，£)， 

and that 丌 1 *: △((“， v )， u ；) — 0(TM, E)( UyV ) is an isomorphism. We thus obtain 
a distribution A. 

For any a e G, v/e have the map R a : O(TM.E) 0(TM, E). Since 
a e G d O(m) — group of the bundle O(TTV)，we also have maps, which we 
will denote by the same letter, R a : 0(77V) — O(TN). These maps then give 
us maps 

R a .. 0(TM,E) x O(TN) — O(TM.E) x O(TN). 

We claim that = A. To prove this, it suffices to show that R a *r] is a linear 

combination of the forms (a)-(e) whenever q is any of the forms in (a)-(e). If 


A 


B 


then Proposition II. 8-12 shows that the -valued form 丌 2 *中 satisfies 


尺 a * 兀2*少 = ^2* ~ 兀2〜— 1 ( j )= 兀2* 


A' 


B~ 


中， 


which is precisely the right side of (3 f ). 

After all this work, we are ready to construct a distribution on the product 
0(TM, E) x 0(A^). We introduce the two projections 

0(TM,E) x O(TN) ^- 2 > O(TN) 

兀 I 

0{TM,E). 

Define A(( w ^) ?u; ) to be the set of all tangent vectors at ((«, v), u;) on which the 
following 1-forms all vanish: 


^5"(b)^T d 
/fv 广 - \ //V /(V /TV 
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while 

Ra*nx*Q = 7n*/?/0 - TTiM - ^. 

From this we see that R a *rj has the required property when t] is one of the forms 
in ⑻ or (b). We also have，by Proposition 11.8-11 ， 

R a *n 2 *^ =n 2 *Ra*^ =n 2 *a~ l ^ra = n 2 * ^ ^ t q ^ ； 

for the same reason we have 

R a *n\*io = 7Ti*i4 _1 a)/l, 

while (*) gives 

W [夺] = 丌1*5 _1 [屮]乂 [^] ^ ( t [)- 

From these equations we see that R a *t] has the required property when r] is one 
of the forms in (c)-(e). 

Now we claim that our distribution A is integrable. According to Proposition 
1.7-14, we just have to show that the differentials of all the forms in (a)-(e) are 
in the ideal i generated by these forms. Now we have, for example ， 


— 7Ti*0 Z ) = 7T2*( — ^ ijrj A V) — TTi* (— ^ (t)y 


aQ j 


+ 丌 2*( - ^ ^' r A 

The last term is in i, since the forms (b) are. The first two terms can be written 

- [兀 2* 伞）八（兀 -TT^e 7 ') - y^(7T 2 *\|f • - n]*(Oj) A 7l { *Q j , 

j j 

which is in i. For the exterior differential 

11 ( 712 *^) = 丌 2 *(— 八 ‘)+ 丌 2*(-E 伞 ; A«j /)， 

we note that the second term is in i. while the first can be written 

- E (丌八丌2*中’ -[W 八(丌 2 V -丌 1*0’） 


A 0 1 )； 
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the first two terms arc in i, while the third is zero by equation (1). We will 
briefly outline the check for (c), and leave the others for the reader. We have 

d(n 2 *^ l j - n\*(j3 l j )= 丌 2*(-E 伞 Ai]r|^ - 丌丨*(一 AO),) 

k k 

+ 丌 2*( - E < A 伞;）+ 丌 2*( 屯;)-丌1*(兑)). 

Since N has constant curvature A^o, we have 兀 2 *( 屯 ) ） = A^o^2*(4 )/ A 中 ）），while 
equation (2) tells us how to get rid of 7 Ti*(S2)). Wc obtain, in particular, the 
term 

欠 0[« 八 W - 7Ti*0* A 7Ti*0 7 ] 

= -7lx^) A Jl 2 ^ j 

+ 7T 1 *e / A( ； r 2 *(j> y ' -7r,*eo], 

which is in J?. The other terms are easily paired off and treated as above. 

Now consider an integral manifold T of the distribution A. Since the map 
丌 l* •• A((w,d),u ；) ^ 0(TM, E)( u v ) is always an isomorphism, the map TC\ ： T ^ 
0(TM, E) is a diffeomorphism in a neighborhood of any point. Replacing M 
by a sufficiently small open subset of M if necessary, we may assume that 
丌 1 : r 4 0(TM, E) is a diffeomorphism. Then T is the graph of a function 
g : 0{TM, E) Q{TN), given explicitly by 

g = 艽2 。(兀 ijr 广 1 . 

Because R a *^ — A for all a e G/\t is easy to see that g takes fibres of 0(TM, E) 
to fibres of 0(7W), so that there is a diffeomorphism f \ M ^ N for which 
the following diagram commutes. 

0(TM,E) — 1 — . O(TN) 

丌 tin 

i 、 i 

M - 丄 - 

Now suppose we have a tangent vector X p e M p , a frame (i/, i») e n~ l {p), and 
a tangent vector Y e Q(TM^ E)( u ^ v ) with = X p . Then, by definition of 0\ 
wc have 


0 z (y) = / th component of X p with respect to the frame u. 
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Now 

so we likewise have 


j^Xp — Y — 71 n ， 


/• th component of f^X p with respect to the frame g((u, v)) 

= 4>’ (以 [) 

= 4> ; ’( 丌 2*( 丌 iir )-、( y )) 

((兀 iir )'( n ) 

=;ri*0 f (( 兀 1 |r 厂 ^(y)) since the forms (a) are zero on T 

= e / (y). 


Similarly, since the forms (b) vanish on r, we find that 

r th component of f^X p with respect to the frame g((u, u)) = 0. 

This shows us that g is of the form 

g((u,v)) = (/* ⑻，/⑻)， 

for some bundle isomorphism /:£*—> {normal bundle of f(M) in N 、 cov¬ 
ering /. The map f is an isometry, since /* takes orthonormal frames to 
orthonormal frames, and the map f is inner product preserving, for the same 
reason. 

The proof that / makes a correspond to s and 8 correspond to D is similar 
to the above arguments，using the fact that the forms (c)—(e) vanish on T. 

We have thus proved the existence part of the theorem locally. Simple- 
connectivity is then used to prove the global result, in the standard way. The 
uniqueness part of the theorem is handled just like the uniqueness part of The¬ 
orem 18. 


For ease of reference, we want to have an explicit statement of Theorem 20 
in the case of hypersurfaces. We will assume that the ambient space N is ori- 
entable. In this case we claim that a diffeomorphism (f) \ M ^ M between 
immersed hypersurface's is always covered by an inner product preserving bun¬ 
dle isomorphism 0: Nor M Nor M. To construct 0 we first choose a 
particular orientation for N. Then for p e M we choose an ordered basis 

X\. - X n e M p and a unit normal v p e A /^丄 such that {X\ . X n , v p ) is pos- 

itivdy oriented in N p , Then there is a unique unit normal v^p) = M 冷（户)丄 such 

that (0*4,_ v^^p)) is positively oriented in We let 0: 丄 — 

A/ 冷 ( 夕 )1 be the linear map taking v p to ⑻； it is clear that this map is well- 
defined. If — 1: Nor M Nor M is the bundle equivalence taking X e Mp 1 - 
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to —X e M /，then 0 == 0 o —1 ： Nor M Nor M is another inner prod¬ 
uct preserving bundle isomorphism covering 0， and these are clearly the only 
such. When N is oriented, the hypersurfaces M, M are also oriented, and 
0 : M — A/ is orientation preserving, things are even simpler, for there are unit 
normal fields v and v on M and M ， determined by their orientations (and the 
orientation of N), and the obvious 0 to consider is the one taking v to v. 

21. THEOREM. Let (A r/,+, , ( , )) be an orientable complete connected Rie- 
mannian manifold of constant curvature Kq. 

(1) Let M and M be connected hypersurfaces of N, let 0 : M ^ M be an isom¬ 
etry, and let 0 : Nor M Nor M be one of the two inner product preserving 
bundle isomorphisms covering 0. Suppose that either 

s(^X,^Y) = 4>(s(X,Y)) 
for all tangent vectors X, Y at all points of M, or 

s{(f>,X^Y) = -4>(s(X,Y)) 

for all X, Y. Then 0 is the restriction of an isometry A: N 4 N with A 木 = 本 
or = —0 on Nor M. 

(I’) Choose an orientation for N, and let M and M be connected oriented 
hypersurfaces of N, with unit normal fields v and v determined by their ori¬ 
entations (and the orientation of N), with corresponding second fundamental 
forms II and II. Suppose that 0 : M M is an orientation preserving isometry 
with 0*11 = II. Then (f) is the restriction of an orientation preserving isometry 
A \ N — N with A^v — v. 

(2) Let (M, (( , ))) be a simply-connected «-dimensional Riemannian mani¬ 
fold, with covariant differentiation V and curvature tensor R, and let 5 be a 
symmetric tensor on M, covariant of order 2. Suppose that S satisfies 

(1) Gauss’ Equation: 

w)) • ((r,z» - ax, z)) • w))] 

=((R(X, Y)Z,W)) + 5(JT,Z). S(Y,W)- 5(7,Z). S(X,W) 

(2) The Codazzi-Mainardi Equations: 

(W x S)(Y,Z) = (V y S)(X,Z). 

Then there is an isometric immersion f \ M — N such that S = /*II, where II 
is the second fundamental form on /(A/) for some unit normal field v. 
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One concluding remark is in order. In Chapter 2 we showed that the Gauss 
and Codazzi-Mainardi equations for a surface in M 3 are equivalent to the equa¬ 
tions of structure of 0(3)，and that the Fundamental Theorem of Surface The¬ 
ory reduces to Theorems 1.10-17 and 1.10-18 about Lie groups. It is not hard 
(Problem 15) to show ， similarly, that the Gauss, Codazzi-Mainardi, and Ricci 
equations for a submanifold of R m are equivalent to the equations of structure 
of O(m). and that Theorem 19 reduces to theorems about Lie groups. The Lie 
group 0(w) makes its appearance here because of the fact that the group of 
Euclidean motions of R m is a semi-direct product R m x O(m). For a general 
Riemannian manifold {N ， { ，” of constant curvature Kq, the group of isome¬ 
tries cannot be factored in this way. That is why our proof of Theorem 20 
involved the bundle 0( AO of orthonormal frames of N. As a matter of fact, 
the bundle O(N) is the group of isometries of N (as a set), since an isometry 
is determined by knowing which orthonormal frame u e 0( N) is the image of 
some fixed orthonormal frame u 0 . Thus we ought to be able to interpret the 
Gauss ， Codazzi-Mainardi, and Ricci equations for a submanifold of N as the 
equations of structure of O(A^), equipped with the appropriate group structure, 
and Theorem 20 should reduce to Theorems 1.10-17 and 1.10-18. However, we 
forbear to enter any further into such considerations. 

D. FIRST CONSEQUENCES 

We begin by considering hypersurfaces M n C M w+1 . In a neighborhood of 
any point of M there is a unit normal field v : M n S n C M n+1 , unique up to 
sign, and hence a single second fundamental form II : M p x M p IR (which 
is defined only up to sign). We also have the map dv : M p M p with 

ll(X pi Y p ) = (s(X p ,Y p lv( P )) 

=W ， v(p)> 

= -(V^y,y^) 

= (-ch(X p ).Y p ). 

Thus —civ : M p M p is a symmetric linear transformation. As in Chapter 2. 
've define the principal directions at p to be the unit eigemectors X p e M p for 
—dv : M p M p . and wc define the principal curvatures to be the correspond¬ 
ing eigenvalues. Equi\ alently. the principal curvatures are the eigenvalues of 

the symmetric matrix (11(^-. Xj)) = Xj). v(p))) for X\ . X n ail or- 

thonormal basis of M p . 

Various kinds of curvatures can be defined in terms of the A/. Since the 
ordering of the ki is arbitrary, we obviously want to consider only combinations 
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of the ki which are invariant under all permutations of the indices 1It 
is well-known that any polynomial function of n variables U ， …， t n which is 
invariant under all permutations of 1 ,..., 打 can be written as a polynomial in 
the “elementary symmetric functions” (X\,... ,a n defined by 

n 

0*1 (’i，.•.，/”）= 〉: ti , 02 (^1 >...,/«) — 〉: t(tj , 

i=\ i<j 

(’1 ， . • • ， 6i) 二 〉 : U^j ••• 

/ < j <k 


O*” (/l, . . .J ”） = f "2 _.’//!• 


These functions are the coefficients, up to sign, of the various powers of x in 
the polynomial 

Pt 卜 .“， = (x — )(x — ^2) * * * (^ — t n ) 

=x” - 0*1 (0 ， ... ， t n )x n ~ x + • • • + {— \) n o n (t \,... ,t n ). 

[Recall also that if ..., — a/(^i,..., u n ) for all /， then the polyno¬ 

mials Pt u … ， t n M and P Ul ,...,u n (^) are equal, and thus the set of their roots, 
{/l,...and {wi,..., u n ), are also equal, counting multiplicities.] We define 
the (elementary symmetric) curvatures K\ (/?), … ， K n (p) by 

^Kj(p) =aj(k U -.,k n ), 

where the are the principal curvatures at /?; the binomial coefficient (〕) is 
inserted for sentimental reasons. In particular, 


H(p) = K\ (p)= 


k\ k n 

n 


is called the mean curvature, 


K(p) = K n (p) = k\ … k n is called the Gaussian curvature. 

Notice that Kj(p) is independent of the choice of v for j even, while Kj(p) is 
only defined up to sign for j odd. 

In the case of surfaces, we found that the Gaussian curvature K = k\ - is 
an invariant under isometry. In general, we have 


22. PROPOSITIONS For hypei surfaces of K” +1 ，the set of the (^) numbers 
{kjkj : i < j) is invariant under isometry: If f: M M is an isometry 
between two h\persurfaces M, M C K w+1 , and A j, ... , k n are the principal 
curvatures of M at /?， while k\, .... k n are the principal curvatures of M at 
f(p), then the sets {kfkj :/ < y} and {kikj : / < /} are equal, counting 
multiplicities. 
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PROOF. For X,Y e M p , let R(X, Y) denote the map M p x M p R defined 
by 

R(X,Y)(Z,W)= (R(X,Y)Z,W). 

The symmetry properties of R show that the map R{X, Y) is skew-symmetric ， 
so that R(X, Y) G Q 2 (M p ). Now the inner product { , )^ on M p gives us a 
map X X* from M p to defined by X*(Y) = {X, Y). Choose a basis 
X\,..., X n for M p and consider the map from Q 2 (M p ) to Q 2 (M P ) given by 

Xf* a Xj* R(Xi, Xj)\ 

this makes sense since the Xf* A X* for i < j are a basis for Q 2 (M P ) and since 
R(Xj, Xi) = —R(Xf, Xj). We see immediately that under this map 

A bjXj、* B J2j bjXj 、， 

so we can describe our map, without any choice of basis, as 

(1) X* A F* R(X, F), from Q 2 (M p ) to Q 2 (M p ). 

Now the vector space Q 2 (M p ) has dimension (])，so this map has (]) eigenval¬ 
ues (counting multiplicities). But if X\,...,X n are principal vectors at p, with 
corresponding eigenvalues k u … ， k n , then Gauss’ equation tells us that 

R{Xi,Xj) = -kikjXi* a Xj\ 

So the set {—Iqkj • i < j} is the set of eigenvalues of the map (1). Since (1) is 
defined in terms of the curvature tensor R and the metric 〈，〉， this proves that 
{—kikj : / < /} is invariant under isometry. 

23. COROLLARY (THEOREMA EGREGIUM). For hypersurfaces 
the Gaussian curvature K is invariant under isometry if n is even, and invariant 
up to sign if n is odd. 

PROOF. Observe that 

K n ~ x - 
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There is another way of reaching this result, which will provide us with an ex¬ 
plicit formula for K in terms of R and ( , ), a formula which will be extremely 
important in Chapter 13. First we will do a little linear algebra. Let V" be a 
vector space of even dimension and let /: F ^ F be a linear transformation 
having matrix A = (a") with respect to a basis v\,... ,v n . We propose to find 
det / = : det A in terms of the determinants of all 2 x 2 submatrices of A. We will let 

D(i\ , 12-1 J\ ^ 72 ) = ai'j'Cli 2 j 2 — 2^/271 

so that if /1 < 12 and j\ < 72 ? then Dm ， 72 ) is the determinant of the 2x2 
submatrix of A obtained by selecting rows “ and and columns j\ and 
Recall that det / can be defined as follows. The linear transformation f gives 
us a map f*:Q k {V)-^ Q k (V) defined by 

r(T)( Vi ,...,v k ) = T(/(i; 1 )，. • • ， f(v k )l all T e Q k (V). 

In particular, we have the map /*: Since is 1-dimen¬ 

sional, this map must be multiplication by a constant; and this constant is, in 
fact, just det /. Now our map /* also satisfies 

/*(«/>, 八 … 八办） = /*(0,) 八…八 all 0/ e Q\V). 

In particular, let the 0/ be the dual basis to the u/. Then 

n n 

f (^ i ) = /*( 0 /)= 丫\叫扣. 

j=\ 

So 


r 吮八…八 a ) = [/*(&) 八尸 w > 2 )] 八… 

n 、 

, a \j ( t ) j A y^ a 1k 中 k 


& 


A 


k=\ 


{^^[ a \j a 2k 一 (Hk^2j](pj A (pk 


八. 


二 D(\ ， 2.,j ， k 、 (f)j A(f> k 


A 


From this we see that 


det / 


1 


2 W / 2 


X] £>(1 ， 2; 儿 . / 2 ) — \,n\ j n -\, j n )s n - Jn , 


J 1 ，…， j ti 
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where 


I '''jn _ J 



71 , ..., j n is an even permutation of 1 ,...,« 
ji ,..., j n is an odd permutation of 1 ,...,« 


j i ,..., j n are not all distinct. 


We can clearly also write 


det/ = ^2 D{i x J 2 \ j x J 2 ) - • • D(i n -\JnJn-\Jn)s h ' in e h " in 

j\ ，…， jn 


Now we apply this formula to evaluate 


K(p) = det —dv \ M p M p 

in terms of a basis X\^..., X n of M p . Using Fact 0 from Chapter 2, we have 


K= det((X h Xj)) 


•det(II(A7,A})). 


For the determinants of the 2 x 2 submatrices of the matrix (II (X/, Xj)) we have, 
by Gauss’ equation, 


D(hJ 2 ； juji) = {R{X h ,X ix )X h , X j2 ). 
So 


K{p)= 2^ t1 \ E (R^ h ,X ix )X h ,X h ) 


* 1 

Jl ， … ， J，1 



^ 1 • ■ • ^ n g>y 1 • • • Jn 

… wm 

'' Xj，，) detUX^Xj))' 


If've have a coordinate system .v 1 ,..., x n on M, and let X[ = 3/3.v , , then 

〈似.々)〜卜(‘占)占 •‘） 

= R h 」 'hJ' (see pg. 11.190) 
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So we can write 


K 


2 n l 2 n\ 


E ^ 


hhj\j2 


...Ri 


£ 


i i. • •ifj 


£ 


j l - • • jn 


-I hi Jn~\Jn 


1 1 ，…山？ 

j \ ， •••，>/" 


Vdet(g") Vdet(^, 7 ) 


The symbol s l ^” h ' j\! det(g") which appears in this formula has the following 
natural interpretation. We have a map 


x . . . x M/ 


^ n (M p ) 


n times 


given by 

(<P\ ， … 1 -^ 0! A • • ■ A0 W . 

In particular, 

{dx lx (p),... ,dx ln (p)) £ ll ' Jn - (dx l (p) A • • • A dx n (p)). 

Now the metric ( , )^ on M p determines (compare pg. 1.311) two elements of 
norm 1 in the 1-dimensional vector space Q n (M p ), namely 


±Vdct(gij(p)) • dx'(p) 八…八 dx n (p). 

If we choose an orientation for M, then we have a way of choosing between 
these two elements (choose the + sign if and only if x\... ,x n is a positively 
oriented coordinate system), and we therefore have a map Q n (M p ) K defined 
by taking this element to 1. The composition 


e : M p * x … x M p * 


^ n (M p ) 


R 


n times 


is then a contravariant vector field of order n. and its components in the a* 1 ,..., 
xtt coordinate system are precisely A … ’ 〃 /Vdet(g"). If we use (R for the tensor 

(R(X, V,Z,W) = (R(X, Y)Z,W), 

we can then write our formula for K as 


K 


in/2 


n\ 


- contraction 


n/2 times 


A different choice of orientation for M changes e to —e. hut doesn’t change K. 
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Proposition 22 also shows that Ki is invariant under isometry, since 

= 口 2((1 ， • k n 、二 kjkj = 0\{{kikj : / < j}). 

i<j 

The other elementary symmetric functions of {kikj : / < j} are also invariant 
under isometry, but in general these functions do not have very nice expres¬ 
sions in terms of k\,..., k n . More interesting is the fact that K r is invariant 
under isometry whenever r is even; this follows from the algebraic fact (Prob¬ 
lem 16) that the coefficients of even powers of X in the characteristic polynomial 
/(A.) of A can always be expressed in terms of the determinants of the 2x2 
submatrices of 儿 

Now let us consider a hypersurface M n of a general Riemannian manifold 
〈，” \Y e still have a unit normal field v on M, and corresponding 
second fundamental form II with 

11(^,, Y p ) = (s(X p ,Y p ), v(p)) 

= (^x p Y,v(p)) = -(^x p v,Y p ) 

={A V (X P ),Y P ). 

We can define the principal directions at p to be the unit eigenvectors for the 
self-adjoint map A v : M p M p , and the principal curvatures to be the corre¬ 
sponding eigenvalues. Equivalently, the principal curvatures are the eigenval¬ 
ues of the symmetric matrix (11( A"/, Xj)) for X\,..., X n an orthonormal basis 
of M p . We no longer expect the Theorema Egregium to be true in general— 
even for surfaces, Gauss’ equation for the Gaussian curvature involves not only 
the metric induced on the surface, but also the curvature of jV, which varies 
from point to point. We do obtain a generalization of the Theorema Egregium 
in the one case where we would expect it: 

24. PROPOSITION. Let N n+l be a Riemannian manifold of constant cur¬ 
vature Ko, Then for hypersurfaces in N, the set {kikj : / < j} of products of 
principal curvatures is invariant under isometry. Consequently, the Gaussian 
curv ature K n is invariant under isometry if " is even, and invariant up to sign 
if // is odd. 

PROOF. Exactly like the proof of Proposition 22, except that Gauss' equation 
gives 

R{X h Xj) - -(kikj + K 0 )Xi* A Xj\ 

so the set {—kikj — Ko ： i < j) is the set of eigenvalues of the map X* aY* 
R{X,Y). ❖ 
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When we consider submanifolds M c TV of higher codimension, the defini¬ 
tions given previously no longer make sense. However, if we choose any normal 
vector ^ e M p 丄 , then we have the map : M p M p ，satisfying 

(s(X,Y)^) = (A^(X),Y) X,Y e M p , 

so we can define the principal directions and principal curvatures for ^ to be 
the unit eigenvectors and corresponding eigenvalues for equivalently, the 
principal curvatures are the eigenvalues of the symmetric matrix ((s(Xi, Xj),^)) 
for X\,..., X n 3.n orthonormal basis of M p . We can then define the (elementary 
symmetric) curvatures Kn ， K n .每 by 

D K= (7j (k\,..., k n ), 

where the ki are the principal curvatures for 专 . We thus have maps 

Mp 丄 —R given by ^ Kj 戈 . 

The one interesting (and also very important) case arises for the map 
Mp 丄 —R given by ^ = K\ .^. 

This map is linear, since and since trace is a linear function 

of matrices. Therefore there is a unique vector rj(p) e Mp 1 - such that 

h 、 h u trace ( ⑻ X/ ， A}) ， Q) 

(r](p),^) ~ Ht = --- X\,... ,X n e M p orthonormal 

n 1 

for all ^ € Mp 丄 . 

This vector r/(p) is called the mean curvature normal at p. In the case of a 
hypersurface, t](p) = H(p) • v(/?)，where v is the unit normal (changing v to —v 
changes // to — //, so // • v is well-defined). In general, if . ,v m e Mp 丄 

is an orthonormal basis, then clearly 

m 

nip) = Hvr ' Vr， 

r=n-\-\ 

If, moreover, X\,..., X n are vector fields tangent to M with X\(p ),..., X n (p) 
an orthonormal basis for M p , then 

//? ^ltr^((sUi(p).Xj(p))^)) 

n 

= 士 (尸) 

/ = 1 

n 

= ■，认 
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Consequently, 

m 

r](p) = Hv r • V r 

r=n+\ 

m n 

= ji 石， 1 v> 

r=n-\~\ / = 1 

whence 



The mean curvature H for a hypersurface, and the mean curvature normal 
field rj in general, will play an important role in Chapter 9. 

Even though principal directions and curvatures cannot be defined for sub¬ 
manifolds M C of higher codimension, one definition still makes sense. A 
point p e M is called an umbilic if the principal curvatures for ^ are all equal, 
for every ^ 丄 . In other words, each map : M p M p must be some 
multiple of the identity, so for each 专 there must be a X with 

A^(X) = XX => {s(X,Y)^) = (X,Y) for all X,Y e M p . 

It clearly suffices to have 

A Vr (X) = X r X 

for a basis v„+i,..., i> w of M p ^~. 

If p is an umbilic and wc choose an orthonormal basis v n+ \,..., y m of 
and constants ， … ，入 w with 

(s(X,Y),v r ) = X r {X,Y) for all X,Y e M p , 


S{X, Y)= J2 Mm ， v r )v r = (X,Y ). E X r v r 


This means that for every $ e M p 丄， and every orthonormal basis X \,. 
of M p . we have 

〈 ;(// ， Xj)^) = X r v r . A 
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so 


trace ({^(^, A}), ^>) 


(? 


入 八，， 巧 trace(S") 

Kv r , 


It follows that J2r 入 Jr is precisely r](p), so we have 

5 (^, 7) = {X, Y)r](p), at an umbilic p. 

When s \ M p x M p -> 丄 is not the zero map we can set 

n 

n(p)= E 入 — 入 v* 

r=m+\ 

for a unique non-zero X eR and unit vector v*，and for all X,Y e Mp'we have 


(*) 


⑽， r )，*〉= 入. 〈（ r 〉 

(s(X, Y), v〉= 0 for {v ， v*〉= 0. 


25. LEMMA. Let (N m A , >) be a space of constant curvature K 0y and for 
n > 2 \tt M n be a connected immersed submanifold with all points umbilics. 
Then either ^ = 0 everywhere, so that M is totally geodesic (by Theorems 1-16 
and 1-17), or else 入 # 0 is constant and M lies in some (n + "-dimensional 
totally geodesic submanifold. 

PROOF. Suppose that s(p) # 0, so that X(p) # 0. In a neighborhood of p we 
choose an adapted orthonormal moving frame X\, ..., X n ^ X n ^.\ ，…， X m on M 
with = v* at each point. Then for 1 < / < n, and X tangent to M we 

have, by (*)， 

[\{X,Xi) r = ;/ + 1 
= {V x X i .X r ) = {siX.X.l ^) = | o r >?z + u 

which means that on 丁 M we have 

(1) ^r +, = ^ 

(2) \j/i - 0, r > n + 1. 
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From equation (1) and the Codazzi-Mainardi equations we find that on TM we 
have 

dx a 9 1 + xde l = d^ +] = -^ K +l ^ 

a 

n 

=- ^\e k A0)^ 

k=\ 

while the first structural equation gives 


de l = 


TA~ ek 


ACof. 

k=\ 


So we find that 

dX A0 l = 0, 1 < / < n. 

Since n > 2, this implies that J 入 = 0, so that 入 is constant in the neighborhood. 
This argument shows in general that {q e M : X(q) = X(p)} is open. But this 
set is also dosed, and hence all of M. Thus X is constant. 

Now note that equation (2) gives 


0 = d Vi = - = -<+i 八入 ^ 

a 

=^> 少: +1 = 0 on TM, for r > n + l. 

Therefore 


n n 

(3) VVv* - v x x n+] = J2 



by(l) 


Wc also have 

n 

(4) V x Xi = Y. + i = 

k = \ 

Let A be the (n + 1 )-dimensional distribution on M with △(/?) = M^ + M- 
Equations (3) and (4) and Pre-Lemma 7 show that A is parallel along every 
curve r lying in M. So Corollary 11 implies that M lies in an {n + l)-dimen- 
sional totally geodesic subspace of N. ❖ 
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For the case = 0, we can immediately characterize the all-umbilic sub¬ 
manifolds: 


26. THEOREM. For n > 2, let M n C be a connected immersed subman¬ 
ifold of with all points umbilics. Then either M lies in some «-dimensional 
plane or else M lies in some ^-dimensional sphere in some (« + "-dimensional 
plane. 

PROOF. We just have to show that if X ^ 0 in Lemma 25, then M lies in a 
sphere of radius 1/X. We simply repeat the proof from Lemma 1: Let V be the 
vector field on R m defined by 

V(p) = Pp eR m p . 


Then VV V = X (or all tangent vectors X of M w , so we can write equation (3) 
in Lemma 25 as 

+ 入 K) = o. 

Thus the vector field X n+x +XV is parallel along M. Identifying tangent vectors 
of R m with elements of M' this means that X n ^\ +XV is a constant vector Vo 
on A/, so we have 

X n+ i(p) + X - p = vo e R m . 


Thus 


P = 


— ^n+\ (P) 

X 


for all p e M, which means that M lies in the sphere of radius 1 / 人 around the 
point Uo/ 入 ♦ 


This proof，which depends so strongly on the special properties of R w ，breaks 
down completely when we replace R m by a complete simply connected manifold 
of constant curvature Kq ^ 0. Again we have to exploit different descriptions 
of these manifolds. First we consider the case Kq > 0. 


27. THEOREM. Let S C M m+1 be an m-sphere. For n > 2, let M n be a 
connected immersed submanifold ot S with all points of M umbilics. Then M 
is part of an «-sphere. 


PROOF. We have M C S C. R m+1 ，with corresponding covariant differentia¬ 
tions V, V, V'. Given X P ,Y P e M p , extend them to vector fields U in 
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which are tangent to M along M, and tangent to 5 along 5. If ^ 6 丄 C Sp. 
then 

(r Xp YJ) = (V Xp Y ， Q, 

since is the component of V^F tangent to 5; so we have 

(1) Wx p Y ，与） =HXp ， Y p ) for some X, 

since p is an umbilic. On the other hand, if v e S, C is the unit 

normal, then 

(2) (y'x p y,v) — Y), r = radius of 5, 

since all points of 5 are umbilics in ® m+1 . Equations (1) and (2) show that all 
points of M are umbilics when M is considered as a submanifold of R m+, . 
Thus the desired result follows immediately from Theorem 26. ❖ 

Notice that, as predicted by Lemma 25, an «-sphere S C 5 is either a totally 
geodesic submanifold of 5 (when the radius of I ： equals the radius of S), or 
else is contained in some (n + 1 )-dimensional totally geodesic submanifold S’ 
of S. In the latter case, S is a geodesic sphere in S ’； thus we have a complete 
analogy with Theorem 26. 

In order to use the same scheme for investigating all-umbilic submanifolds 
of H n , we would first have to consider the all-umbilic submanifolds of R w+I with 
the Lorentzian metric; these are the planes P c R n+I of various dimensions, 
and the quadrics 

Q = {p & P ： (p - Po, p - po) = c} C P. 

Then the all-umbilic submanifolds of H n must be of the form H n C\P or H n f]Q, 
and we already noted that the latter submanifolds are contained among the 
former. However, we merely mentioned, but did not prove, the characterization 
of the sets H n C\ P. So we will use a different method for the case Kq < 0. We 
have already used the projective model of H n . in the second proof of Lemma 8. 
Xow we will use the conformal model. We appeal to a classical result about 
conformally equivalent manifolds. 

28. PROPOSITION. Let f.. N — N be a conformal equivalence, and let 
M c N be a submaiiifold of N with an umbilic p e M. Then f(p) is an 
umbilic of f(M) C N (but the X for f(p) need not be the X for p). 
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PROOF. Since the result is purely local, we can assume that the underlying 
spaces of N and N are both K m , that / is the identity, that p = f(p) = o, 
and that M p = is the (.v 1 ,... ,x n )-plane C l w 0 . The metrics for N 

and N have components g a p and g a p satisfying 

gap = (^ 2a gap 

for some function a. Then g ap = e~ la g 01 ^ and straightforward calculations 
show that the corresponding Christoffel symbols satisfy the following equations, 
in which subscripts on a denote partial derivatives: 

[ q - j 6 , y] = e 2a ([afi, y] + g ay °^ + - ga^y) 

m 

In particular, for i, j < n and r > « we have 

m 

⑴ = T u - su - 

fi=\ 

The hypothesis that /? = 0 is an umbilic point for M means that for each y > n 
there is a constant \ r with 

r[ y (0) = X r gij(0), \ < i,j < n. 

Then equation (1) gives 

「 m 

fr.( 0 )= 八 

L fl=\ 

which shows that /(/?) = 0 is an umbilic for f(M). ❖ 

29. THEOREM. For n > 2, let M n be a connected immersed submanifold of 
H m (K 0 ) with all points of M umbilics. Then either M is totally geodesic, or 
else M is cither a geodesic sphere, a horosphere, or an equidistant lnpersurface 
in some (/7 + l)-dimensional totally geodesic submanifold of H m (Ko). 

PROOF. Immediate from Lemma 25, Theorem 26, Proposition 28, and our 
discussion of' (B m , ( , )) in section A. ❖ 




78 


Chapter 7, Part D 


Proposition 28 could just as well be used to prove Theorem 27. Conversely 
if we apply the method used in proving Theorem 27 with the results of The¬ 
orem 29, then it is not hard to work backwards and verify the description of 
geodesic spheres, horospheres, and equidistant hypersurfaces in H n which was 
given on page 16. A particular consequence of Theorem 29 is also noteworthy: 
Any ^-sphere contained in H n , and any «-sphere which intersects M m '~ 1 non- 
orthogonally, lies in some (n + l)-sphere or (n + l)-plane which intersects R m_1 
orthogonally. Presumably one could also hack this result out by elementary 



geometry. 

For an orthonormal frame 不， ..• ，义 on an all-umbilic hypersurface M m ^ x 
C H m (Ko) (m > 3) with (constant) X we have 

R(Xi, Xj) = -(X 2 + K 0 、 Xi* 八 X, (compare page 70 )， 
which implies that 

(RiXi^X^Xj^Xi) = RiXi.XjHXj.Xi) 

= X 2 + K 0 , 

so that M has constant curvature X 2 + A^o- Any two all-umbilic hypersurfaces 
with the same 入 are related by an isometry of H m (Ko), by the first part of 
Theorem 21. Moreover, there exists a hypersurface with any given 入 2 0 (for 
入 < 0 we just have the same hypersurface with the opposite choice of unit 
normal field). In fact, if (M ，〈〈 ， 》） is a simply connected (m - l)-ciimen- 
sional manifold of constant curvature 入 2 + A^o? and we define the tensor S 
on M b). S(X.Y) = X((X. Y)), then M, together with (( , )) and S 5 satisfies 
Gauss’ equation and the Codazzi-Mainardi equations, so by the second part of 
Theorem 21 there is an isometry of M into H m (K 0 ) with second fundamental 
form II satisfying II = 入 .I. 

It is not hard to determine how the various 入 are attached to the various types 
of all-umbilic hypersurfaces of H m (K 0 ). For simplicity, consider (B m ，（，）)， 
with constant curvature A^o = — 1. We know that the horospheres have constant 
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curvature 0 = X 2 — 1 => X = 1, while the totally geodesic hypersurfaces 

have constant curvature — 1 = X 2 — 1 ==> X = 0. We can take a family of all- 



umbilic hypersurfaces passing continuously from a totally geodesic hypersurface 
to a horosphere，with all members of the family distinct up to isometry of B m • 
The intermediate hypersurfaces will be equidistant hypersurfaces, and include 
all such hypersurfaces (up to isometry of B m ). The corresponding 入 ’s must vary 
monotonically from 0 to 1. This shows that equidistant hypersurfaces, and only 
equidistant hypersurfaces, have 0 〈入 < 1， So all X > 1 must occur for the 
geodesic spheres. If 入 r is the X for the geodesic sphere of radius r around 0, 
then r X r must be a monotonic function of r. Clearly — oc as r — 0, 
and V — 1 as r — oo. 

We have now generalized essentially the material in Chapter 2 which precedes 
the discussion of the third fundamental form. The facts about higher funda¬ 
mental forms in general will be left to the Problems. The next generalization 
on our agenda is then the following. 


30. PROPOSITION. If M n is a compact submanifold immersed in then 
there is a point p e M and a normal ^ e M P L for which the map : M p 
M p , 

(A^(X),Y) = (s(X,Y)^) 7 X,Y e M p , 

is positive definite. X) > 0 for X ^ 0. So if M is a compact hv- 

persurface, with unit normal field v, then there is a point p e M for which 
—dv : M p M p is either positive or negative definite (depending on the choice 
of v). In particular, the Gaussian curvature K n (p) is non-zero, and in fact 
K n (p) > 0 for n even. 
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PROOF. As in (he proof of Proposition 2-8, let /? be a point of M furthest 
from 0. Then the line from 0 to p is normal to M at p, and we choose ^ to be 
the unit vector in M p pointing in this direction. The rest of the argument is left 
as an exercise for the reader. ❖ 

31. COROLLARY. There are no compact submanifolds M n immersed in M m 
with mean curvature normal r] = 0. In particular, there are no immersed 
hypersurfaces in with mean curvature H = 0. 

PROOF ，If 专 is a normal given by Proposition 30, then 

(f](P) ， 与 ) == trace 知 

and trace > 0 since is positive definite. ♦ 

Suppose we replace M w in Proposition 30 by the space (B m ， ( , >) of constant 
curvature < 0. If /? € M is a point furthest from 0, then M is contained in 
the geodesic sphere around 0 which passes through p. All principal curvatures 



of this sphere are equal to some X > —K 。(compare pg. III. 64). The geodesic 

from 0 to /; is normal to A/ at p. and if we choose ^ to be the unit normal in 
Mp 1 - pointing in this direction, then we will have 

(^4^(^), X) > X > ^—Kq. 

For a hypersphere M, and a correctly chosen unit normal field v、we thus find 
that all principal cunaturcs k\,... 、 k n are > X > yf— Hence 

n 

K n (p) - Hki >X n > {/^Ko) n . 
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In particular, for n even this holds for either choice of v. We also see that 
there are no compact immersed submanifolds of N with mean curvature nor¬ 
mal r] = 0, and hence no compact immersed hypersurfaces of N with mean 
curvature H = 0. 

Now let us replace by a sphere S of radius \j >/^o, for Ko > 0, and sup¬ 
pose moreover, that M is contained in an open hemisphere of S, say the hemisphere 
centered around the point x. By choosing a point p e M furthest from x, and 
a unit normal ^ in M p pointing along the geodesic from x to p, we find that 

(A^(X),X)>X 

for some 入 > 0. But there is obviously no positive lower bound for all 入 ’s. For 
hypersurfaces M we find that K n (p) ^ 0, and K n (p) > 0 for n even, but again 
there is no positive lower bound for K n . Similarly, we find that Corollary 31 
generalizes to compact submanifolds of an open hemisphere. Naturally, our 
results break down if we replace the hemisphere by the whole sphere, for the 
equatorial (m - l)-sphere has second fundamental form ^ = 0. You might think 
that this is the only exception, but there are actually many other possibilities. In 
fact, we easily compute that for p，q > \ with p + q^m-l,the hypersurface 

ju,,...,^+i,Ji,...,>V+i) 6MW+1 :5>* 2 = and E VA： 2 = ^TTl} 

c s m 

has mean curvature H = 0 in the unit sphere S w , so there is certainly no point 
p e M where dv : M p -> M p is definite. 

To complete our generalization of the material in Chapter 2, we want to dis¬ 
cuss the relationship between positive curvature and convexity of hypersurfaces. 
For a hypersurface M n C M w+1 , the proper analogue of positivity of the Gauss¬ 
ian curvature at p is the condition that all sectional curvatures at p are positive; 
equivalently, all principal curvatures should have the same sign, or yet agai "， 
the map dv \ M p ^ M p should be (positive or negative) definite. It is easy to see 
that definiteness of dv : M p M p implies that M locally lies on one side of the 
tangent hyperplane of M at p. If dv \ M p ^ M p is merely semi-definite (that 
is, {dv(X), X) for all X, or {dv(X), X) <0 for all X), then no conclusion 
can be drawn. But if dv : M p ^ M p is not semi-definite, then M locally lies 
on both sides of' its tangent hyperplane at /?. Propositions 2-9 and 2-10 clearly 
generalize to liypei surfaces in M w+1 ; we will not bother to write down all the 
details, but will henceforth use the word “convex” for a hypersurface in either 
of its two equivalent meanings. 
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32. PROPOSITION. 

(1) If A/ is a convex hypersurface in M w+1 , then dv : M p M p is semi-definite 
for all p e M. 

(2) Let A/ be a compact connected «-manifold, and f: M ^ an immer¬ 
sion with normal map n such that dn : M p — M p is definite for all p e M. 
Then 

(i) The manifold M is orientable, and the normal map n : M ^ S n C R” +1 
is a diffeomorphism. 

(ii) The map f: M ^ M w+1 is an imbedding, and f{M) is convex. 

PROOF. This generalization of Hadamard’s Theorem (2-11) is proved in exactly 
the same way as the original. ♦ 

The most significant part of this result is the fact that the immersion / must 
be an imbedding. In fact, the definiteness o( dv implies that M is locally 
convex, and there are general arguments to show that a locally convex set in 
R m is actually convex, which implies the theorem for an imbedded hypersur¬ 
face M. On the other hand, we have already mentioned in Chapter 2 that 
(or n = 2 Hadamard’s Theorem holds even under the weakened assumption 
that K(p) > 0 for all p e M. Here the result is not clear even for imbedded 
M C M 3 , since the condition > 0 does not imply local convexity for arbi¬ 
trary (non-compact) M, For example, the graph of x 3 (1 + y 2 ) has 



> 0 in a neighborhood of 0 € M 3 (by an easy calculation), but is clearly not 
locally com ex. The extension of Hadamard’s Theorem for ^ > 0 (and n = 2) 
was originally proved by Chern and Lashof [1], using a little Morse theory. 
Sacksteder [1] then gave a proof for all n under the weakened assumption that 
dn : M p M p is semi-definite for all p e M; in fact, compactness of M can 
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be replaced by completeness，provided that there is at least one point p e M 
where at least one sectional curvature is non-zero (without this last condition, M 
might be a generalized cylinder). Sacksteder’s proof is more “elementary” ， and, 
as one might guess，much harder. (For the case where all dn \ M p ^ M p are 
definite, but M is merely complete and immersed, there is an earlier proof 
by Stoker [1].) Do Carmo and Lima [1] gave a simple proof of a result even 
more general than Sacksteder’s when M is compact: If /: M n -> R m is an 
immersion with all maps : M p M p semi-definite (for ^ e Mp 1 ) for all 
e M，and all maps definite for at least one p e M [for m = n + \ this 
latter condition follows from Proposition 30]，then f(M) is contained in some 
(n + l)-dimensional plane in and / is an imbedding of M as a convex 
set. In Do Carmo and Lima [2]，they also give a simple argument which re¬ 
proves Sacksteder’s result for complete M (but which does not recapture all of 
the additional information obtained in the course of Sacksteder’s analysis). 

We can also consider convex sets in spaces of constant curvature Kq‘ For 
H m (Ko), the definition is precisely the same as for a set v4 C H m (Ko) 
is convex if A contains the segment of the unique geodesic between p and q 
whenever p,q e A. For Kq > 0, we consider only an open hemisphere of 
S m (Ko), so that there is a unique geodesic between any two points，and the 
same definition can be used. Since geodesic mappings preserve convexity，we 
see immediately that Proposition 2-10 generalizes when we replace the tangent 
plane of A/ at 尸 by the totally geodesic hypersurface txp(M p ). Again we will use 
“convex” for hypersurfaces in either of its two equivalent meanings. It also looks 
as if we should be able to use geodesic mappings to generalize Proposition 32 
to hypersurfaces of H n+l (Ko) and S n ^ l (Ko). The details of this program turn 
out to be a little sticky, and since the arguments have been covered in a recent 
paper，Do Carmo and Warner 卩 ]， we will merely quote their results: 

33. THEOREM (DO CARMO-WARNER). 

(1) If M is a convex hypersurface in H n+l (Ko) for Kq < 0, or a convex hyper- 
surface in a hemisphere of S n+l (Ko) for Ko > 0, then all sectional curvatures 
of M are > Ko, Moreover，if 0 is a geodesic mapping from H n+l (Ko), or a 
hemisphere of S w+1 (A^o), to M w+1 , then all sectional curvatures of M are > A^o 
at p if and only if all sectional curvatures of (f>{M) are > 0 at 0( 尸） • 

(2) Let M be a compact connected n-manifold, and S n+l (Ko) an 

immersion, for K 0 > 0, such that all sectional curvatures are > Kq. Then M 
is orientable, the immersion / is an imbedding, and either / (A/) is totally 
geodesic, or else f(M) is contained in some open hemisphere and is convex. 
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(3) Let M be a compact connected w-manifold, and /: M ^ H n+] (Ko) an 
immersion, for Ko < 0, such that all sectional curvatures are > Kq. Then M is 
orientable, the immersion f is an imbedding, and /(M) is convex. 

In part (2) of this result, compactness of M is really equivalent to complete¬ 
ness, by Corollary 8-22. In part (3)，compactness does not follow from complete¬ 
ness, and if we try to deal with complete M in H n+] (A^o) we run into the prob¬ 
lem that the image (f>(H n+] (Ko)) of the geodesic map 0 : H n+] (Ko) R n+] is 
an open ball, and hence (f) o f(M) need not be complete. As a matter of fact, 
part (3) is false if M is merely assumed complete. Even if all sectional curva¬ 
tures of an immersion /: M ^ H n+] (Kq) are > A^o, it does not follow that / 
is an imbedding. To see this, we consider an immersed, but not imbedded, 



surface in R 3 with everywhere positive curvature. Such a surface cannot be 
complete in E 3 , but its intersection with the projective model of // 3 may very 
well be complete in Z/ 3 , even though its (extrinsic) curvature is > —1，by part (1) 
of Theorem 33. Similarly, if M C K 3 is the non-convex surface pictured on 
page 82, with non-negative curvature near 0, then the intersection of M with 
the projective model of // 3 can be a complete imbedded surface with extrinsic 
curvature > —1 everywhere, but it will not be convex in // 3 . 

As a concluding remark, we point out that a complete convex hypersurface 
in M w+I is of very restricted topological type; it is homeomorphic to S n (if it 



is compact) or to R n or S' 1 x IR” _1 otherwise. On the other hand, there are 
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complete convex hypersurfaces of H n+l which are homeomorphic to R n with 
any number of holes, as shown below for the projective model of // 3 . 



E. FURTHER RESULTS 

This section is devoted to generalizations of certain material in Chapters 3 
and 4. The first thing we want to consider are ruled surfaces in M w , given by 

= c(s) +t8(s) 

for two curves c and 8 in R m . When m = 3 we found that the surface is flat 
precisely when c\ 8, are everywhere linearly dependent, by using the Gaussian 
curvature k\ • k 2 , the product of the principal curvatures. For m > 3, we have 
to compute the curvature of the surface / from an intrinsic formula. We can 
assume that |5| = K and hence 〈 5,5’〉 = 0. Then 

^ = (/i' /i) = ( c， ^ c， ) + ^ / {c\ 8 f ) + t 2 (8\ 8 f ) 

F = (fuf 2 ) = (c\8) 

G = \. 

Most of the terms in the formula on pg. 11.129 vanish, and we end up with 

7 9 /3£\ 2 ^ 2 d 2 E 

4(£-G - F 2 ) 2 K = j - 2{EG - F 2 )^- 

^[2{c\6')+2t(6',b')} 2 

— 2[(c\c > )+2t(c\8 , )+r(8\8 , )- {c\8) 2 }- 
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The coefficients of t and t 2 vanish, and we find that 

K = 0 « 0 = (c\8') 2 - (c',c') - (S', S') + (c^S) 2 ■ (S^S'). 

This condition is automatic when 8 f = 0. At points where S f ^ 0, we can write 

K = 0 <〆 ， 〆〉= (〆，▲} + (c\8) 2 . 

Since 8, S’/|S’| are orthonormal, this happens precisely when 〆 is a linear com¬ 
bination of W. So in all cases, 

K —0 c\ 8,8 f are linearly dependent. 

We can now repeat the analysis on pp. III. 236-237 and see that flat ruled 
surfaces in M m are “in general” cylinders, cones, or tangents to a curve. 

It should be pointed out that there are plenty of non-ru\td flat surfaces in M w 
for m > 3. For example, the torus 

S 1 x S 1 C M 2 xR 2 = M 4 ， 

with the product metric, is flat. 

We can also define ruled surfaces in an arbitrary Riemannian manifold 
( , )). They are the surfaces which can be parameterized as 

/CM) = exp c(5) (，K ⑷)， 

where K is a unit vector field along c. 

We want to consider, in particular, the case where N has constant curvature 
Ko, and try to describe the ruled surfaces in N which also have constant cur¬ 
vature Kq. First we consider the case m = 3. For a surface M c N 3 it is 
important to make a distinction which does not arise in the case of surfaces in 
M 3 . The surface M has an induced Riemannian metric, and thus an intrinsic 
curvature 

尺 int (/^) = (R(X P , Y p )Y p , X p ) for orthonormal X p , Y p e M p . 

It also has an extrinsic Gaussian curvature K txt (p) = k\ - ki, the product of 
the principal curvatures at /?. If N has constant curvature K 0 . then Gauss' 
equation tells us that 

(*) ^int = ^ext + Ko. 

Recall, by the way that a surface M having constant curvature just means that 
the function A^j nt on M is constant, while the condition that a higher dimen¬ 
sional manifold ha\*e constant curvature is more involved. 

The reason for considering the case m = 3 first is that in this case the hy¬ 
pothesis that M is ruled is essentially redundant: 
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34. PROPOSITION. Let TV be a 3-dimensional manifold of constant curv a¬ 
ture Ko, and let M C be a surface with constant intrinsic curvature A^ nt = 
Ko, If /? € M is a point where the second fundamental form s : M p x M p — 
Mp 1 - is not 0, then p has a neighborhood which is a ruled surface. 

PROOF. Since M has 

尤 int = Kq > ^ext = 0 by (*)， 

one principal curvature, k\, is always 0. Since s is non-zero at p, the other 
principal curvature, / ： 2 , is non-zero in a neighborhood of p. Choose orthonor¬ 
mal vector fields X\, X 2 on this neighborhood so that each X\{q) is a principal 
vector with principal curvature k\(q) = 0, and Xi{q) is a principal vector with 
principal curvature k 2 (q) 參 0 . Now the Codazzi-Mainardi equations for N 
are exactly the same as for K 3 , so the proof of Proposition 5-4 goes through 
unchanged, leading to the conclusion that X\ — 0, which means that the 
integral curves of X\ are geodesics in TV. ♦ 

Naturally, this result does not hold when N has dimension > 3， so for a 
general manifold (N,( ， 〉） of constant curvature Ko we will now restrict our 
attention to ruled surfaces M C N. By Synge’s inequality (Corollary 1-7) we 
always have K mt (p) < Kq. Moreover, 

— Ko along a ruling y of M M y ( t ) is parallel along y. 

But Lemma 8 shows that 

M is tangent to a 

My (t ) is parallel along y 仁 => 2-dimensional totally geodesic 

submanifold of N along y. 

The interesting thing about this last condition is that it does not involve metrics ， 
but only their geodesics. Hence 

35. THEOREM. Let N be 3 . manifold of constant curvature 尺 0 and let (p : 
N be a geodesic mapping. Let M C /V be a ruled surface. Then M 

has constant intrinsic curvature K[ nt = Ko if and only if the ruled surface 
4>(M) c M w is flat. 

PROOF. Immediate from the above equivalences. ❖ 
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From Theorem 35 we see that the surfaces M C N with A^i nt = A^o are 
“in general” <f>_' of cones, cylinders, and tangent developables. As a local 
classification, this works equally well for Kq < 0 and Kq > 0. But the situation 
is quite different when we look for complete surfaces with = Kq. In the 
sphere, any pair of geodesics intersect, so there cannot be “cylinders” as in 
(this is reflected in the fact that the geodesic mapping from S m to 
is actually defined only on a hemisphere). Once one realizes this, it seems 
very hard for there to be many such surfaces. In fact, in the next section we 
will see that in S 3 the only complete surfaces with = Kq are the great 
2 -spheres. Now consider hyperbolic space H m . We know that there is a geodesic 
mapping 0 : H m Equivalently, there is a metric ( , ) on B m (l) with 

constant curvature Kq < 0, whose geodesics are just straight lines of (with 
a different parameterization). A cone, cylinder, or tangent developable in R m 
then intersects B m {\) in a surface with = Kq with the metric induced 
from ( , ). The interesting thing is that we can take the vertex of our cone, 
or the generating curve for the tangent developable to lie outside of B. Then 



the intersection with B will be a complete flat surface, without singularities, of 
constant intrinsic curvature A^ nt = Kq. Thus there are many such surfaces, of 
far greater variety than iu R m . In the next section we will see this in a startling 
way. 

Now consider an oriented surface M in an arbitrary oriented 3-dimensional 
Riemannian manifold (N ， < ,〉），and an arclcngth parameterized curve in M. 
\Ve again define the Darboux frame of' c on M to be the moving frame 

t(s) = c f (s), u(s), \(s) = t(s) x u(s) = ⑴）, 


where u(.v) e M c ^ s ) is a unit vector perpendicular to t(s) with (t ⑴ ， u ⑷) pos¬ 
itively oriented in M, and the unit normal field v is chosen so that the triple 
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(t ⑻ , u ⑷， v(*s)) is positively oriented in N. We still have 

〆 = K g U + K n \ 

U f = —K g t + T g \ 

\ f = —K n X — r^u 

for certain functions K n ,K g ,z g . Everything in Chapter 4 up to and including 
Proposition 4-5 generalizes almost without any change (asymptotic directions 
on M are defined just as before, as unit vectors X e M p with \\(X p ,X p ) — 0; 
they exist only on regions where K txt {p) < 0). Moreover，Theorem 4-7 also 
generalizes，essentially without change. For reference, we merely state this gen¬ 
eralization: 

36. THEOREM (BELTRAMI-ENNEPER). Let M be a surface in an ori¬ 
ented 3-dimensional Riemannian manifold [N ，〈， 〉). If c is an asymptotic 
curve in M with c(0) = p and first curvature K\(0) ^ 0, then 

k2(0)| = y/~K^{p). 

Moreover, if K txt (p) < 0 and the two distinct asymptotic curves through p 
both have non-zero first curvature K\ at p, then their second curvatures at p 
are negatives of each other. 

The next result generalizes Theorem 4-8. 


37. THEOREM. Let N m be a manifold of constant curvature 欠 0 ， let c be 
an immersed curve in a hypersurface M <Z N, and let 5 be the ruled surface 
formed by the geodesics of N which are perpendicular to M along c. Then c is 
a line of curvature if and only if S has constant intrinsic curvature A^j nt = Kq. 

PROOF. Since the result is a local one，we can assume that there is a geodesic 
mapping <f>\ N — R m . The surface S is {exp c ^^ tv(c(s))}, where y is a unit 
normal field on M. Hence, identifying tangent vectors of R m with elements of 
as usual, we have 

0(S) = {0(r ⑴）+ /0*( 咖 ⑴ ))} 

={y ⑷ + 以⑴}， say. 

If V denotes covariant differentiation in R w , then, as in the second proof of 
Lemma 8, we have 

%*X(^Y — M^ f xY) = co(^X) - + ⑴ (0*n • “X ， 
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for some 1-form to on Hence 

8 f (s) — = a linear combination of (p^(c\s)) and <p^(v(c(s))). 

Consequently, we can write 

(1) S\s) = 0*(V ’ C ， ⑴ v) + acp^{c\s)) + b(p^(v(c(s))). 

First suppose that c is a line of curvature, so that ▽’〆 ⑴ v is a multiple of 〆 ⑷ 
for all s. Then equation (1) shows that we can write 

S r (s) = a<p^(c\s)) + bcp*(v(c(s))) 

=ay\s) + b8(s). 

So 6, 8 f are always linearly independent, and the ruled surface (p(S) c 
is flat. Hence S has constant intrinsic curvature A^ nt = A^o by Theorem 35. 

Conversely, if S has constant intrinsic curvature K[ nt = Ko y then (p(S) is flat, 
so y’ ， 8,8’ are always linearly dependent. Then (1) shows that for each s there 
are numbers J ， 5, C，not all 0, with 

(2) Ac(s) + Bv(c(s)) + C[VV( 5 )V + ac f (s) + bv(c(s))] = 0. 

Clearly C # 0. Taking the inner product of (2) with v(c(^)) gives 

5 + Cft = 0, 

and hence (2) becomes 

(A + Ca)c(s) + CVV( 5 )V = 0, 
which shows that r is a line of curvature. ♦ 

In Eisenhardt {1; pg. 213} this result is verified in a more direct way，by using 
special coordinates--the Weierstrass coordinates. I like the above proof be¬ 
cause it has the strange feature that it uses geodesic mappings even though such 
mappings preserve neither perpendicularity nor lines of curvature. Once one 
realizes this，it becomes clear how to generalize the theorem vastly (Problem 19). 
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E COMPLETE SURFACES 
OF CONSTANT CURVATURE 

In this section we will classify, so far as possible，the complete constant curvature 
surfaces in the complete simply-connected 3-dimensional manifolds of constant 
curvature. First consider a surface M in any 3-dimensional manifold (iV， 〈， 〉）• 
By Corollary 4-17, for any point p g A/ we can find an imbedding f •• U M 
with t/ C M 2 open and p G f(U) whose coordinate lines are the lines of 
curvature，or the asymptotic lines [if K ext (p) < 0]. We want to see what the 
formulas in the Addendum to Chapter 4 become in these cases. As before, 
E ， F,G are the components of /*〈 ，〉 with respect to the standard coordinate 
system (^,/) on R 2 , while /,m, n are the components of /*II，where II is the 
second fundamental form of the hypersurface M c for some choice of a unit 
normal field v on M. The formula in Problem 4-13 gives the intrinsic curvature 
尺 int ， so we see that 

(A) When the parameter lines of M 2 C N 、are orthogonal, we have 
F = 0 


We also know that the Codazzi-Mainardi equations for an ambient manifold of 
constant curvature are the same as in the Euclidean case, so 

(B) When TV 3 has constant curvature and the parameter lines of M 2 C N 3 
are lines of curvature, we have 

/ = k\E, n = kiG, m = 0 ， F = 0 

卜報 4) 

…(士 + 1). 

(C) When tV 3 has constant curvature and the parameter lines of M 2 C 
are asymptotic curves, we have 


[\<,EG - F 2 ), + FE 2 - EGx] 


EG - F 2 


[\{EG - F 2 ) 2 + FGi - GE 2 


EG - F 2 
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Recall, finally that when N has constant curvature the intrinsic curvature 
A^int of M and the extrinsic curvature A^ ext are related by 

(*) 欠 int = "^ext + 欠 0 ， 

The first thing we are going to do is to see what the basic lemmas of Chapter 5 
give in our more general situation. The main problem is keeping track of the 
times when the curvature 欠 in the Euclidean case should be replaced by A^ nt 
and when it should be replaced by A^ext- 

38. LEMMA. Let M be a surface immersed in a 3-manifold N of constant 
curvature, and let /? E M be a non-umbilic point. Let k\ > ki be the two 
principal curvatures on M and suppose that k\ has a local maximum at 尸， 
and ^2 has a local minimum at p. Then K mt (p) < 0. 

PROOF. The proof is exactly the same as the proof of Lemma 5-1♦ 

39. THEOREM. Let TV be a 3-manifold of constant curvature. If M is a 
compact connected surface in N with constant extrinsic curvature A^ ext 2 0 
and (constant) intrinsic curvature K- mi > 0, then all points of M are umbilics. 

PROOF. First suppose that A^ ext > 0. As in the proof of Theorem 5-2, let 
k\ > k 2 be the principal curvatures and let k\ achieve its maximum at p. 
Then = K 2 /k\ has its minimum at /?. If p were not an umbilic, then 
by Lemma 38 we would have A^im ( 尸 ）$ 0， contradicting the hypothesis. So 
k\(p )= 众 2 ( 尸）， and，reasoning as in the proof of Theorem 5-2, we see that all 
points are umbilics. 

Next suppose that A^ ext = 0. Suppose there is a non-umbilic point p e M. 
Then 0 = k\{p) • k 2 {p), but k\(p) ^ k 2 (p), so either k\(p) > 0 or 0 > k 2 (p 、， 
say the first. Let p be the point where k\ takes on its maximum k\ (p) > 0. Then 
k\ > 0 in a whole neighborhood of p, so A ：2 = 0 in a whole neighborhood of 户， 
and hence A 2 has a local minimum at p. Then Lemma 38 gives K mt (p) < 0, a 
contradiction. ♦ 

40. THEOREM. Let ^ be a 3-manifold of constant curvature. Let M be a 
2-dimensional immersed submanifold of N with constant extrinsic curvature 
Ae Xl < 0. Then for c\ er\ point p e M there is a diffeomorpliism 

g : (-£,£) x (- M 
g(0,0 )= 尸 

wlu^se parameter curves are asymptotic c urves parameterized by an 、 length. 
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PROOF. The proof is exactly the same as the first proof of Lemma 5-10. ♦:* 

41. THEOREM. Let TV be a 3-manifold of constant curvature. Then there 
is no complete surface M immersed in N with constant extrinsic curvature 
尺 ext < 0 and (constant) intrinsic curvature 尺 int < 0. 

PROOF. Suppose such a surface M existed. Using Theorem 40, we can repeat 
the first argument in the (first) proof of Theorem 5-12 verbatim and conclude that 
there is a Tschebyscheff net /: M 2 M. If w is the angle between the first 
and second parameter lines, then by Lemma 5-11 we have 

d 2 a> 

=( —尺 int)sin<y 0 < co < ji, 

where — A： int is a positive constant. Then part (B) of the proof of Theorem 5-12 
shows that there is no such co. ♦> 

Now we will begin putting these results together. Take N to be 5 3 , with 
constant curvature 1, and consider the possibilities for complete surfaces in 5 3 
with constant extrinsic curvature K ext . Since equation (*) now becomes 

人 iiit = *^ext + 1 ， 

we see that 尺 ext < — 1 =» K- mt < 0. So Theorem 41 shows that there are 
no complete surfaces immersed in 5 3 with constant K ext < -1. We also see 
that K ext > 0 => A： int > 0, so Theorem 39 and Theorem 27 show that the 
only compact surfaces in 5 3 with constant K ext > 0 are spheres (Theorem 8-17 
again shows that compactness can be replaced by completeness). 

_2_ 欠 ext range 


none totally other 

geodesic S 2 spheres 

How about the range - 1 < K ext <0? First of all we have 


42. PROPOSI riON. There are no complete surfaces M immersed in S 3 with 
constant 尺 ext satisfying —1 < K ext < 0. 
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PROOF. The intrinsic curvature of M would satisfy A^ nt > 0, so M would be 
compact, by Theorem 8-17. We can assume that M is orientable, for other¬ 
wise we can look at the orientable 2-fold covering of M, which will also be 
immersed, with the same K ext . Then M must be homeomorphic to 5 2 , by the 
Gauss-Bonnet Theorem. Since A^ ext < 0 , at every point p e S 2 the principle 
curvatures k\(p) ， k ： 2(p 、 have opposite signs. By choosing the vectors pointing 
in the principal directions which correspond to the positive principal curvature, 
we would have a continuous choice of 1 -dimensional subspaces of S 2 P . But 
this is impossible (Problem 1.9-7)♦ 


A^ext range 



none none totally other 

geodesic S 2 spheres 


This leaves only the isolated possibility K ext = — 1 . Oddly enough, there are 
complete surfaces in 5 3 with 欠⑶丈 =—1 (equivalently, = 0). In fact, for 
p,a > 0 with p + a = the torus 

{x e M 4 : Xi 2 + X 2 2 = p and X 3 2 + X 4 2 = a} C S 3 

is a (flat) product of two circles. Moreover, there is an infinite variety of other 
complete flat surfaces in 5 3 . Such surfaces can be classified, modulo a few 
sticky details, and we will essentially find the most general way to construct 
them. The classification actually works even for a piece of a flat surface, but we 
will deal only with complete surfaces, just to simplify some of the description; 
this classification is based on the work of Bianchi [1]. 

It will be necessary to first consider some of the geometry which is special 
to the manifold 5 3 . For two points x,y e 5 3 , the distance d(x^ v) between .v 
and v as elements of 5 3 (not the Euclidean distance between .v and y) is just 
the radian measure of the angle between .v and v. Consequently, we have 
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Now we ask whether there are any isometries A e 0(4) of S ' 3 with the property 
that d(x,A(x)) is the same for all x e S 3 . Such isometries would be the 
analogues of the translations in M ”； notice that S 2 , for example, certainly has 
no isometries with this property, other than the identity, since every A e 0(3) 
has a fixed point in S 2 . If ^ = (a"), then 

4 

{x. Ax)= E aji xj Xi . 

/,7 = 1 

Taking into account equation (1) we see that we are looking for A with 

4 

^ ajiXjXi = constant for all x e S 4 . 

This implies that 

4 4 

^ ajiXjXi = (constant) - X/ 2 for all x e M 4 . 

/ =i 

Regarding this as a polynomial identity in the variables xi,...,x 4 we see that 
we must have 

^11 = ^22 = ^33 = “44 ， Clij + aji =0 ， i 羊 j. 

Since A is also orthogonal we have 

⑵ 0 = ^ 11^12 + ^ 21^22 + ^ 31^32 + ^ 41^42 = ^ 31^32 + ^ 41^42 

as well as 


a \\ 2 + ^ 2\ 2 + ^ 31 2 + ^ 4l ' 


^ 12 2 + ^ 22 2 + ^ 32 2 + ^ 42 2 


a 3\ + ^41 =“ 32 2 +“ 42 2 - 


Equation (2) says that the vectors (^ 31 ^ 41 ),(^ 32 ^ 42 ) ^ are perpendicular, 
while equation (3) says that they have the same length. It follows that 


^32 = ^41 
^42 = —«31 



^32 = -041 

“42 = +«31. 
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We thus find two different kinds of with the desired property: 



a 2 +b 2 +c 2 + d 2 = 1 . 

The existence of these “translations” in S 3 is directly related to the fact that S 3 
is a group, the group of quaternions of norm 1. Recall that the quaternions are 
M 4 with the structure of a non-commutative division algebra over M having unit 
1 = (1 ，0 ,0,0) and elements 

i=(0, 1,0,0), j = (0,0,1,0), k = (0,0,0,1) 

satisfying 

i • j = k = -j - i 

j . k = i = 一 k . j and i . i = j . j = k . k = — \. 
k . i = j — —i k 


The norm \x\ of a quaternion x satisfies \xy\ = |x| - 1^1, so the quaternions of 
norm 1 (i.c., 5 3 ) are a non-commutative Lie group. It is easily checked that the 
two matrices given above are just left and right translation by the quaternion 
a + bi + cj + dk e S 3 . In particular, this shows that the usual Riemannian 
metric on S 3 is left and right invariant. Moreover, the map 

( a —b —c —d 

b a —d c 

c d a -b 

d —c h a 



is an isomorphism of 5 3 into a subgroup of 0(4), namely the subgroup of all 
left translations bv elements of 5 3 . It will be convenient to identify S 3 with a 
subgroup of 0(4) by this isomorphism. 

\Ve will need the first part of the following general result; the other parts are 
included for independent interest. 


43. THEOREM. Let G be a Lie group with bi-invariant metric' ( , ). If 
X, y. Z, W are left invariant vertor fields on G, then 

(l) w = 狀， n 
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(2) ([X, Y],Z) = (X,[Y,Z]) 

(3) R(X,Y)Z = -\[[X, Y],Z] 

(4) (R(X,Y)Z,W) = -\([X,Y],[Z, ^]). 

PROOF. The integral curves of X are left translates of 1-parameter subgroups 
(recall the second proof of Corollary 1.10-8). Consequently, they are geodesics 
(Proposition 1.10-21). This means that V x X = 0. So 

0 = + Y = V x X + V X Y + V Y X + W y Y = + V Y X. 

But also 

^xY — V Y X — [X, Y], 

which gives (1). 

For (2) we note that 

0=Y(X,Z) = (V Y X,Z) + (X, V y Z) 

= j{[Y,X],Z) + ^(X,[Y,Z]). 

For (3) we have 

Y)Z = V^(VyZ) — Vy(VjfZ) — ▽[U]Z 

= i[^, [Y,Z]]-\[Y,[X,Z]]- i[[^,r],Z], 

which gives the desired result when we apply the Jacobi identity. 

Finally, (4) follows from (2) and (3)♦ 

Now we want to look at the Lie algebra X(S 3 ) of the group S 3 . This is the 
tangent space of S 3 at (1,0,0,0), and is therefore spanned by the vectors 

= ( 0 , 1 , 0 , 0 ) 

X 2 = (0,0,1,0) 

= (0,0 , 0 , 1), 

regarded as tangent vectors at (1,0,0,0). Notice that X\ - c f (0), where 

c(t) = (cos/, sin/,0,0) e S 3 
=cos / + (sin /)/ 

cost — sin t 0 0 

sin/ cos/ 0 0 

0 0 cos/ 一 sin t 

0 0 sin t cos/ 
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under the identification of 5 3 with a subgroup of 0(4). Thus X\ can be iden¬ 
tified with , 

' 0-10 0 

10 0 0 

0 0 0 -1 

,0010 


^(0) 


e o(4). 


Similarly Xi and X 3 can be identified with 



and 


A short calculation then shows that 

(1) [^ 1? ^ 2 ] = 2X3, [4A] 二 24, 



[^3,^] =2JT 2 . 


If we think of the as vectors in M 3 , by simply ignoring their first compo¬ 
nents, then we have 


Xi x X 2 = X 3 , X 2 x X 3 = X 3 x Xi = X 2 . 


Equivalently，this relation holds when we define x in S 3 (i ， o,o,o) in terms of 
the usual inner product and the usual orientation for S 3 . So if Xj is the left 
invariant vector field on S 3 which extends ^7, then 

(2) ^ x X 2 = X 3 , X 2 x X 3 = X 3 x X t = X 2 , 

where x in each tangent space is defined in terms of the usual metric {,) 
on S 3 and the usual orientation for S 3 . 

Now the theory of curves in 5 3 can be given a special development, becaiise 
we can express all tangent vectors in terms of the left invariant vector fields Xi. 
Suppose c is a curve in S 3 parameterized by arclength，and let the unit tangent 
vector t = Vi of c be given by 

3 

(3) t ⑴ = 二 fi{s) - Xi{c(s)), 

Z = 1 

where 

(4) ^ fi 2 = 1 ^2 fifi' = 0- 
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As usual, we denote the covariant derivative in our ambient manifold 5 3 by V / . 
Then for any vector field hj{s) - Xj(c(s)) along c we have 


D' 

ds 


. iy(f(-s)) = Y^h/(s) - Xj(c(s)) + ^hj{s)^X j {c{s)) 


=E V ⑴. ^j(c(s)) 

j 

+ Y, h ^T / M s ^ , x^A c (^- 

j i 

Using Theorem 43 to write V^Ay = \[Xi, Xj]^ and computing the brackets 
from (1), we get 

( 5 ) ! . 如⑷ ）= 


二 V ' + [(/2^3 - hh 2 )X\ + 、 f 、 h\ — f\h ： ,)X2 + (f\h 2 - fih\)Xi,] 


{all functions evaluated at all X\ at c(s)}. 
In particular, we have 

D f t(s) 


⑹ 


ds 


E 力 , .兄; 


K = y (//0 2 5 

Hi fi'. 交 i 


hence the curvature k (= 岣 ） is given by 

⑺ 

and n = V2 is given by 
(8) n 

K 

Therefore b = V3 is given by 

⑼ b = t x n = 士 . (J] 力 . 名 ) x (E 刀 ’. 名） 

ij 

= -[(/2/3 7 - + {hf\ - f\A')x 2 + (/i fi - / 2 / 1 ') 名 ] 

by (2) 


1 V~~ ' 〜 


sav. 
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Now we have 

D f b{s) 


ds 




gi.Xi 




(/2g3 - glh)^\ + • . . + ^gi'Xi - 


by (5) 


- [(/2g3-^2/3)^ +••] + 


m 丫 


But 

/2g3 - gih - fiifxfi' - hf\) - Mhf\ - f\h') b y ( 9 ) 
= + hh'、- f\'(f2 2 + h 1 ) 

= f\(~f\f\) - //(! _ /i 2 ) by (4) 

= —//， 


and similarly for the other terms. Hence we obtain 


( 10 ) 


du) _ -U.Xi ^ 
ds K . W ^ 


A 


=— n + lXf ). 名 by(8) . 

i 

We therefore have the rather remarkable, and for us very important 


44. THEOREM. If r is a curve in 5 3 whose torsion r (= k 2 ) satisfies r = 1 
everywhere, then b is left invariant along c, that is, 

= LcCs)c(o)- 1 * 办 (0). 

If c has torsion r = -1 everywhere, then b is right invariant along c. 

PROOF. The Serret-Frenet formulas give 

Db{s) 

- =—rn. 

ds 

So r = 1 implies that {gi/^Y = 0, and hence that gt/K is constant. But equa¬ 
tion (9) shows that gi/K are the components of b with respect to the left im ariant 
vector fields X\. 

To deduce the second part of the theorem, consider the map f{x) = x~ ] 
of 5 3 into itself. This map reverses 1-parameter subgroups through (1 ， 0,0,0). 
sc"*: X{S y ) X(S 3 ) is multiplication by -1. This shows that / is orientation 
reversing. It follows that the binomial of the curve / o r is -/*b. Thus / o c 
has r = 1 if and only if c has r = —1. 
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Finally we are ready to consider connected immersed surfaces M in S 3, with 
欠 ext = — 1 ， an d hence K- mt = 0. We consider only oriented M\ non-orientable 
surfaces may then be analyzed by considering the 2-fold oriented covering of M. 
Since A^ ex t < 0, there are 2 distinct asymptotic directions at each point. The 
argument in the (first) proof of Theorem 5-12, in conjunction with Theorem 40, 
again shows that there is a Tsychebyscheff net /: JR 2 — M. It is not hard to 
see that / is actually onto Af (by essentially the argument used in the second 
proof of Theorem 5-12; for this part, it is not necessary that the 也 be defined 
for all ^ G M, and simple-connectivity is irrelevant). The metric 1 / = /*〈 ，〉 
on M 2 is then 


!/ = /*( , ) = ds ® ds + cos o)[ds ® dt + dt ® ds] + dt ® dt, 


where a> is the oriented angle between the first and second parameter curves. 

Now consider the curve c(5) = (sj) in M 2 , which is an arclength parameter¬ 
ized curve for the metric If. Its tangent vector c’(*s) = 3/3*s is a unit vector for 
the metric I/. If D/ds temporarily denotes the covariant derivative determined 
by the metric I/，then from the formula on pg. 11.232 we compute that 


Dc\s) 

ds 


do) 

ds 

sina) 


COSO) 


ds 



If 


3 ( 3 


ds 


ric 1^ and 


9 ( 9 


‘丄 


is the unique vector field with —, I — 

ds yds 


、丄 


/anQ 石冱 


positively oriented, then 


orthonormal for the met- 


‘丄 


dt 


COS CO 


—+S\n0) 
as 


ds 


so we find that 

Dc\s) dco 

ds 3.y 

Equivalently; if t denotes the (unit) tangent vector to the parameter cur\e s i-> 
f{s^t) in M, and D/ds now denotes the covariant derivative in then 



Dt dco 

ds 3^ 


where u is the unique tangent vector field along s f(sj) with t，u orthonor- 
mal and (t, u) positively oriented. But s f(sj) is an asymptotic curve，so the 
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covariant derivative Dt/ds in M is the same as the covariant derivative D f i/ds 
in S 3 (recall the equivalences on pg. III. 196). So we have 

D f t d(x) 

⑴ n. u . 

This shows that 

u = normal n to the curve s f{s ， t) 

—— (.y,r) = curvature k(s) of the curve ^ f{s,t). 

ds 

On the other hand, Lemma 5-11 shows that co satisfies 

d 2 (i) 

“ = 0 ’ 

which implies that there are functions S and T with 

o)(s,t) = S{s) + T(t), 

so that 

^-(s,r) = S\s) and ^( 5 ,?) = T'(t). 
ds ot 

Thus the arclength parameterized curves s /(^, t ) all have the same curva¬ 
ture functions k{s) = |5 / (.9)|. Similarly, all curves t ^ f{sj) have the same 
curvature functions |7"’(0I, 

But even more is true. For the Beltrami-Ennepcr Theorem (Theorem 36) 
tells us that the torsion r of the asymptotic curves s j\s,t) and t f{s,t) 
satisfies r 2 = 1 at points where /c ^ 0, and that the two asymptotic curves 
through a point have torsions of opposite signs if they both have fc ^ 0 a.t that 
point. We will first assume that for both sets of parameter curves /c is never 0. 
Then one set of parameter curves must have r 二 1 e'.ei.ywhere, and the other set 
must have r = -1 everyw here. For definiteness, say that the cur\-es s f(s, t) 
ha\.e r = 1. We now see that all curves 5 f{sj) are congruent, and similarly 
all ciines t f(sj) are congruent. 

Let A s be the unique isometry of. S 3 onto itself with d/(0,,)) = f(s, t) 
for all t. Under the family of isometries {A s }, each point /(0,0 moves along 
the arclength parameterized ciir\*c *y This strongly suggests that all 

the A s are ac tually translations. In fac t, we claim that all A s are left translations. 
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To prove this, we consider the family of left translations {B s } = {Z>y^ ， 0 )/(o,o)- ! } 
which take /(0,0) to f(s, 0). According to Theorem 44, B s * takes the binormal 
b(0) of s f(s, 0) at s = 0 into the binormal b(.s) at s. Consequently, B s * 
takes the osculating plane of this curve at 0 into the osculating plane at s. Hence 
we can write 

tCs) = cos0(^) - B s *t ⑼— sin0(s) - 5 5+ n(0), 
where 0(*5) is the oriented angle from t(^) to 5 5+ t(0). It is easy to compute 



D'ijds in terms of 9: For simplicity, and without loss of generality, we assume 
that /(0,0) = 1 e S 3 , and that t(0) and n(0) are X\, X 2 e X(S 3 ). Then the 
functions fi in equation (3) on page 98 are just 

f\ = cos 0 ， fi — ~ sin 9, f 3 = 0, 
so equation (6) on page 99 gives 
D f t , 

——=—0 (*s)[siii0(*s) • B s ^t(0) + cos 6 - 5 5+ n(0)] 
as 

— —6 f (s) - n(^). 
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Comparing with equation (1) on page 102, we see that 9 r — S ’； since 0(0) = 0, 
we find that 

S ⑴ =9(s) + S(0). 

From this we easily see that 

B s ^ takes the tangent vector to the curve t /(0, /) at / = 0 

to the tangent vector to the curve t /(^, /) at / = 0. 

Moreover, these curves are asymptotic curves, so their osculating planes at / = 0 
coincide with the osculating planes of the asymptotic curve s f(s,0) at 0 
and s, respectively. Thus their binormals at / = 0 are the binormals b(0) and 
b ⑴ of the curve ^ / (s, t). Hence 

B s * takes the binormal to the curve t /(0, r) at / = 0 

to the binormal to the curve t \-^ f (.S', /) at / = 0. 

These two facts show that B s must be the isometry A s . So A s is indeed a left 
translation. 

If we write c(.s') = f(s, 0) and y(t) — /(0, /), we thus see that our surface M 
can be written as a collection of left translates of y, 

M = {[c(s) -c(0) _, ] - ]/(/)}. 

Notice that this can equally well be written as a collection of right translates 
of c, 

M = {c(5) - c(0)— 1 • y{t)} - {c(5) • y(0) _1 - y(t)} 

={f ⑴. [y ⑼ _1 • y(0]}; 

naturally we could have also deduced this description directly, by considering 
the isometries of the curves s f(s, /), and applying the second part of The¬ 
orem 44. 

Conversely, suppose we have any two curves c and y with torsions r = 1 
and r = —1 ， respectively. Suppose, moreover, that they are placed so that 
r (0) = y(0) and so that their osculating planes at 0 coincide. For simplicity, also 
assume that ^(0) = y(0) = 1 g S、• Then c and y will not be tangent at 0, and 
we can consider the surface 


M = {c(s) - y(t)}. 
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t ^ cCv)y(/) 



Applying Theorem 44 first to the curve c with r = 1, we find that the osculating 
plane of c at ^ coincides with the osculating plane of the curve t c(^) - y(?) 
at ^ — 0; hence these osculating planes coincide with the tangent space of M at 
c(^). Now applying Theorem 44 to the curves t c(s) - y{t)^ all with torsions 
r = 一1， we find that the tangent space of M at any point c(^o) * K(’o) coincides 
with the osculating planes of the parameter curves s i-> c(s) ‘ y(to) at ^ 
and t c(sq) - y{0 at t = t^. Thus these parameter curves are asymptotic 
curves. So the Beltrami-Enneper Theorem shows that M has K txt = — 1. 

We can also consider the case where c has torsion r 二 1， but y is a geodesic， 
and hence does not have a torsion defined anywhere. The first part of our 
argument still shows that the tangent space of M at points c(s) coincides with 
the osculating plane of c at s. In other words, 

(1) D c ⑴ i s a linear combination of and L c (_y)*〆(()). 

as 

To show that the tangent space of M at c(*So) - y(^o) coincides with the osculat¬ 
ing plane of s c(s) - y (?o) at = so y we must show that 


s b c(s)Y(to) 
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R Y (t 0 )^c f {s) is a linear combination of 7? 冲 0 )*(’( 冲 ） and L c ( s )^y f {to). 

S=S{) 

Now we have 

, D f c f {s) 

^y(to)* c (^) — RyUo)* — ~T — 

S=S ( ) as S=S() 

二 a linear combination of ^y(r 0 )*^ / (^o) 
and R-y(to)*^c(so)*y ( 0 ), by ( 1 ). 

So it suffices to observe that 

^y(to)*^c(so)*y ~ ^c(so)* ^y(to)*y ( 0 ) 

~ ^c(so)*y (’o )， 

since the geodesic y through 1 e S 3 is a 1 -parameter subgroup, and hence 
the integral curve of a right invariant vector field (recall again the second proof 
of Corollary 1.10-8; although this proof deals with left invariant vector fields ， 
it works just as well for right invariant vector fields). So our surface M = 
{c{s) - y{t)} again has K txt = -1. 

Finally,* suppose that c and y are both (distinct) geodesics through 1 e 5 3 . 
Then the surface M = {c ⑴ • ） /(0} still has 二 一 1 ， or = 0. To see this, 
we consider the parameter curves 

^ i-> c{s) - y(/ 0 ) Ry^c'iso) 

with tangent vectors f 

t c{s 0 ) - y{t) L c(s () )*y ( ， 0 )， 

We note that 

i^y(U))* ^ ( 扣 ) ， ^c(so)* Y (^o)) = ( 尺乙 c(5o>*C (0) ， ^c(S{))^ ^y(to)*Y (0)} 

= ^c(so)^^ ( 0 )^ ^y(to)*^c(so)^y ( 0 )) 

= 〈 〆(()),〆 ⑼》. 

Thus our surface has two families of geodesics intersecting at a constant angle, 
so it is Hat by Proposition 4-6. In particular, the flat torus 

.v g M 4 : a'i 2 + a* 2 2 = ^ and -V 3 2 + .Y 4 2 = ^ 


D ! 

ds 


D f 

ds 


* WV will not consider the case where 01 ir asymptotic nines have cilig ature /c(^) = 0 for 
only certain s. I he truly fanatical reader may wish to investigate this situation further. 
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is of this form. It is generated by the two geodesics 


—tz(cos 0, sin0, cos0, sin0) 
%/2 


-(cos0 + sirup ， cos0 — sin0, — cos 0 - sin0, 一 cos0 + sin0) 


of which the second lies in the plane spanned by (1 ， 1, — 1 ， 一 1) ，（ 1,-1 ，一 1 ， 1) 
and the first in the orthogonal complement. 

We now have a very general way of describing surfaces M in 5 3 with 尺 ext = 
-1 ； we can take any “translation surface” {c (^) y(/)}, where c and y are curves 
of torsion 1 and — 1 with c(0) = y(O) = ] e S 3 and common osculating planes 
at 1. Since the curves c and y are otherwise arbitrary, there are clearly a great 
number of such surfaces. We will describe some features of these surfaces in a 
little greater detail, and then indicate some open questions. 

It will be very useful to introduce a famous creature of algebraic topology, 
the Hopf map h : S 3 5 2 , which is defined as follows. We regard S 2 as 
the one-point compactification C U {oo} of the complex numbers; the specific 
identification of 5 2 and CU{oo} will be given by means of stereographic projec¬ 
tion, together with the identification of the north pole of 5 2 with oo. However, 
we will use a slightly different version of stereographic projection. We now 
regard S 2 as the standard unit sphere {p e M 3 : \p\ = 1}, and map a point 
p e 5 2 - {(0,0,1)} into the intersection a (/?) of the (u)-plane with the straight 
line between (0,0,1) and p. It is easy to check that for our new o we have 



a(a.b,c )= 




-w ( 2x 2 >' .v 2 + v 2 - 1 \ 

a (Y ’- V)= I.X-2+ V 2 + l’ ,v 2 +J 2 + r .V 2 + >- 2 +"T；' 
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It is not hard to see that S 2 = C U { 00 } has a C°° atlas consisting of two maps 

/ 1 ： C ^ C 

f 2 : C-{ 0 }U {*}4 c 


with f\ = identity and 


We consider 5 3 as 


他) =? 

u 


z ^ 00 
z = 00. 


{(q ， z 2 ) e C X C : |z ,| 2 + |z 2 | 2 = 1}. 


Then h : S' — S 2 is defined by 

h{z x .z 2 )=—, 

Z 2 


where “Z 1 /Z 2 ” = 00 if Z 2 = 0 . This map is clearly C°° on the set where Z 2 7 ^ 0 , 
and also on the set where z\ 0 , since we then have 

720 / 2 (.-,,Z 2 )= ( / 2 (t)' 22/0 

l /2(00 )， Z 2 = 0 

Z2 



The inverse image h~ l (zo) of any point zo G C is 

h~\z 0 ) = {(zi,z 2 ) e S 3 : zi = z 0 z 2 }. 

If Zj = Xj + ivj for j 二 0 , 1 ， 2 , this can be written as 

Ir\ ： o) = {(.Yi, Vi,.y 2 , v 2 ) e 5 3 : .Yi = .y 0 .v 2 - Vo. 1'2 and .v’l = .y 0 j 2 + .Y 2 r 0 }- 

which is the intersection of S 3 with two hyperplanes through the origin. So 
, 7— 1 (:o) is a great circle. Moreover, 


is also a great circle. 


h 一 1 (00 、 = {( 二 1 ，： 2 ) € S 3 : :2 = 0} 
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Now we need to know what the orthogonal maps A : S 2 S 2 look like when 
we consider them as maps CU{oc} CU{oc}. Elementary complex analysis 
tells us that they must be maps of the form 

f(z) = {az + b)/{cz + d), 

for they must be one-one and have at most one pole, of order < 1 (we can 
also use Problem 4-11 to reach the same conclusion). Some further calculations 
(Problem 21) show that these maps, when normalized to have ad — be = 1, 
correspond to orthogonal maps if and only if 

l«| 2 + kl 2 = 1 r ，- 

ab = —cd. 

\b\ 2 ^r\d\ 2 =\ 

On the other hand, if these conditions are satisfied, then the map 

g(z\,z 2 ) - {az\ + bz 2 , cz\ + dz 2 ) 

is easily seen to be an isometry of 5 3 C C x C. Now for any set X C 5 2 we 
have 


(z 1 ,Z 2 )€/7- ， (/- | (X)) 


(z,, z 2 ) e 5 3 and — € f~\X) 
Z2 


(z \, zi) € 5 3 and 


a— + b 
c^-+d 


e X 


‘ 、 0 3 」 +^ Z 2 ^ v 

(zi,Z 2 ) e S and --- e X 

CZ\ + dZ2 

(zi,z 2 ) e 5 3 and h(g(z\,z 2 )) e X. 


Thus 


\f-\X)) = g-\h-\X)). 


In other words, if we want to know what h~ x {X) C 5 3 looks like, up to an 
isometry of 5 3 , we can replace A" C 5 2 by any set related to X by an isometry 
of S 2 . In particular, to find h~^ (E) for E C S 2 a circle, we can assume that E 
is parallel to the (X ， >)-plane, so that the stereographic projection of I ： in C is 
just a circle {z : \z\ = R}. Then 


~\{z : |r| = R}) = j(zi ， z 2 ) : |z,| 2 + |r 2 | 2 = 1 and 


彐 


R 


； (zi,r 2 ) : \z\\ 


R 


\/l + R 2 


and \z 2 \ 


7l +~R^) 

which is just a product torus. This shows that all product tori in 5 3 are made 
up of a family of great circles, which are consequently asymptotic curves. \\ hen 
1, the other asymptotic curves are not great circles. If they begin at one 
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point of a great circle they will generally return to a different point of this great 
circle. This shows how a translation surface {( (s) • y (0} can be compact even 
though the curve c or y may not be closed. 



Now let c be any immersed curve 5 3 . We claim that the surface h~ x (c) has 
K txt = —1 everywhere. In fact, for any s。，we can consider the osculating circle 
I ： C 5 2 of c at (in other words, E is the circle in S 2 which is tangent to c at 
and whose curvature, as a curve in 5 2 , is the same as the curvature ^(^o) of c 
at So). Then S and c agree up to second order at (( 勿 ）， so h~ ] (Y) and h - 1 (c) 
agree up to second order on the whole great circle h~ x (c(so)); since h~ x (E) 
is a flat torus, with K txt = —1 everywhere, h~ l (c) must also have K txt = — 1 
everywhere. Taking c to be an imbedded closed curved in 5 2 , we obtain an 
imbedded surface h~ x (c) in 5 3 , with K txt — —1，which is homeomorphic to a 
torus, but generally not a product torus. A non-geodesic asymptotic curve in 
h~ l (c) will be a curve c with h o c = c\ it would be interesting (and probably 
very difficult) to determine for precisely which curves (• this curve c is closed. In 
this connection, we point out that there are certainly some closed curves in 5 3 
of constant torsion r = 1. In fact, just as cylindrical helices in R 3 have constant 
torsion, the helices on product tori in 5 3 are easily seen to have constant torsion, 
and in the latter case we can arrange for the helices to be closed. I do not know 
whether there are closed curves and y in 5 3 of torsion r = +1 and r = —1 
such that the translation surface {r(5> - )/(/)} is an imbedded torus (the helices 
on product tori give only immersed tori). Nor do I know the answer to the 
following problem，which seems quite hard: are there one-one curv es c and y 
in 5 3 of torsion r = +1 and r = —1 such that the translation surface {c(s) y(t)} 
is a one-one map into 5 3 ? Finally; one could try to analyze the non-orientable 
complete surfaces in 5 3 with K ext = —1. 

Now we consider the case N = // 3 , with constant curvature —1, so that (*) 
becomes 

尺 int = ^ext _ 
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First we see that A^ ext < 0 => K- mt < 0, so Theorem 41 shows that there are 
no complete surfaces immersed in // 3 with constant K ext < 0. Since we also 
have A^ext > • 欠 int > 0， Theorem 39 implies that a complete surface 

immersed in H 3 with constant A^ ext > 1 is all-umbilic; since > 0, it must 
actually be a geodesic sphere. 

0 1 尺 ext range 


none geodesic spheres 

In the range 0 < A^ ex t £ 1 we have at least the totally geodesic spheres, the 
equidistant surfaces, and the horospheres, but we will find other examples also. 

We consider first the upper range = 1 => A^ nt = 0. By considering 
the universal covering space of our immersed surface M with K[ nt = 0 we 
can assume that M is simply-connected. Thus M, with the induced metric, is 
isometric to M 2 with its usual metric. Equivalently, we are considering isometric 
immersions /: M 2 Z/ 3 , where M 2 has its usual metric dx®dx + dy®dy, and 
// 3 has the metric { , ) of constant curvature —1. Let Uj be the coefficients of 
the second fundamental form II/. In Gauss’ equation, 

(s(X, Z),s(Y,W))~ (s(Y, Z),s{X, W)) 

= (R f (X ， Y)Z,W)~ (R(X, Y)Z,W) 

- - [{X, W)^Y^Z)-{X,Z)-{Y,W)}- (R(X, Y)Z^W), 

we choose X = Z = d/dx and Y = W = d/dy, to obtain 
( 1 ) , 11,22 - On) 2 = 1 - 

In the Codazzi-Mainardi equations, 

o = (v x ii)(r,z)-(v r ii)(^z) 

= X(ll(Y, Z)) - Y(Il(X, Z)) , 


we take X = d/dx and Y = d/dy, and then Z 

= d/dx or 

d/dy to obtain 

(2) 

d/\2 __ dl\] 

3,22 _ 

— dl\2 


dx dy 

dx 

一 . 


These equations imply that there are 

functions 

a, jS : R 2 - 

■> M with 

{a) da . 

=hi 

and 

(c) 

Vy~ l22 

, k 、 da 

(b) G = 

- /n 


(d) 

邶 , 
Yx =ln - 




112 


Chapter 7 ， Part F 


Then (a) and (d) imply that there is a function 0: M 2 ^ R with 


and 

ox oy 


Together with (b) and (c) we thus have 


⑶ 


d 2 cf) 


dx 2 

Thus equation (1) yields 

(*) 


hi ， 


d 2 (f) 

dxdy 


I 12 , 


3 2 0 

dy 2 


I22, 


d 2 (f) 3 2 0 / 3 2 0 \ 
dx 2 dy 2 \3x3 ^) 


1. 


We now appeal to a strange result which is usually used in a completely different 
context (see Chapter 9): 


45. THEOREM (JORGENS). If 0 : M 2 — R is a function on the whole plane 
satisfying 

[} dx 2 dy 2 \dxdy) ~ ， 

then 0 is a quadratic polynomial in x and y. 

PROOF. We adopt the abbreviations 

30 d(f) 

P = 石， q = Yy 
d 2 (f) d 2 (j) d 2 (f) 

r== 巧， s = 

so that our equation reads 

(*) Yt 一 = 1. 

This implies that rt > 0, so that r and t have the same sign. \Ve can assume 
that r, / > 0 everywhere, by replacing 0 by —0 if necessary. 

For fixed (xo, Vo) and (x\, y\), consider the function 

/ 2 (r> = cf)(x 0 + r(.Y! - x 0 ), yo + Uyi — yo))- 



We have 
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h\z) ^ (.Yi - Xo)p + (Jl - Vo)^, 

h"{z) = (xi - x 0 ) 2 r + 2(x x - x 0 )(.Vi - + (Vi - yo) 2 t, 

where p,q,r,s,t are evaluated at {xo + t(xi — xoK 少 o + r (少 l — >'o)) - If = ^o, 
then h"(T) — (ji - Vo) 2 ? > 0, If x\ ^ x 0 , then 

h'\x) = (x, - x 0 ) 2 r - 2 ( yx — ~— ) t . 

\Xi - XoJ \Xi - XoJ 

The term in brackets is a quadratic polynomial in (y\ — yo)/(^\ — -^o) with 
discriminant 4s 2 — 4rt < 0, by (*)，so it is always positive. Thus we always have 
h r, (x) > 0. This implies that 

^( 1 ) > ^( 0 ), 

and thus 

(1) (x\ - x 0 )(p\ - po) + (y\ - yo){(]\ - cjo) > 0, 

where 

Pi = P(xi,yi), qi =q(Xi,yi) / =0 ， 1. 

Consider the transformation of Lewy\ 

T(x,y)= ( 专 (X ， _y) ， rj(x,y)) = (x + p(x,y),y + q(x,y)). 

If we set 

Hi = 专 U/ ， >V )， ru = r)(Xi,yi) i = 0,1, 

then equation (1) implies that 

( 专 l — 专 o) 2 + ("l — "o) 2 2 ⑶ - -^o) 2 + (y\ — Jo) 2 . 

Hence T: R 2 ^ M 2 \s distance-increasing, and, in particular, T is one-one. 
Moreover, the Jacobian of T is 

3x dy 
dr] dr] 
dx dy 
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with determinant 


1 + r + / + " — s 2 = 2 + r + / by (*) 

> 2 , 

so T is an immersion, and image T is open. But image T is also closed: For if 
r(.v/, V/) a G M 2 , so that {T(xi,yi)} is a Cauchy sequence, then {(x/,>v)} is 
also a Cauchy sequence, since T is distance-increasing; thus (.V/, >v) — 卢 € JR 2 , 
and T(fi) = a. So T is actually a diffeomorphism of R 2 onto itself. It will 
be convenient to use classical ambiguous notation and denote the inverse map 
r _1 by r]) [x(^r]),y(^r])). Its Jacobian is 

( dx dx \ 

W \ = /l+r 5 y' 

dy dy _ w 1+J 

a? a^/ 

= i n+t -s \ 

- 2 + r + / V \ +r )' 

from which we can read off the partial derivatives of .v and y. 

Now define F: E 2 M 2 by 

F(^r 1 ) = (U(^r 1 ), 

={x - p, -v + q) i.e., 

=(x(^, n) - p(x(^,q),y(^n)), — 池 >?) + q(x(^,n), >’( 专 ， ")))_ 


Then 


dU dx dp dx dp dy 

W = 瓦 — ^ 瓦 — 9r 9? 

= -- [1 + / -，.（i+?)—^(-5)] 

2 + r +t 


t — r 



Similarly, we find that 


and 


dv _ t _r _ 3U 
dr] 2 + r + t d 每 

3 V _ 2 s _ 8 U 
8^ 2 + r +1 dt] 
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2 - Im F 
= 1-1 厂 'I 2 
4 Re 广 


4 


1 — I 厂 'I 2 



4 4 Re F' \ 


Thus ((7, V’）satisfies the Cauchy-Riemann equations, so the map f: C -> C 
defined by 

F(M +，_") = U(^,r]) + iV^,r]) 

=.\ - p + {-V +q)i 

is complex analytic, and for the complex derivative F' we have 

, du dV 

t — r + 2is 
— 2 + r +7' 


Consequently, 


I 广汸 + m)i : 


(t - r) 2 +4s 2 
(2 + r +t) 2 

(t — r) 2 + 4rf — 4 
~(2 + r + /) 2 ^ 


by (*) 


(/ + r ) 2 — 4 —2 + r+t 

(2 + r +t) 2 _ 2 + r + t . 


which gives 


\F\^ + iri )\ ： 


2 + r+ t 


Thus F f is bounded, and consequently constant, by Liouville’s theorem. But 
equations (2) and (3) allow us to solve for r,s,t in terms of F f (here Re and Im 
represent the real and imaginary parts): 



Since Z 7 ’ is constant, so are t. 
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Applying Jorgens 5 Theorem to our 0, we find that the Uj are constants. We 
can assume, moreover, that l\ 2 = 0. by means of an orthogonal transformation 
of M 2 . Then l\\ = k\ and hi = ki are the principal curvatures of the immersed 
surface /(M 2 ), and k'k 2 = l. By Theorem 21, the immersion / is determined, 
up to an isometry of //'by the pair {k\, k !}，with ^i, ^2 > 0- So in order to de¬ 
termine all such /, we just have to find one for each pair {k \, ki} with k\ki — 1. 
For k\ = k 2 = 1, all points are umbilics, and / must be a horosphere. To 
describe the other examples, consider the upper half-space model Jf 3 . Our im¬ 
mersed surface M C 況 3 with constant k\,k 2 must have isometries of taking 
any point to any other. Now one simple case of isometries of are the inver¬ 
sions with respect to a sphere around 0. These isometries take rays through 0 
into themselves, and thus take cones through 0 into themselves. Moreover, if 




we consider only right circular cones, then there are clearly isometries of 
taking any point on a circle parallel to the (x, j，)-plane to any other point on 
this circle, and hence there are isometries of J{ 3 taking any point on the cone 
to any other point. These cones thus have constant k\,k 2 . A simple calculation 
shows, in fact, that if the generators of the cone make an angle of 6 with the 
: -axis，then the principal curvature k\ for the principal vectors pointing along 
the generators is 

k\ = sin0, 

while the principal curvature A :2 for the principal vectors pointing along the 
circles parallel to the (.v, v)-plane is 
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Thus k\ki — 1, and all pairs {k\,ki) are accounted for. We note ， finally，that by 
the discussion on pages 14-15, our cone is the set of points at a fixed distance 
from the z-axis. We thus have 

46. THEOREM (VOLKOV AND VLADIMIROVA; SASAKI). A complete 
surface in with constant K txt = 1 is either a horosphere or the set of points 
at a fixed distance from a geodesic. 

Next we consider the lower range A^ ext = 0 K- mt — —1. We have 

already indicated that there are many complete surfaces M C // 3 with A^ ext = 0, 
but now we will look more closely at their topological type. We know that if 
5 C M 3 is the projective model of // 3 (so B is the unit ball with a metric 
of constant curvature —1 whose geodesics are reparameterized straight lines of 
R 3 )，then a surface M C B has K[ nt = — 1 if and only if M is flat, considered 
as a surface in R 3 with the usual metric. Consider the intersection of a plane 
with B, and a portion P of this plane which is bounded by four non-intersecting 
geodesics y,,..., y 4 . The geodesics Y\ and y 3 can be joined by a cylinder Z ， 



and similarly y 2 and y 4 can be joined by a disjoint cylinder Z’. By choosing 
appropriate profile curves for these cylinders we can make a smooth surface 
尸 U Z U Z’，and it will have A： int = - 1 everywhere. The resulting surface is 
topologically equivalent to a torus minus a disc (or a torus minus a point). 
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More generally, we can begin with portions P that are bounded by 2g non¬ 
intersecting geodesics. In this way we can obtain surfaces homeomorphic to 
any compact surface with a point deleted. 

Notice that this construction produces only C°° surfaces, not analytic ones. It 
seems to me that all analytic flat surfaces in R 3 , and a posteriori all complete ana¬ 
lytic surfaces in B with K[ nt = -1, must be homeomorphic to a plane, cylinder, 
or Mobius strip; but I haven’t tried to make a rigorous proof. If this does indeed 
turn out to be the case, it will be one of the rare instances where the require¬ 
ments of smoothness and analyticity lead to different geometric conclusions. 

We are still left with the complete surfaces in // 3 with 0 < A^ ext < 1. We 
can obtain infinitely many examples of such surfaces by looking at surfaces of 
revolution. 

Given a geodesic y in the hyperbolic plane, we can describe a complete arc- 
length parameterized curve .s i-^ c(s) in the hyperbolic plane in terms of the 
distance r(s) from c{s) to y. A curve c can be found with a given function r 

c{s) 


y 

provided that \r f \ < 1, so that \r(s\) - r(5 0 )| < s { - 5 0 . If we rotate c around y 
in hyperbolic 3-space, then the first fundamental form of our surface is (Prob¬ 
lem 22) 

I — siuli 2 r(s) ci6 ® dQ + ds ® ds, 

and we compute that its intrinsic curvature is 

1 d 2 sinh r(s) 

^ m{ sinli ，.⑷ cis 1 

Setting K mi = —c 2 . we obtain the strictly positive solution 

sinh r(s) =■ e c \ as well as sinh r(s) = a cosh(c\s), a > 0. 

Both solutions satisfy |r r | < 1 for 0 < c < 1. Thus foi. each K ext = 1 — c 2 
with 0 < A^ext < 1 obtain a 1 -parameter family of distinct surfaces, and 
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one extra one. In the model (5 3 , { , )) these surfaces look like those below. I do 



not know whether these are the only surfaces with 0 < K txt < 1， as in the case 
of surfaces with A^ ext = 1， or if there are many others, as in the case A^ ext = 0. 

G. HYPERSURFACES OF CONSTANT 
CURVATURE IN HIGHER DIMENSIONS 

We now want to consider hypersurfaces M n C N n ~^~\ where {N 八 ， 〉)is a 
manifold of constant curvature 知 and of dimension > 3. We are interested in 
the hypersurfaces M of constant curvature; since M is no longer a surface, there 
is no ambiguity of meaning here — we are requiring that M, with the induced 
metric, have all sectional curvatures equal. After the exertions of the last section, 
it is a relief to find that everything is now much easier ， and most of the results are 
essentially local For example, we claim that there is no 3-dimensional manifold 
M C M 4 with constant curvature -1，not even a non-complete one. In fact, 
if M has principal curvatures k \, at /?, then all products kikj must = —1 ， 
which is clearly impossible, since at least two of the k[ will have the same sign. 
More generally ， 

47. THEOREM. For n > 2, let A^ +1 be a manifold of constant curvature K 0 , 
and let M n C N n+l be a hypersurface of constant curvature K. Then K > Ko, 
If K > A^o, then all points of M are umbilics，and if = A^o, then at most 
one principal curvature is non-zero. 

PROOF. Letk\,...,k n be the principal curvatures at p. Gauss’ equation shows 
that 

K-K 0 = kikj. i 妾 j. 

K = then kikj = 0 for all / ^ j, so if k \. sa\; is ^ 0. then k 2 …… k n =0. 
If — A^o 0. then all A/ ^ 0. so the equation 

k\ki = k'kj /. j ^ 1 

implies that A 2 = • • = A w . Similarly. k\ = … = k n _\. Since n > 2. this implies 
that k\ = - = k n . So all points are umbilics. Moreover, K — Ko = k\kj = 
(k\) 2 > 0. ❖ 
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We will examine the case K = K G in more detail later on. But first we indicate 
how more general results can be obtained by considering a certain covariant 
tensor of order 2, the Ricci tensor Ric of M. The map Kic(p) : M p x M p K 
is defined by 

RicbMX! ， I 2 ) = trace r R(X 2 ,Y)X l Y e M p . 

In terms of the components R l jkl of in a coordinate system x { ,... ， x”，the 
tensor Ric is given by 

n n 

Ric = ^ Ricjk dxj ③ dx k for Ric# = 
j,k=\ 

thus Ric is obtained from R by contraction. If X\,. ..,X n is an orthonormal 
basis for M p , then Ric(^i,^i) is the trace of the matrix ({R{X U Xi)X\, Xj)). 
Therefore 

n 

i=\ 

n 

=— )^ 1 ,^,). 

/ =2 

So if Jif e M p is any unit vector, then - Ric(X, X) is the sum of the sectional 
curvatures determined by X and any n- \ orthonormal vectors orthogonal to X. 
(We have defined Ric so that it agrees with the classical definition Ric# = 
R'jki\ nowadays, the opposite sign is often used.) The following result is 
analogous to Schur’s Theorem (II. 7-19). 

48. THEOREM. If M is a connected Riemannian manifold of dimension 
fj > 3 and 

Ric(X,F) F) 

for some function 入 oil M. then X is constant. 

PROOF. Bianchi s second identity (II. 5-9).. together with Ricci's Lemma, gives 
(1) o = Rhijk.j + Rhiki'.j + Rhiij-.k = 0. 

Multiply by ^h.i.j.k S hJ S lk ■ ^ liave 
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^g hj g lk Rhiju = g lk Rihjkj = ~^2s hj Rk hjk'i 

hj k 

= - [(g hj Ric^)；/ = - ^2 、 g hj gh) 乂 h 
hj hj 

d\ 


—n 


dx l 1 


Y.s hi s ik Rhiuj 


jy k g hjR h_ 


g h] g ik R ih i k .j = g hj y^, R k 
hj k 

YM hj R ^/)；v = J2^ hj g^)j 

h'j h,j 

dx 

dx l， 

Y^g lk g hj RjlihM Rh lih\k 

i'k h 

: Y^(g ik Ric/ ； )； fc = 

i、k i、k 

d\_ 

dx 1 


So (1) becomes 

Since « > 2, we have dX/dx l = 0 for all /. 


3X 

卜 2) w = 0 . 


A Riemannian manifold M with Ric = - X{ , ) is called an Einstein space, 
and X is sometimes called its mean curvature (not to be confused with the mean 
curvature // of a submanifold). If M has constant curvature K, then M is an 
Einstein space with mean curvature \ — {n ~ \)K. We note in passing that 


49. THEOREM. A connected 3-dimensional Einstein space is a manifold of 
constant curvature. 

PROOF. Choose an orthonormal basis X\, Xi, € M p , and let Kij = Kji 
be the sectional curvature of the 2-dimensional subspace of M p spanned by X\ 
and Xj. Then 

— Ric(Y2, A)= 欠 21 + 欠 23 
- Ric(Z3, ^3) = K^\ + Kyi. 
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Hence 

— Ric (, X\) — Ric(A^, ^ 2 ) + Ric( X^) = 2K\2, 

Since all RicX^/, Xi) = —X, we have K\i = A/2. 

Now for a manifold (N n+] , { , )) of constant curvature Ko we consider hy¬ 
persurfaces M C N which are Einstein spaces. 

50. THEOREM. For n > 2 y let be a manifold of constant curvature ^o, 
and let M n C A rw+1 be a hypersurface which is an Einstein space with Ric = 
- 入 〈， 〉.If 入 > (行一 l)Ko, then all points of M are umbilics, and A/ is a 
manifold of constant curvature K > Kq. If 入 =(« — 1) 尺 0， then at most one 
principal curvature is non-zero, and M is a manifold of constant curvature Ko, 

PROOF. Let X\,... ,X n e M p be principal directions with corresponding prin¬ 
cipal curvatures k\,... ,k n . Gauss’ equation gives 


(i) 


kikj + Ko, 


where K" is the sectional curvature of the subspace of M p spanned by Xi 
and Xj. Then 

^ ^ Kij = ^2 kikj + (n ~ l)K 0 




kj、ki — (kj) 2 + (n — 1) 尺 。- 


Hence all principal curvatures h satisfy the equation 


(*) 


A — 




kj J.v + [A — (w — 1)A"o] = 0. 


If 入 =(n — 1)^0, then every k[ is either 0 or the number kj. So there 
can clearly be only one 人 / # 0. Then equation (1) shows that all Kij equal 
so that M is a manifold of constant curvature Ko- 

If X > (n — 1) 尺 0, then all ki are one of the two roots o^，0 of (*)，where 


( 2 ) 

(3) 


of)8 = X — (" — l)A""o > 0 
a + ^ = kj . 
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If p of the ki equal a, and the other q = w-/? of the k ( equal ^6, then equation (3) 
can be written 

a + ^ = pa + => (p - l)a + (q - 1)/6 = 0. 

But a and P have the same sign, by (2), so either 尸 一 1 or q — 1 is negative, 
which means that either p or q is zero. Thus all ki are equal. Then equation (1) 
shows that all K" equal + (k\) 2 > Ko, so that M is a manifold of constant 
curvature K > Ko, ❖ 

Theorem 50 is not the best that can be obtained, for it is also known that if 
X < (n — 1) A^o, then Kq must be > 0, and that in this case M must be one of a 
certain special class of hypersurfaces, with 入 =(« — 2) A^o- For the proof of this, 
the reader is referred to the original paper of Fialkow [1]; see also Ryan [1]. 

We now consider the critical case of an immersion f : M n —> N n+l , where M 
and N have the same constant curvature Ko, so that at most one principal 
curvature of f(M) is non-zero at each point. If all principal curvatures are 
zero everywhere, so that the second fundamental form ^ = 0, then M is totally 
geodesic. Otherwise, we can consider the non-empty open set L C M defined 
by 

U — {p e M : s ^ 0 p}. 

Around any point p e U, we choose an adapted orthonormal moving frame 

” ， ^n — \ ? ^ n •> ^n-\-\ 

such that X\,..., X n -\ are principal vectors with principal curvatures 0, and X n 
is a principal vector with non-zero principal curvature X. [Our moving frame is 
really defined in a neighborhood of f(p) e N, but for simplicity we will regard 
M G N for all local arguments.] Let ^ be the forms for this moving frame, 
and let 0 l , a)j be the forms for X\,..., X n . Then we have 

(1) iAf +l = 0 i = 1.« - 1 

( 2 ) K +l = 

For i = 1 ，…"？ 一 1. the Codazzi-Alainardi equations give 

n 

0 = d^ +l = 奵 +1 _ E V0 W +， A coj = ^1 +l +X6 n A CO 1 ；. 

7=1 

Since ^ +, (X, F) = 0 for X, Y tangent to M. we find that 0 n A = 0, or 

(3) is a multiple of 6 n (on U) / = 1， .. •，’ ’ 一 1. 

From this w e derive a higher dimensional analogue of Proposition 5-4. 
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51. PROPOSITION. The distribution A on (/ C M defined by 

A(p) = {X e M p : s(X, F) = 0 for all Y e M p } 

={X e M p : X is a principal vector with principal curvature 0} 

is integrable. Every integral manifold of A is a totally geodesic submanifold 
of A /， and is immersed as a totally geodesic submanifold in N. 

PROOF. Locally A is defined by d6 x = … = d6 n ~ x = 0. Now on U we have 

n n—\ 

Ad j by (3). 

j=\ y=i 

So Proposition I. 7-14 shows that A is integrable; the vector fields X\,..X n ^\ 
are tangent along an integral manifold M\ of A. Equation (3) says that 

0 = ^{Xj) = X n ) i, j — \, 

i.e.，that the second fundamental form of M\ in M is zero. Since we also have 

(^x j X i ,X n+] )=0 ij <n-\ 

by the definition of A, it follows that M\ is totally geodesic in TV. ♦ 

Now we want to study the function X along a geodesic y lying in an integral 
manifold Mj of A. 

52. LEMMA. Let y be an arclength parameterized geodesic in an integral 
manifold M\ of A, and let X(s) be the value of the non-zero principal curvature 
at y(^). Then the function 入 （ 5) satisfies the differential equation 

G) = 'T' 

PROOF. Choose the moving frame so that y is an integral curve of 不 • Equa¬ 
tions (2) and (3) imply that there are gi with 

(30 ^ = gi r n +l - 

The Codazzi-Mainardi equation for / = n gives 

n 

(4) w=d o) 

y=i 

= by (1). 



Thus 
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入八 M - 入， by (2) 
n 

=—d 入八 + 入 0)^ A 0 1 , 
i=\ 

and therefore 

n 

dXA0 n = -XY,O l A 0)^ - ^ +1 . 

/ =1 

Applying this to (X\ 9 X n ) gives 

^i(^) — 一入⑴ f (A) + 入⑴ J 1 (A) 

— —Xo)^ (^X n ) 

= -X gi r n +l (Xn) 

= 乂 1 g\ 


by ⑶ 
by (30 

by ⑵， 


which we can also write as 


⑴ = _gl . 


Now on M we have the structural equation 


d(x/[ = — M 八 + 印， 

k=\ 
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The solutions of the equation (1/ 入）〃 = — 尺 0 (1/ 入 ) can be found explicitly— 
1 / 入 is linear if 尺 0 = 0, a linear combination of sin and cos if Ko > 0, and a 
linear combination of sinh and cosh if Ko < 0. In any case, 1 / 入 is bounded on 
any bounded interval. 

53. COROLLARY. If M is complete, then the integral manifolds of A are 
complete. 

PROOF. We just have to show that a geodesic of an integral manifold M\ can¬ 
not approach a boundary point of U. The argument is almost the same as that 
in the proof of Corollary 5-6‘ 


It is now a straightforward matter to generalize Theorem 5-9. We will make 
things easy for ourselves by choosing the simplest proof. 


54. THEOREM. If M is a complete flat ^-manifold and f: M R n+l is an 
isometric immersion, then f(M) is a generalized cylinder (it is congruent to a 
set of the form y x M w_1 for some curve y C M 2 ). 

PROOF. We can assume M is simply connected, and thus M' If /(M) is not 
totally geodesic, then the set U C M is non-empty, so by Corollary 53 some 
hyperplane of M is mapped isometrically onto an {n — l)-dimensional plane of 
M w+1 . Now apply the third proof of Theorem 5-9♦ 

We also obtain complete information for the case Ko > 0. 

55. THEOREM. If M n is a complete manifold of constant curvature 1 and 
f : M n S n+l is an isometric immersion, then f(M) is a great /7-sphere in 
S w+1 . 

PROOF. We can assume M is simply connected, and thus S n . If f(M) were 
not totally geodesic, then the set (7 C M would be non-empt^ so Corollary 53 
would show that there are two disjoint complete totally geodesic (/? — l)-dimen- 
sional submanifolds of M — S n . This is impossible. ♦ 


In the case < 0 we would not expect such good results, since even the case 
n = 2 is so complicated. Actually, the case n = 2 already contains essentially 
all the complexity there is. for one can show that if M n is a complete manifold 
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of constant curvature —1 in H n+ \ then the higher dimensional cohomology 
vanishes ， 

H l (M) = 0 for / > 1. 

This is essentially a consequence of the analysis already provided，although 
technical details are required for a rigorous proof (see O’Neil [1]). 



128 


Chapter 7, Addendum 1 


ADDENDUM 1 
THE LAPLACIAN 


The material of these first 3 Addenda is essentially a part of intrinsic Rie- 
mannian geometry, and might thus seem out of place in this chapter. But I 
felt it was appropriate to put it here since this is the first time in a long while 
that we have seriously considered higher dimensional Riemannian manifolds. 
Moreover, the next chapter will be devoted to material which is completely in¬ 
trinsic in nature. Finally, some of the material covered here will be used when 
we return to the study of extrinsic geometry in Chapter 9. 

In classical “vector analysis”，there are three operators which play a crucial 
role. First of all, for every smooth function /: M we have a vector field, 

the gradient of /， defined by 


grad/ 


3 / d f\ = i- 

’ i—1 


9/ J_ 


On the other hand, for every vector field X on R' with 


X a 1 



dx l 5 


we have a function, the divergence of X, defined by 


div X — ^ 



dcii 

dx l 


Finally, the Laplacian of / is the function* 

A 3 2 / 

A/ = div(grad f) = Y. ^T } 
i=\ 


* Classically; one introduced the operator V = 
basis vector of R n . and wrote (formally) 


dx l 


- ei, where = d/dx l is the / th 


grad / = ▽/ 
div X = (V,X) = W ■ X 


For this reason A was often denoted by V 2 . 
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The operators grad, div, and A all have natural generalizations to an arbi¬ 
trary Riemannian manifold (M, ( ,)).Consider first the gradient of /. Notice 
that the components of grad / on R” are just the coefficients of dj in the ex¬ 
pression df = W. Consequently, 

{grad /，E j = E ^ 

We can use this equation in any Riemannian manifold (M ， { , )) to define 
grad / as the unique vector field such that 

(I) (gradf^Y) = df(Y) = Y(fl 

for all vector fields Y on M. We easily see that 

(1) grad(/>) = / • grad g + g - grad /• 

In terms of a coordinate system x x . ,x n on A/ we have 

grad / = 

The divergence of a vector field X on M may be defined as 
(II) (div X){p) = trace Y VyX Y e M p 

n 

= Yi) Fi,..., e M p orthonormal. 

/ =i 

This clearly coincides with the original definition in Euclidean space. It is easy 
to check that 

(2) div(fX) = X(f) + f diwX = df(X) + f (XixX. 

In terms of a coordinate system .y 1 , ... ,x n we have 

i=i * i=\ / =1 v y=i 7 

We can also define div co when a; is a 1-form, for the connection V on vector 
fields gives rise to a connection V on 1-forms (Chapter 11.6)，and we can set 

n 

(HI) (divw)(/5) = X u ...,X n G M p orthonormal. 
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It is easily checked that this definition does not depend on the choice of the 
orthonormal basis X\,... but we can also give a completely invariant def¬ 
inition. We note that every bilinear map a: V x V ^ R gives rise to a map 
a f : V ^ V* by a’(i;)(w;) = a(u, w). If we also have an inner product on V, 
then we have an isomorphism V* V, and thus we obtain a linear map 

a / 

V ― > V* ^ V. 


It is easily seen that the trace of this composition is the same as 

n 

a(Xj, Xi) X\,... ,X n an orthonormal basis for V. 

/ =1 

To apply this to the case at hand, we consider the tensor V^, with 

(Vco)(X,Y) = (W x co)(Y). 


Then 

(▽⑴ )’ . 

(diva))(/?) = trace of the composition M p - > M p — M p , 

where the isomorphism M p * M p comes from the metric. The analogue of 

equation (2) is 

(3) div (/ co) = {dj\co) + / diva;, 

where the inner product ( , ) on M p * comes from the inner product (,) 
on M p in the standard way. 

More generally, consider a tensor A which is covariant of order k. We define 
div ^ to be a covariant tensor of order A: — 1 by the (admittedly asymmetric) 
formula 

n 

( in ') dh. A{p){Y 2 , ...,Y k ) = [(▽不邱不、 Y 2 ,...,Y k ) 

i=\ 

X\,..., X n orthonormal in M p . 

The reader may easily work out a completely invariant definition. 

In Problem 1.9-13 we introduced the Divergence Theorem for /7-dimensional 
submanifolds-with-boundary of M”. No'v that we have generalized the defini¬ 
tion of div, 've would like to generalize this theorem also. An examination of the 
proof hinted at in that problem leads us to hope that the following alternative 
definition of div is valid (the symbol J is defined in Problem 1.7-4). 



Higher Dimensions and Codimensions 131 

56. LEMMA. Let M be an oriented ^-dimensional Riemannian manifold, 
with volume element dV (which can be considered to be an «-form ? since M 
is oriented). Then for every vector field ^ on M we have 

(*) 

PROOF. If (*) holds for X\ and X 2 , then it clearly holds for X\+X 2 . Moreover, 
if (*) holds for X, then 

rfF) = d(f . (JT 」 rfF)) 

= (X 」 dK) + /.rf(JT 」 dV) 

=df 八 （ I 」 dK) + / • div X dV. 


Now Problem I.7-4(f) gives 

Q = X」(df 八 dV) = (X 」 c//) A dV - df A {X 」 dV) 

=Z(/). W - 办 ’ MU W )， 

so our formula becomes 

rf(/ ； T 」 rfK) = X(f)dV + f divXdV 
=(div fX) dV by ⑵. 

Thus (*) is also true for fX. 

Now let 义 1 ， ... ， L be a positively oriented orthonormal moving frame, with 
dual forms 0 1 ， ... ， 0 W ，so that d V 二 Q' A … A Q n ， By the considerations of the 
previous paragraph, it suffices to prove (*) when X is some X“ and we might 
as well take X = X\. We easily see that 

K = %」 (0 1 八 • • • 八 0”）= 0 2 八…八 


So 

n 

」 dV) = d{9 2 a ... A0 W ) = ^(-1) ; 0 2 D(w j Dd n 

J=2 

n 

—— » - 0: A • • • A 

7=2 
n 

— E(-^ Q 2 八 ...A (0){ a 6 ] ) A • - A6 n 
j=2 
n 

= —— 1 CO^ A 6^ A • • • A 0^ f\ ' ' ， f\Q n ， 


(I 


coj A 6 l A • • • A 
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But 

co{ = 

k=\ k=\ 

so we obtain 


n 

咐 i Xj)9 l 八 … 八 M 
j=2 

— (div X\)dV. ♦> 


As an easy corollary we now obtain 


57. THEOREM (THE DIVERGENCE THEOREM). Let M be a compact 
oriented ^-dimensional Riemannian manifold-with-boundary，with outward 
pointing unit normal v on dM. Denote the volume element of M by d V nj 
and that of dM by dV n ^\. Let ^ be a vector field on M. Then 



div 义 dV n = 


f (X,v)dV n _ l . 
JdM 


PROOF. This follows from Stokes，Theorem，and the easily verified fact that 
%」 d equals (A", v) dV n _\ on dM. ♦> 


58. COROLLARY (GREEN’S THEOREM). If M is a compact oriented 
«-dimensional Riemannian manifold without boundary，and X is any vector 
field on A/, then 



^\XdV n 


= 0 . 


Notice that even when M is not orientable，equation (*) in Lemma 56 can 
be used to define div X, for both sides of the equation change sign when the 
orientation is reversed, so locally the formula defines di\* X unambiguously. 

\Ve now define the Laplacian A/ of f on M by 


(IV) 


△/ = div(grad/). 
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For a coordinate system x 1 ,..., on M we have, with the notation of Chap¬ 
ter II. 5, 






△/ 士 b 


XI g ，J f\ji = s l] hi 


hj- 


iJ-- 


E 


g 




I 2 / 

dx l dx^ 


綠 4 


If x l ,... ,x n is a normal coordinate system at /?, so that rf'j(p) = 0, and 
gij(p) =% then 


n 92 /* 

△/( 尸 ) = ⑻. 


3(x0 2 

{=1 

We can also state a more precise result along these lines. Suppose that X\,..., 
X n are vector fields which are orthonormal at p. Then 

(IV) △/(/?) = div(grad f)(p) 

=trace X h Vx grad / X e M p 

n 

=[(▽{. ⑼ § rad /> K 尸)〉 

/ =1 

n n 

=^2 ^/(^)({grad /, Xi)) - ^((grad f )(p),^Xi(p)^i) 

/ = 1 / = 1 

n n 

= ^Xi{p){df{Xi)) - E〈(grad f){p)^Xi( P )^i) 

/=i / =1 

n n 

=E(U /) ㈤- ^{(grad f)(p), yxi(p)^i)- 


So we have 


(IV") △/( 尸卜 for 


X\,..., X n orthonormal at p 
Vk Xi = 0 at /?. 


We ought to mention that the Laplacian A/ on a surface was first introduced 
by Beltrami, so A is often called the Laplace-Beltrami operator. For reasons that 
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will appear in the next Addendum, the Laplacian is often defined as the negative 
of the Laplacian as defined here. There is no general agreement on the proper 
sign, so whenever a lecturer states that her Laplacian is the usual one (or the 
negative of the usual one), one half of the audience (or the other half) raises 
their eyebrows and murmurs disgruntledly “hmmph，so she calls that the usual 
Laplacian!” 

A simple calculation [using normal coordinates, or equation (IV’’)，to make 
things even easier] shows that 

(4) A(/?) ^ f - Ag + g- A/ + 2{grad /, grad^). 

We will use this formula to derive a result of importance later on. 


59. PROPOSITION. Let M be a compact oriented w-dimensional Riemann- 
ian manifold-with-boundary, with outward pointing unit normal v on dM. 
Then 

f [/A/ + (grad /, grad /)] dV n —\ (f grad /, v) d V n -\. 

J M 

In particular, if / = 0 on dM [and, a posteriori if dM = 0], then 
f f AfdV n = - j 〈 grad/ ， grad/) 


fM 




PROOF. The Divergence Theorem (Theorem 57) gives 

f A(f 2 )dV n = f div(grad f 2 )dV n = f (grad / 2 , v) dV n -\. 
JM JdM 

Then equations (1) and (4) give the result. ❖ 

As a corollary we have 


60. LEMMA (BOCHNER，S LEMMA). Let M be a compact connected Rie- 
mannian manifold (without boundary). If /: M ^ M has A/ > 0 everywhere ， 
then / is a constant function (and A / = 0). 

PROOF. We can assume that M is orientable, by taking the orientable 2-fold 
covering space of M if necessary. First of all, Corollary 58 gives 

f A f dV = f div(grad f)dV =0. 

JM JM 
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Since A/ > 0 on A/, this already implies that A / = 0 on M. Now (the second 
part of) Proposition 59 gives 

0= f f Af dV = - f {grad /； grad f)dV. 

JM J M 

So we must have grad f = 0 df = 0 => j is constant. ❖ 

An alternative proof of Lemma 60 is given in Addendum 2 to Chapter 10. 

A couple of explicit calculations of the Laplacian will be used at various times. 
Our first calculation is most easily carried out in a coordinate system. Consider 
a 1-form 

co = 〉: cij dx l , 
i 

and the vector field 

x = a， = Yj g ， Ja J- 

i J 

This vector field X is described intrinsically by the equation 
[X, Y) - co(Y) for all vector fields Y, 


so that, in particular, 


{X, X) = 0)(^) = y^ a l ai. 


Now 


A 


势 , . 


cii 




Since 


=Y^ jk 

M i 

+a l jai. k +a l -k^ij +^ l ^ijk)- 

M i 

E 的 .= E 乙心吆⑽ 〆 1 

ij.k 

= S ik a m -jka m = J2 S }ka ijka\ 

j ， k,m 
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and 

J2 s ik ^ j k = J2 gjkgilai ， j Ui ， k 、 

ij,k ij,k l 

we have, finally, 

(5) 妨 + X g jk g il ai' k a } Jy 

V i ’ 、 i，jk 

Our second calculation is easily carried out in a coordinate-free way. Con¬ 
sider an immersion /: M n R m , so that M has a Riemannian metric 1/ = 
/*〈，〉• We will compute A / with respect to this metric (the fact that f is 
-valued causes no difficulty, for we can compute the Laplacian of each of its 
component functions — for simplicity we suppress the various components and 
simply use formula (IV") for -valued /). It will make things conceptually 
easier to think of M n as a subset of so that / is the inclusion map. Let 
X\^.. ,,X n be vector fields on M satisfying the conditions of (IV"). We first 
want to figure out what the -valued function Xi(f) is. Now 

Xt(f) = df (X() = “the vector part of” by Problem 1.4-3 

= X[ (when X{ is considered as a point of R m ). 

Therefore, 

= ^Xi^i(p) + s{Xi(p), Xi(p)) 

二 s(Xj(p), Xj(p)) by our conditions on Xi ， … ， X n . 

Thus we see that 

(6) △/(")=« •rj(p), 

where r] is the mean curvature normal. Notice, in particular, that if M has 
"= 0, then Af = 0. Lemma 60 then implies that M cannot be compact (for 
n > 1), which reproves Corollary 31. In the particular case of a hypersurface, 
we have 

⑺ A/ = nH v, 

where v is the unit normal field. 
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Notice the correspondence between equation (7) and equation (IF) on 
pg. 111.109, which can be written in the simple form 

， >/ =札 

where ， > indicates the Laplacian with respect to the metric on M. 

Since the Laplacian is such a natural operator on a Riemannian manifold, it 
is not surprising to find △< ， > / related to M. (Note also that △< ， > involves 
分 " and Christoffel symbols rf y , and thus third derivatives of /, just like 
As a matter of fact, this equation was originally used as the definition of JV (it is 
clearly a special linear affine invariant!). 

The Laplacian can be generalized in two very important ways. One such 
generalization is treated in the next Addendum. A different generalization, 
important in Chapter 9, is suggested by the next to last line of equation (IV ’)， 
which can be written 

n n 

△/(Z 7 ) = ^ — y y^ j df{^x i {p)^i) 

i=\ i=\ 

X\,.. .,X n orthonormal at p. 

Now Corollary II. 6-5 says that the covariant derivative Wdf is given by 
(^x p df)(Y p ) = X p (df(Y))- df{V Xp Y) 
for any vector fields X, Y extending X p , Y p . Thus we can write 

n 

A f(p) = ^(Vx,J/)(X/) e Mp orthonormal. 

/ =1 

Thus, using (III) we can just as well define △/ by 

Af = div(df). 

[Naturally, one could, with some work, demonstrate the equation div(grad /)= 
div(df) directly from the completely invariant definitions.] 

The nice thing about this new definition of is that it can be generalized 
immediately. Consider a vector bundle vj \ E M, where M has a metric 
( , ), and E has some connection D. If ^ is any section of E. then Dx p ^ ^ 
TtJ~ x {p) for X p G M p . We can therefore think of as a section of the bundle 
Hom(rM, E) whose fibre at p is Hom(M /? , (p)). Now the connection V 
on M determined by ( , >, together with the connection D on E, determines 
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a connection V on Hom(rA/, £). This is defined as on page 37, except that 
the situation is even simpler. As in that case, we easily see that for any vector 
fields X, Y and any section \j/ on Hom(TM, E), we have 

⑻ (W Xp x/;)(Y p ) = D Xp (nY)) - 

[If £* = M x M, so that the sections of E are functions /: M -> R, and we 
define Dx f to be df{X 、， then V will just be the connection V on 1-forms.] 
Naturally will denote the section of Hom(TM x TM, E) with 


For a section ^ of £ we can now define 

n 

(V) ^(p) = D^)(Xj) X\,... ,X n e M p orthonormal. 

/ =i 

(A completely invariant definition is easily formulated, as before.) If we let 
X\,... ,X n be vector fields which are orthonormal at /?, then 

n 

(V) ahp ) = 以 物卿物 )） 

i=\ 

n n 

= ^ Dxi(p)(D^(Xi)) - D^{V Xi ( P )Xi) by (8) 
i=\ i=\ 

n n 

= E D X l (p) D X i ^ - D ^Xi{p)^i). 

/ =1 / =1 

So we have* in complete analogy with equation (IV"), 


(V) 


n 

= ^2{D Xi D x ^){p) for 



X\,..., X n orthonormal at p 
Vxi ^• = 0 at p. 
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ADDENDUM 2 

THE * OPERATOR AND THE 
LAPLACIAN ON FORMS; HODGE’S THEOREM 

Let V be an oriented / 7 -dimensional vector space with an inner product {,). 
The * operator, from alternating A:-linear functions to Q n ~ k {V), is usu¬ 
ally defined as follows. Let , u” be a positively oriented orthonormal basis 

of V, and let 和 ，…， 么 be the dual basis. Then 

*(0/i 八.••八 04 ) = 士 八….八 ( p ] H _ k , 

where /i,..., ijc are k distinct numbers from 1 ， ... ， w，and 71 ,..., j n -k are the 
other n — k numbers of this set, arranged in some order; we use the + sign if 
i；/,,..., Vi k , ,..., Vj n _ k is positively oriented，and the — sign otherwise. We 
also set *1 = 八…八 where 1 e f 2 0 (V") = M，and *( 0 j 八…八 0 W ) = 士 1 . 
It is easy to see，first of all, that this definition is consistent, for a fixed basis 
ui ， ... ， u w ，and then that the definition is also independent of the orthonormal 
basis. An invariant definition can be given as follows. We always have a map 

Q k {V) x ^ k {V) — > Q n (V). 

. . . . . . % 

An orientation and inner product on V gives us an isomorphism Q. n (V) M, 

so we have a bilinear map 

{ , }: ^2 k {V) x Q. n ~ k {V) -> M. 

Then we can define 

A: 4 + 

by 

A(a>)(r]) — {a>, r]} a> e r] e ^l n ^ k (V). 

Now the inner product on V also gives us an isomorphism V ^ V* from which 
we derive an isomorphism ^ Q n ~ k (V). One easily checks that 

the composition 

jL (Q n - k (V))* Q. n ~ k {V) 
is precisely *. Straightforward calculations show that 

( 1 ) ** = * o *: —> W(K) is 一幻 times the identity. 



140 


Chapter 7, Addendum 2 


In Chapter 1.9 we mentioned that the inner product on V gives inner prod¬ 
ucts on all vector spaces Q k (V), although we did not describe most of these 
inner products explicitly. The inner product on — V* can be described 

by the condition that the dual basis 0 1 ,... is orthonormal if and only if 
v\,... ,v n is orthonormal in V. Using the inner product ( , ) thus defined on 
QUV")，we can describe the inner product on as the unique one with 

(2) <01 A... Al A a... a# 〉= det((0/,^y)) 

for 0/, \j/j e V*. In particular, if ,..., is orthonormal in V*, then 


(0/, A 




A (l>i k , 0, A 


A 4>k) 

&i'k 


det 




uk 


={° 

Isgnjr 


if 0i ， ... ， 4} # 

if i a = 7i(a) for some permutation n of {1,... 


Since the naming of the indices was purely arbitrary, we have, just as well, 


⑶〈 0/, A • • • A (pi k , A • • • A (f)j k )= 


0 

Sgn 71 


if {/l,... ,4} 7^ iji，• • ” jk) 
if Ja = n(i a ). 


So we can also describe the inner product on Q k {V) as the one which makes 
the 0“ 八 … 八 (pi k (/i < ... < 4) an orthonormal basis, for any orthonormal 
basis 0!，..., of V*. 

Now note that 


0/, A • • • A (f) ik A *(0j A • • • A 0^) 


=0/, A • • • A (pi k A ±0^+1 八.•.八 

[ o ifOl， …， # {1 ， … ，众 } 

((sgn7r) *1 if /« = n{a). 


Again, since the naming of the indices was arbitrary, we have, just as well, 


(4) 


0i*i A • • • A (f>i k A A • - A(f)j k )= < 

{ (sgn7r) - *1 


if {/i,..., ik) ^ 

{Vi ，…， ^} 

if jot = 丌 ( 心 ）. 


Comparing (3) and (4), wc see that for co,r] e Q, k (V) we have 
( 5 ) ( ⑴， n )= =^(CO A *") = A ^CO). 
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Now everything that we have done can be extended to /r-forms on an oriented 
Riemannian «-manifold (M，{ ， 〉）. We have an operator * taking A-forms to 
("— Ar)-forms, and ** = (— 一 々 ）on -forms. It is easy to check (using the 
dual forms to an orthonormal moving frame, for example) that * takes C°° 
forms to C°° forms. Note that the volume element dV on M is just *1 for the 
constant function (0-form) 1. 

We also have，for two ^-forms, a> and "，a function (o), rj) on M. We would 
like a formula for {co, rj) when we have coordinate expressions 

㈨ C0= a “ 」 k dxli H dx lk 

(b) r)= Yj b h-Jk dxh 八 … • a 

h<—<jk 

For this, and later, purposes, it will be convenient to express a form in terms 
of tensor products of the dx l , instead of wedge products. Recall (Theorem 
1.7-2(3)) that 

dx il A • ■ • A dx ik = (1 n,!)! 他(办 M ®...® dx ik ) 

=^ sgna dx ai<1 ^ ® ® dx a(<lk \ 

This shows that the expression (a) can also be written 

0 ) = dx l{ ® ® dx lk , 

where the new are skew-symmetric in the indices h， …， ik an d agree 

with the old au k when /i < . • • < 4. Now let gij be the components of 〈，〉 
in our coordinate system, so that are the components of ( ，〉 on the dual 
space. With any tensor, covariant of order k, 

A = ® ® dx ik , 

1.1 ，…， 4 

we can associate the tensor, contravariant of order k, 

~ 3 3 

. 乙 . dxh d.x-"< 

j jk 
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where 


/1 ，…， / • 人 . 

In the special case where 

A — dx l ， 

i 

it is clear how A is described invariantly: if we think of A(p) as a linear function 
on M p *, then 

MPM) = A(p)(S((f))), 

where S : M p * M p is the isomorphism given by the metric. In general, 

• ，伞 k) = A{p){S((f ) x ),..., S((f> k )). 

Notice that if the are skew-symmetric in the indices, then so are the 

a J[ ' Jk . So if co is given by (a), then a) is also given by 


(X) 


E 


iJi ■- 'Jk . 


]\<-<Jk 


dx Ji 


A 


A 


dx Jf < 


[note, however, that the a h - jh are computed from (6), in which “ ， • 卜 is de¬ 
fined, by skew-symmetry, for all i\ - ,/>]. We now claim that for q given 

by (a) and (b), we have 

⑺ ( ⑴， f])= J2 a h-ik bil ' Jk = J2 a ， l "' 4 ^i...4 

i\ < … <ik ii < …<1 、 

i\ ， … ， i] 

To prove this, we note that the last two expressions can be defined invariantly 
as contractions (traces) oi' co <S) fj or cb ® r]. So it suffices to check that (7) holds 
at a point p where d .\ 1 . dx n are orthonormal. In this case g ij = 炉 M p. 

so a l[ '' Ak — c//,.../ A at p. The desired result then follows immediately from 
equation (3). 

On the oriented Riemannian //-manifold M \vc can also do something else. 
Since we have the map d, which raises the degree of a form, we can define a 
map which lowers the degree of a form, by 

8 — (—l) /7(A + 1)+l *i/* from 々 -forms to (A: — l)-forms. 
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We clearly have 8 2 = 0, and 8 — 0 on functions (0-forms). Note that on ^-forms 
we have 

( 8 ) *6 = (— 

— (— 1 )«( 灸 + 1 ) +1 . (― 1 }(” -众十⑽- 1 )"* 

by (1) [since of a k-form is an « — 众 + 1 form] 


and similarly 

(9) S* = (~\) k+l *d. 

Notice that S can really be defined even when M is not orientable, for its def¬ 
inition is local, and changing the orientation of M reverses the sign of *，so 
leaves 8 unchanged. We now define an operator A from /c-forms to A:-forms by 

A = 8d + d8. 

The reader may check that on 0-forms this A is the negative of the one in the 
previous Addendum. [N. B. The connection V on M gives rise in a natural way 
to a connection V on the bundle of A: - forms on M, so the final definition of the 
previous Addendum also gives us a Laplacian on -forms. But that Laplacian 
is not related to the one defined here.] Simple computations, using (8) and (9) 
for the last equation, give 

(10) d A — Ad, SA = A8, *A = A*. 

On a compact oriented manifold M we can define the inner product (a>, t]) 
of two /:-forms o),t] by 

(co, = I (co, r]) dV — I o) A by (5). 

J M j M 

This inner product ( , ) is clearly symmetric and positive definite. Now if o) is 
a (A: — l)-form and " is a ^r-form, then 

d(o) A *r/) = da) A 八 J 氺 

= da) A ^rj — a) A *Srj by (8). 


So Stokes’ Theorem gives 
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or 

(11) (dco ， r]) = (cojr]). 

Thus 8 is the “adjoint” of for the inner product ( ， ），and this property 
characterizes 5"，since ( ， ）is positive definite. From this we easily see that A 
is self-adjoint with respect to the inner product ( , ) on A:-forms, 

(12) (Ao;，"）= (w ， A"). 

In Euclidean space, a function / with A / = 0 is called harmonic. In an ori¬ 
ented Riemannian manifold (M , 〈 ， 〉）we call a A:-form 0 ) harmonic if Aco — 0. 
When M is compact, we can write 

(Aco.o)) = ([d8 + Sd]o)^o)) = (Scd^Sco) + 、 do) ， do ))， 

which shows that 


(13) Aco = 0 dco = 0 and Sco = 0, M compact 

(the converse is trivial). If co and r] are A:-forms, and Aco = 0, then equation (12) 
gives 

(Arj.oj) = (rj, Aco) = 0. 

So the vector space of all harmonic A:-forms (the kernel of A) is orthogonal 
to the image of A. The fundamental result on harmonic forms states that 
these two orthogonal subspaces of the 众 -forms span the whole vector space of 
A:-forms: 


THE HODGE DECOMPOSITION THEOREM. If M is a compact ori¬ 
ented Riemannian n-manifold, then for each k with 0 < k < n, the vector space 
H k of harmonic ^-forms is finite dimensional, and the vector space E k (M) of 
all A:-forms on M can be written as an orthogonal direct sum decomposition 

E k {M) = A(£*(M)) ㊉ H k {M). 

For a proof of this result, which is completely analytic in nature, the reader is 
referred to Warner {1}; the proof given there is elementary and completely self- 
contained. We will merely indicate the consequences of the theorem for the 
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de Rham cohomology. The orthogonal decomposition of E k {M) gives two 
projection maps 

H k (M) 

E k {M) 



For any a e E k (M), the form h k (a) =a — H k (ot) is uniquely Aco for some a>. 
Set 

G(a) = the unique 0 ) with Aco — a — H k (a), 

so that 

G = [A|A(£^(A/))] _1 oh k . 

Now consider any linear map T : E^(M) (M) with T A =AT [e.g., 

T = d, 8, A]. We easily see that 

T{H k ) c H 1 , T(A{E k (M))) c A(E l {M)). 

So 

Toh k =h l oT, To [A|A(£*(M))] = [A\A(E l (M))] o T. 

From this we see that GT = TG. In particular, G commutes with d. 

Now let a) be any /:-form. Then we have 

a = AGa + H k (a) 

=dSGa + SdGa + H k {a) 

= d8Ga+8Gda + H k (a). 

So if da = 0, then 

a = d8Ga + H k (a). 

Thus H k (a) is a harmonic 众 -form in the same de Rham cohomology class as a. 
On the other hand, suppose a\ and «2 are two harmonic /:-forms in the same 
de Rham cohomology class，so that 


ai — a2 = 
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for some 卢 . Then 

dP)= ( 祇 ai - o? 2 ) = 0M«i - 5a 2 ) by (11) 

= 0 by (13). 

So d^> = 0, or a\ = 的 . Thus there is a unique harmonic form in each de Rham 
cohomology class. In other words，the 众 -dimensional de Rham cohomology 
vector space is isomorphic to the vector space H k (M) of harmonic A:-forms. 

We will give a simple application of this result in a moment. First we would 
like to observe that both d and 8 can be defined in terms of the connection V 
of M. For d this is easy. 


61. PROPOSITION. If w is a /r-form on a Riemannian manifold, then 

d(x) = ( 一 1 ) 众 (A: + 1) • Alt ▽⑴. 

PROOF. Let x\.. .,x n be a normal coordinate system at p, and let 

co — ►二 A' … i k dx“ A • ■ • A dx lk 
ii (.〈ik 

=^ ai x „j k dx l{ ® • • • ® dx lk , as on page 141. 
h ，…， ik 

Then (pg. 11.231) 

V^j = ...i k .'hdx 1 ' ® … ® dx' k 0 cix h . 

/■i ，••.，/ 人 h 


So 

(人 + 1)! Alt Nu): Ha … .. ik ； /,(A- + D! Alt(W 1 ® ... O dx ik ®dx h ) 

人 h 

=^ n A …八 dx lk A dx h 

/•l ， "”/ • 人 - h 

』 E E% i k .jj dx l1 a • • • A dx lk A dx h . 
h <■• <//c h 


by skew-symmetry of the (U [ ...i k • So 
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(*) (-1)^(^ + l)Alt Vto - [ dx h A dx h A • • • A dx ik . 

/] < h 


But at p we have (Proposition II. 5-1) 

a 

a ii … ik.Jt(P) = Q^h a ( 尸 ) . 


So 

(-l) k (k + 1) Alt ^co(p) 

^ u ； a il ... il< (p)dx h n cix lk (p 、 

= d(x){p). ❖ 


Naturally, the use of a normal coordinate system at p was merely a simplifying 
device; in an arbitrary coordinate system we would obtain the same result with 
a little more calculation—the Christoffel symbols in (*) all cancel out after we 
write all dx h A dx i{ 八…八 dx ik in terms of increasing sequences of indices. 
The formula 

doj = dx^ 1 A dx i{ 八…八 dx ik , 

/i< … <4 ， h 

which follows from (*) and the final result of the theorem, can be rewritten as 
follows: 

do) — bji...j k+{ d^ x 八…八 dx ^ k+x , 

j\ < - < Jk + l 
for 

A：+i 

bj l ...j k+{ = [㈠)〆. 1 〜 卜工 .•• 九 + 1;> /V 

Notice that if the cis are skew-symmetric, then the b's will be also. 

Now suppose that we have a (/: + l)-form 


0,-A+i dxh 八 .. 八 丄 ' Jk+ '' 


j\ <—<jk + l 
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Then equation (7) gives 
1 


(14) (dco.rj) 


(k + 1)! . [ bj '… h+1 

7 l ，...，儿 + 1 

* k-\-\ 


J\ " Jk + i 


认 + 1)! 


E Eh )、 


Jk + \ 


j\ ，.•” Jk + l 


k+\ 


{k + \)\ . ^ 

7i ,...,^ + 1 


E D - ”州 . - a hU h __' jk 〜 


k+\ 


认 + 1)!. 

Ji ，…， 7a：+i M 

=Ei + S 2 , say. 

Now it is easy to see that 


E E(- 1 广 + 1 (v..r". 


r )\ •■Jk + l\ 
•y/c+i hjfi 


E ' 


Jl … Ju."Jk + i 


r jl … Jk + i . 

c -、u 


J 1 ， … ， >7/( + 1 


^ ►二 a 』、 … jf 2 … + ' •/“ P 


Ol …力 C + 1 ;P 


J 1» …，■/女 +1 


>二 (_ J )/^ 一 1 “ 力 … A + 1 : g), 

711 • • • > j k + 1 • 


JuP 


CjfjJi .../m … A + i ;〆 


Hence 


S, 


■1 


k+\ 


㈣ V 

Jl ， … ， Jk+l 烊 =1 


yi•••/jti•••7/c+i \ ' a JuP 




• jfi j\ u ...jk + l'P 


1 


k+\ 


(k + \)l 


E 


y i • • • j /j. • 


■Jk + i 


Ha + 1 ， sa y 


j\ ， … ， Jk+i 从 = 


k + \ 


(k + l)\ 
1 

k~\ 


Y, ah " lk yh -ik 


h ，• “ Jk 

;E ah 」 k n 


/l ”..，/ 人 

Now the y’s are simply the components of the tensor div rj, defined by (III 7 ) 
page 130. So 

(15) 


on 


Ei = — (w,div rj). 
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On the other hand, we obtain k + 1 well-defined vector fields with 


H 


Then 

(16) 


- 

p=\ V 


Qji … + 


Ji — i a/m+i •••■//c+i 


dxP 


a ， "” 九 -+i 


X；2 = divj 


(k + 1)! 


k+\ x 


div V, say. 


Combining (14) ， (15), (16)，we have 

(*) (da), r]) — — 〈 o>,div"〉+ div F. 

From this we conclude 


62. PROPOSITION. If r/ is a (A: + l)-form on an oriented Riemannian man¬ 
ifold M, then 

8r] = — divr/. 

PROOF. First suppose that M is compact. Equation (*) gives, for any Ar-formo;, 

(dco, r]) = f (da), r])dV = j (a;,-divr/) dV + I div Y dV 
JM Jm Jm 

=j {co, — div J]) dV + 0 by Corollary 58 
JM 

= (o), — div r]). 

Since 5r/ is the unique form with (da>,r]、= (co,8r]) for all /c-forms a), it follows 
that 8r] = — div r]. 

If M is not compact, we can still conclude, from Theorem 57, that (da>,rf)= 
(o), — div") for all A:-forms co with compact support. This is still sufficient to 
imply that 8rj = — divr]. <♦ 

Now consider a 1-form co = Yli a i dx l . Propositions 61 and 62 say that 

do) — 0 ai j — ajj 

8co=o 仁 => o = a ij = y j. 
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Suppose that dco = 8(x) — 0, and consider the expression (5) on page 136 for 
ci l at). For the first term in parentheses we have 


52 S jk a'cir Jk : 

= S ]k a l ^j-,ik 

since do) = 0 

i ， j，k 

/，M 


- 

= gjl<a， ( a j' ki + Y2 a,Rl j' k 

/，M / 

| by Ricci’s identity 

z 

= ^2 ^'(g jk Hj-,k);i + ^2 g ik Cl l 
ij.k i ， j ， k，l 

⑷ R l jik 

= 

= 0 + g^^'aiR'jik 

since So) = 0 

: 

=Yj s ik ^gi^R l jik 



=Rfijik 

=- Cl l Cl^g jk Rj^iik 
i ， j ， k，fi 

-~ S T J a l a^R k 

i ， k，ti 

= — ^ ►二 Ric^x/ c/’ “〆. 

i，/x 

Thus we obtain 

一 S jk g' l ^i ； kcii-j ■ 

ij ij.kj ' 

63. THEOREM (BOCHNER). Let M be a compact oriented Riemannian 
manifold with - Ric(^, A^) > 0 for all X ^ 0. (This holds, in particular, if 
all sectional curvatures of M arc > 0.) Then the 1-dimensional dc Rliam 
cohomology of M is zero. 

Z^OO/ 7 . Let o) be any 1-form on M with Aco — 0. Then also da) = Sco = 0. 
by (13). Then (*) shows that A(^, a , ai) > 0, since the second sum on the 
right is clearly > 0. Recall (page 135) that Yli a’a/ is a well-defined function / 
on M. So Lemma 60 implies that A(^ / a 1 at) = 0. By the hypothesis on Ric, 


(*) 


A 




A 
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this implies that ft) = 0. In other words, 0 is the only harmonic 1-form. Since 
the vector space of all harmonic 1-forms is isomorphic to the 1-dimensional 
de Rham cohomology of M, the theorem follows. ❖ 

In the next Chapter we will prove that a compact Riemannian manifold M 
satisfying -Ric(X, X) > 0 for all X ^ 0 actually has a finite fundamental 
group n\(M). Then the result of Theorem 63 follows by algebraic topol¬ 
ogy, [First we use the Hurewicz theorem to conclude that the first homology 
group //i(M;Z) is finite; then the universal coefficient theorem implies that 
//UM;®) = Hom(//](M;Z),E) = 0]. However, Theorem 63 has many gen¬ 
eralizations, proved using similar techniques, that have never been strengthened 
in the same way. 
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ADDENDUM 3 
WHEN ARE TWO 

RIEMANNIAN MANIFOLDS ISOMETRIC? 

Suppose we are given two Riemannian manifolds M, M of the same dimen¬ 
sion n. We would like a way of finding out whether they are locally isometric. 
In other words, we ask if there is a point p e M, 3. point p e M, and an isom¬ 
etry a : U — U of a neighborhood (/ of /? onto a neighborhood U oi p. We 
have a slightly different problem if we are already given p and p, and merely 
seek U and U. Admittedly, both of these problems are a little strange, for we 
are not very likely to be given two explicit Riemannian metrics just out of the 
clear blue sky; specific metrics which actually come up in practice are so special, 
and the requirements of isometry so stringent, that there is usually no difficulty 
seeing whether they are isometric. As a matter of fact, I know of no instance 
where the (complicated) general methods which we will develop are actually 
used. But it is nevertheless quite significant that we can now settle the question 
of isometry in the category of Riemannian manifolds, for this shows that any 
intrinsic invariant of a Riemannian manifold can be defined in terms of the 
various invariants (like the curvature tensor) which we have already discovered. 

The theory is rather special, and quite pleasant, in the 2-dimensional case. 
First some preliminaries. For two functions f,g on 3. Riemannian manifold 
(M， 〈 ，”， we introduce the classical notation* 

△1(/ ， 发） = 〈 grad/ ， grad 发〉， A x f = A!(/，/)• 

It is clear that if a: M — M is an isometry, and then 

(!) A! (/ 。 。 Of) = Ai(/,g), 

where A i is formed with respect to the metric on M. For a metric 
{ , ) = E du ® du + F[du ® dv + dv ® du] + G dv ® dv 


on a 2-dimensional manifold, we easily compute that 

Ai(/.g) * 


EG - F 1 


[ 禮 - 


d/dg) 

十 --- - 


_ dv dv 

V du 

du dv J 

du du _ 


* In classical differential geometry books, the Laplacian A / was denoted by A 2 / (and, 
worst of all Ai/ was sometimes written as A/), but we will stick with A / for the 
Laplacian. 
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In particular, we have 


△ i w 


This gives 


G 


EG — F r 


Ai(w,i;) 


F 


EG- F 2 ' 


Aiu 


E 


EG- F 2 


EG - F 2 


A]w - Aid — A](w, u) 2 = @ 2 (u,v), say, 


and thus 

( 2 ) 


「 Aiv 广 -A,(u,v) 广 Aim 

匕 — _ ^ . — ^ -* — ~ — ^ ~ •> ^ 


0 2 (w ， u)’ 


& 2 (u,v) © 2 (w ， u) 


This equation shows that the metric { , ) is determined once we know Ai(w )， 
Ai(m, u), and A\(v) for any coordinate system (u,v). We can formalize the 
contents of this equation as follows. 


64. LEMMA. Let a: M A/ be a diffeomorphism of 2-dimensional Rie- 
mannian manifolds, and for each coordinate system (u,v) on M, define (u, v)= 
(w, v) oa on M. If a is an isometry, then 

(*) A\u = (A\ii) o a, Ai(w ， i;)= 心 （ 6, C) 。 a ， A\v = (AjS) oa. 

Conversely, if these equations hold for some collection of coordinate systems 
(u, v) whose domains cover M ， then a is an isometry. 

PROOF. Since u = u oa and i; = C o a, the first part of the theorem follows 
immediately from equation (1). To prove the converse，let the metrics on M 
and M be 

( ,)=E du ® du + • - and 〈 ， )~ = E du ® du + •- . 

Since 

du = d{u o a) = a*(du), dv = a*(dv), 

we have 

du ® du + • - ) = {E oa)du ® du + - •. 

But the hypothesis (*)，together with equation (2)，gives E oa = E, etc. ❖ 
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Now consider two metrics ( , ) and ( ，广 on two 2-dimensional Riemannian 
manifolds M and M. We want to know if there is locally an isometry a \ M —> 
M. It might happen that the curvature 尺 of 〈， > is constant. Then a exists 
if and only if the curvature 尺 of 〈， 〉— is the same constant; if this is the case, 
then there is a 2-paramcter family of isometries ot. Suppose instead that the 
curvature K of ( ， > is not constant. We consider a region where the sets K = 
constant give a foliation, and we will try to decide whether the isometry exists 



in this region. To be sure, the sets K = constant might look much worse; for 
example 尺 = 0 might be a single point, or a whole set with interior, etc., etc. 
But in general, the more complicated the decomposition we obtain, the easier 
it will be to handle the problem, for then the sets K = constant must look just 
as complicated. At any rate, we will, over and over again, restrict our attention 
to the “general” case, and not worry about the exceptional situations. When 
the sets K = constant give a foliation, then the sets K = constant must also, if 
the required isometry a is to exist. Moreover, the isometry a must take the set 
K = c onto the set K = c. However this still leaves a lot ofleeway, and does not 
yet determine a. We now consider the function Ai A^. This function might not 
give us any new information at all, for tS^K might be a constant on each of the 
sets K — constant. We will first consider the case where Ai is not constant on 
these sets. In fact, \vc want to assume that varies monotonically on each 
set K — constant. Then it will “generally” be the case that (K, A\K): M ^ R 2 
is a local coordinate system for M. This is the situation which wc will actually 
consider. If the isometry a is to exist, then (K ， A\K): M ^ R 2 must also be 
a local coordinate system for M • Suppose this also occurs. Then clearly the 
isometry a must, in fact, be the composition 

a = (K.ArK )- 1 o(K,A { K). 

defined in some open set U C M. Now the question arises: how do we know 
whether this a is actually an isometry? There is an easy answer to this question: 
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Lemma 64 tells us that a is an isometry if and only if 

A] K =Ai K o a 

Ai(A^, A) K) = Aj(A^, Aj/C) o a 
Ai (Aj K) = Ai (Aj A^) o a. 

Moreover, the first of these equations is automatic, by the definition of a. 

Now consider the opposite extreme, where A\K is a function of K. If a 
exists, then A\K must be the same function of K, 

(a) = f oK, K X K = foK. 

We look at the Laplacians AK and AK. If (K, AK) is a local coordinate 
system, then (K, AK) must be also, and a must be 

a = (K,AK)~ X o(K,AK). 

This a is an isometry if and only if 

Aj (K, AK) = Aj (A o a, A\ (AA^) = Ai (AK) o a ； 

the extra condition A\K = A\K o a follows from (a) and the definition of a. 
This still leaves us with the case where AK also fails to be independent of K 
in the worst possible way, so that in addition to (a) we have 

(b) AK = g o AK = g o K. 

Then it turns out (Problem 24) that the surfaces are isometric, and there is a 
1-parameter family of isometries between them. 

For higher dimensional manifolds the treatment will be more systematic, but 
correspondingly less concrete. We already know (Corollary II.7-13) that the 
metric in a normal coordinate system determined by an orthonormal frame 

X\ p . X np is completely determined by knowing (R(Xi ， Xj), where 

- - X n is the moving frame adapted to X\ p . X np . This result gives us 

a criterion for determining when a neighborhood of /? G M is isometric to a 
neighborhood of ^ € M, but it cannot be regarded as a reasonable solution of 
our problem, for we may not be able to compute the geodesics, or the parallel 
translations along these geodesics. All we can compute is the equations for the 
geodesics and for parallel translations—usually we will not be able to solve these 
equations explicitly. W hat we want is a criterion involving only quantities di¬ 
rectly computable in a coordinate system — like curvature，covariant derivatives 
of tensors which have already been computed, etc. 
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Recall the map <1>: 1. x M p M (pg. 11.270) defined by 

4>(r, X p ) = exp(/A^). 

From the discussion on pp. 11.270-278 [c.f. especially Corollary 9 and Theo¬ 
rem 12] we see that the metric in the normal coordinate system determined by 
X \ p ,..., X np is completely determined once the functions R。*/ o are known. 
Now suppose that the metric is analytic. Then its form in normal coordinates is 
known once we know 


3(R 、 a ： / 。 O) 

8~t 


(o ， A )， 


a 2 (R^, o o) 

W 2 


(0,A», 


all X p e M p . 


Now 

m 。 少 ） ，v \ r + h, X p )) — R l X p )) 

1 —— U, ^ P ) = hm - 1 - - 

at h^o h 


Let (R be the tensor 


(R(U,Z ， W) = (R(X, V)Z,W), 


so that (c.f. pg. 11.277) 


R l jkl = Xi, Xj, Xi). 


Since <!>(/, X p ) = txp(tX p ), and since the Xi are defined by parallel translating 
the Xi p along geodesics, equation (1) can be written 


3(R、/ o O) 
~dt 


{t,x p ) 


=(▽/ ( 中 ( ，， a>)) 況 ( 少 (r A)) ， X / (伞 u, x p )) ， Xj(<p(t, x p )), Xi(^>(t, x p ))) 

= (V(R)(^(<D(/, X p )), Xi(<t>(l, X p )), Xjmt, A»), Ximt, x p )), AW/, X p ))), 


where X is also defined by parallel translating X p along geodesics. In general, 
we have 




dt d 

d 


(t, x p ) 


(▽...▽ (R)(X k (<^(t, X p )),..., Z,(<I>(r, X p )), X(<^(t, X p )),..., X(<i>{t, X p ))). 
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In particular, 

d 

d d (R'j k io_^) (0Xp) = (V ^(R )(X pk ,X ph X pj ,X pi , X P ,^..,X P ). 

ot a 

Thus, in the analytic case, the metric in normal coordinates around p is deter¬ 
mined completely by knowing all V^(R at p. 

Thus we have a criterion for deciding when some neighborhood of a given 
point 尸 e M can be taken isometrically onto a neighborhood of a point p e M. 
This criterion works only for analytic metrics, but its real defect is the fact that 
we have to compute infinitely many quantities (V^(R)(/?). Now we will explain 
how one can decide whether some open set in M is isometric to some open 
set of M, without being given points p,p in advance, without assuming the 
metric is analytic, and by computing only finitely many covariant derivatives 
V^(R. True, we will have to compute the V^(R on all of A/, not just at one 
point p, but in practice the only way to compute the (V^(R)(/?) is to compute 

the V^(R in a whole coordinate system anyway. 

First we consider a general problem having nothing to do with metrics. Sup¬ 
pose we are given two manifolds M N and M N of the same dimension N. Let 
d)\ ,.., be N everywhere linearly independent 1-forms on (a subset of) M, 
and let cti 1 ,..., (b N be similar 1-forms on M. We will find a way of deciding 
when there is locally a difFeomorphism or. M — M such that co l = a*(b l for 
i = \ ， … ， N. First of all, let us write 

dJ = ⑴ j 八⑴ k 

j<^ 

deb 1 — ^ ^jk^ J A 

for certain functions Cj k and C l j k . If oi exists, then we will have Cj k = Cj k o a. 
Now suppose that among the functions C\ ]k there are N which form a coordi¬ 
nate system (u\,... ,u N ) on M. Then if a exists, the corresponding N functions 
C l - k must form a coordinate system (i/i,..., wat) on M. In this case, the diffeo- 
morphism a must be 

( 1 ) a = (ii\,... ,un)~ } o (u\, ... ,un)- 


For this a we certainly have 

( 2 ) 


q k ^c; k oa 



158 


Chapter 7, Addendum 3 


when Cj k is one of the w’s，and we may add the extra condition that equation (2) 
hold in all cases. [In the “general” case, the other C〜 k will be functions of the u\ 

= Jjk 。(“ 1 ， ... ， 以 aO ， 

so we are demanding that the other Cj k be the same functions of the ii’s.] We 
still have to decide when a given by (1) is the required diffeomorphism. For this 
we write 

dc k = E c k^' 

i 

4 = EG，〆 

i 

for certain functions Cj k f and Cj k ^ If a has the desired properties, then we 
must also have 

⑶ C l jk l = C l ]k l o a. 

Conversely，suppose equation (3) holds. Then 

(4) E^,/= E c kW - E (‘。 a ). w 

/ / / 

= E^y-« + (E^,/ 

= dCj k -a*(dq k ) 

=dc l jk - d{C l jk oa) 

= 0 by ⑵. 

This is a set of N 3 equations in N unknowns. It can be written in terms of 
the N 3 x N matrix (Cj k 7 ) in which / denotes the column, and l - k denotes the 
row. This matrix contains the N x N submatrix (W/，/)，which is non-singular, 
since (u \,..., is a coordinate system. So the matrix (Cj k has rank N. 
This means that the only solution of our equations is the zero solution. Thus, 
a) 1 = a*co l for / = \ ， … ， N. 

Suppose, on the contrary, that we can choose only N\ < N functions C l - k 
which are independent (meaning that for any coordinate system x l ,..., x N , the 
Ni x N matrix (dC^/dx’) has rank Ni ； or equivalently, that the N\ x N matrix 
(U has rank N\). We now look at the functions Cj k / . Among these we may 
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be able to choose N 2 functions c ki which together with the N\ functions C\ k 
are independent. If N\ + N 2 < N, then we look at the functions ci jk j m defined 


by 


^ C l ik lm (o m ， 

m 


Among these we may be able to pick which can be added to the N\ + Ni 
functions already obtained. Suppose that，after continuing in this way，we even¬ 
tually obtain M = N independent functions. Then we can determine 

what a must be; moreover，we can decide whether this a really works by seeing 
if a satisfies 

c jk , i l ... i u+i = 。从山…/州 oo> . 

On the other hand, it may happen that we never obtain N independent func¬ 
tions. In the general case this will happen because at some stage, the functions 


jk ， h...k+\ 

are all functions of the previously chosen functions. [Notice that once this 
happens at stage /x, it will happen at all later stages. So in general, the integers 
A^A^，... which we picked in the previous case are all > 1. Thus we either 
obtain N independent functions in < stages，or we arrive at the present 
situation in < stages.] We now have N r = N\ + ■ • • + Nfi < N independent 
functions. If a exists, then it must satisfy the N f equations 



^jk = ^jk ° 01 

厂 / — 

— ijkj { ，… ,l u 


In the same way that we obtained equations (4), we can use equations (*) to 
deduce N f linear equations for co l — a) 1 ,... ,o) N — (b N . Moreover, the rank of 
the matrix for these equations is N f ^ so we can solve for N — N f of the unknowns 
in terms of the other N f . Without loss of generality, we can assume that these 
equations can be solved for the last of the (o l — (i) 1 in terms of the first N 

of the a) 1 — (b l . Then clearly the diffeomorphism a has the desired properties 
if it satisfies (*) as well as 


(**) a) 1 — a*co\ i = \N f . 

We claim that there are always such diffeomorphisms a, in fact, an (A^ — jV )- 
parameter family of them. To prove this, we look for the graph of a, as a subset 
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of M x M. Let 7 T: M x M -> M and n: M x M M be the projections. 
Since the and Cj k ，… in (*) are independent functions, the set 

€ A/ X A/ : C7" 。 7T(X) = Cy 灸。 7T(*X)，. • . } 

is a submanifold, of dimension 2N-N\ We will denote the restrictions of it*a) 1 
and 71 *( 0 ' to M simply by 兀 * 0 ) ! and TT*d)'. Consider the ideal i of forms on M 
generated by the 1 -forms 

7t*o) 1 - ix*(b\ i = \,...,N'. 

We have 

•— n^d) 1 ) = J2(Cj k 。 7r)7r*o/ •八 n*oj j - 。 元 ) 亓八 元*以 

= y^(C ; ^ 0 n)[ix*co l A n*co J — n*cb l A n*cb J ] (on M) 

=° 兀)[(兀八 ^CO^A 7t*CO j 

A (7t*0) k -n*(b k )l 

which is in i. Thus there is a submanifold M f of M on which the forms 
7 T*o/ — 7 r*o> / all vanish. This submanifold M f has dimension (2N — N f ) — N’ = 
2{N - N、. There is an (TV - iV’）-parameter family of TV-dimensional subman- 
ifolds M ff of M f which project one-one onto M. Each of these is the graph of 
an appropriate a. 

Finally, let us return to the case of two Riemannian manifolds M n and M n . 
We immediately pass to the principal bundles O(TM) and 0(T M) of ortho nor¬ 
mal frames. On these bundles we have forms 0 = (0 Z )，(*) = ((*))) and 0 = (0 7 ), 
(0 = Recall that for u = (u u ...,u n ) e 0(TM) and a tangent vector 

Y g 0(TM) u , we have 

n 

丌 = [•)，， 

/ =1 

where n : O(TM) — M is the projection map. In particular, 0(F“）= 0 if and 
onlv if 7 T* Y u — 0. Now any isometry a : M -> M gives rise to a diffeomorphism 
dr. 0{TM) O(TM), and a*Q = 0, a*w = w. Conversely, suppose we have 
a diffeomorphism : O(TM) —> O(TM) with ^*0 = 0. If c is any curve in 
the fibre of O(TM) at p, then for all t we have n^c'(t) = 0, and thus 

0 = 0(^(/)) = ^(^(0) 

=_* 〆 (,)） 

=» 0 = 元 = (n o ^ o c)'(t). 
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Thus ir o ^ o c is constant. This shows that ^ takes fibres to fibres, so there is a 
map a\ M M with n o ^ = a o n. Moreover, if u — {u\,... ,u n ) € O(TM) 
and Y u e 0(TM) u satisfies n^Y u = uj, then Q'(Y U ) = 8^, so 

=^(Y U ) 

= e , '(^r M ) 

=/ th component of n^ t Y u with respect to j8(m) 

二 ” ” ” a,n,Y u ” ，’ Hu) 

二 ” ’， ’’ ajuj) ” ” ” ⑻. 


Thus 卢 must be 

jS(u) = (a»Mi,... 

i e . ; J3 = d. In particular, a is an isometry. Thus we see that the existence of 
an isometry a: M M is equivalent to the existence of a diffeomorphism 
卢： O(TM) -> O(TM) such that ^ = 0 ! . Hence^it is also equivalent to the 
existence of a diffeomorphism 卢： O(TM) —» O(TM) such that ^*0* = and 
^*0)'. = w'j. We have just seen how to decide whether such a ^ exists, since 

the 0 1 and wj are everywhere linearly independent and span the 1-forms, and 
similarly for the 0* and w). The first step is to compute the dB' and dw) in 
terms of the 0 ， and wj. We already have the structural equations (pg. 11.329 )， 

(1) dQ' — — coy A 

i 

⑵ d<t)j = — ^ (o' k A, Wj + ft) 

k 

=-(0^ A (Oy - Ajjkl^ A 0 7 , say. 
k k<l 

These functions A ijk i are the first set which we have to examine. Now if 
s = (X \,..., X n ) is an orthonormal moving frame, then its dual forms and 
connection forms are 6 i = and 0)j = So s* of equation (2) gives 

dcoj = — a ojj — y^(Ajjki ° s)0 k a 6 l . 

k k<l 

On the other hand, we have 

dajj = — C0 l k A 0)j + 
k 

= -j2 Mi k A(o J + J2 {R{Xk ' x i) x J^ x ^ k Af>! - 

k k<l 
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Thus we see that 

^ijkl( u ) = — = (R(Ui ， Uj ， Ufc ， Ui). 

The next set of functions which wc need to look at are those appearing in the 
expansion 

dAijid = X + ^ A ukf ， 〆. 

Taking s* of this equation, and evaluating at a tangent vector X of M, we get 

X((R(Xi, Xj,X k , Xi)) = X{A ijk ios) = d(A ijkI o s)(X) = s\dA ijk i)(X) 

=E[( )0 s](0^(X) + E [山讽 M 。 3)6^ (X). 

从 ， V 

Since 

XmXi,Xj,X k ,Xi))^ (W(R)(X h Xj,X k ,X h X) 

+ (R(V^A"/, …） + (R(Xj, VxXj, •..) + •••， 

wc see that we must have 

dAijki — ^ + •.. + X] 為 + X! 

m mm 

where 

Aijk!，» (V(R)(W/, Wy,ZYA：, 

Similarly; we get 

dAijkl^ = ^ A vJ kl,^ + • - - + y^ +y^ A ijkl,v^u + X] 為 . 〜， MV 01； ， 

v v v v 

where 

AijkLuvM = (VV(R)(w/, uj, u k , w/, u v ), 

and so on. So we see that after computing a finite number of the functions 
(R, V(R, VV(R,... wc can finally decide if the desired isometry a exists (provided 
wc can keep track of what in the world wc arc doing, which doesn’t seem very 
likely). 
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ADDENDUM 4 

BETTER IMBEDDING INVARIANTS 


There is a theory，due to Burstin, Mayer, and Allendoerfer, which shows that 
certain tensors are a complete set of invariants for submanifolds M n C N m 
of a manifold N of constant curvature. (As in the theory of curves, we have 
to impose certain conditions on M, which say, roughly speaking，that at each 
point M bends in the same number of directions.) One almost never sees any 
applications of this theory nowadays, but perhaps that is partly because the 
classical expositions make it so inaccessible. In our presentation, we will first 
consider a special case of the general problem, so as not to be overwhelmed 
with details at the beginning. 

For a Riemannian manifold ， >)，the “Fundamental Lemma of Rie- 

mannian geometry" tells us that there is a unique connection V on TM which 
is compatible with the metric and also symmetric. The following Lemma gives ， 
under certain conditions, an analogous characterization of the normal connec¬ 
tion D on the normal bundle Nor M of M in N. 


65. LEMMA. Let M C. N have normal bundle Nor M and second funda¬ 
mental form s. Suppose that s : M p x Mp 丄 is onto for all p. Then the 

normal connection D in Nor M is the unique connection 8 such that 

(1) S is compatible with the metric in Nor M: 

X((^r])) = (8 x ^r]) + (^8xn) for sections ^ r] of NorM, 

(2) 8 satisfies the Codazzi-Mainardi equations: 

丄 = [8x(s{Y, Z))~s(V x y, Z)-s(Yy x Z)] 

_ [8y(s(X,Z))- s{V y X^Z)- s(X, V f Z)]. 

PROOF. Consider the expression 

你价卜 Y2),s{Z\,Z 2 )) - Y 2 ),s(Z\,Z 2 )) 

— (SY l s(Z l ,Z 2 ),s(X,Y 2 )) + (8z l s(y\> z 2)^(X,Y 2 )) 

+ ^ 2 ), Z 2 )) - (Sxs(Z\. y2)^(Y\,Z 2 )). 

Condition (2) shows that each row can be expressed in terms of the vector fields 
X, Yj, Zi ，But condition (1) shows that the sum of the two terms involving 8y\ 
or Szi can also be expressed in this way Thus we can write 

(3) 〈 5j^‘y(yi ， ^ 2 ). s(Z\, Z 2 )〉— {8x^(Z\, Z 2 )) — • • ? 
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where •• • can be expressed in terms of the vector fields. So we have as well 
(3 ’） 〈心 *^([ 2 , Z\),s(Z2, ^l)) — 〈 5a^(Z2, Z\)^s(Y2, yv)> = … • 

Adding (3) and (3’)，we obtain 

(4) 〈心 ^ ⑺， h), VZi ， Z 2 )) — ^(Zi , Z2)<,s(Y\ , Y 2 )) = … • 

But by (1) we also have 

(5) 〈〜夕⑺， Y2),s(Z\, Z 2 )) + (5jr^(Zi, Z2),s(Y\^ Y 2 ))= …. 

So by adding (4) and (5) we obtain 

〈心训， Y 2 ),s(ZuZ 2 ))= … • 

Since s: M p x M p 丄 is onto, this shows that Yi) is uniquely 

determined by Xp^ Y\^ Y 2 - Since every section of Nor M is a linear combination, 
over the C°° functions, of sections of the form s(Y\, Y 2 ), this shows that 8 is 
uniquely determined. ❖ 

Remark: Naturally we are mainly interested in the case where N has constant 
curvature, in which case the left side of (2) is 0. Now given any bundle vj \ E 
M with a metric ( , ), and a symmetric section ^ of Hom(TM x TM, E), we 
can consider the “Codazzi-Mainardi equations” 

[8 x (s{Y y Z))~ s(V x Y,Z)-s(Y, V X Z)}= 

[8y(s{X,Z))- s(S/ Y X,Z)- s(X, VyZ)]. 

The proof of Lemma 65 shows that if s ： M p x M p m~ x {p) is always onto, 
then there is at most one 8 compatible with ( , ) which satisfies this equation. 
However, there may not be any such 8 (unless s is always one-one). 

Now for a submanifold M C N we will denote the induced metric (,) on M 
by ^ 0 , and define a tensor 3^\ by 

y r i(x u x 2 , y u y 2 ) = (s(x u x 2 ),s(y u y 2 )). 

66. PROPOSITION. Let M,M C N be connected submanifolds of a com¬ 
plete simply-connected manifold N of constant curvature. Suppose that the 
second fundamental forms s : M p x Mp Mp 丄 and : M 分 乂 M q Mg 丄 are 
onto at all points. Let 0 : M M be a diffeomorphism such that 

0 *^ o = ^0 and 中 * 尹 ' =, 

Then 0 is the restriction of an isometry of N. 
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PROOF. First of all, since 4)*^0 = we have 

⑴ = ▽ 沴 * 义 0 *广 

Now let {X a }be any set of vectors in M p which span M p ^ and let X a = 0*(D G 
Mf{p). Consider the vectors s{X a ^ Xp) e 丄 ， and the corresponding vectors 

s(X a ,X^) e Mf( P ) L - By hypothesis, we have 

{s(X a ^ s(X y , Xs)) = Xp)^ s(X y , Xs))- 

Since the second fundamental forms are onto 丄 and A// ⑻丄 ， this implies 
(Problem 25) that there is a unique inner product preserving isomorphism 
叫丄 4 M f(p) ^ which takes s(X a ,Xp) to s(X a , Xp). This isomorphism cannot 
depend on the {X a }，for if we also have spanning vectors {r a }, we can consider 
the set {X a } U {Y^}. 

By applying this construction for all /? G M, we obtain a bundle isomorphism 
0: NorM 4 NorM covering (f) such that 0 preserves inner products and 
second fundamental forms: 

(2) (0(|), 4>(r])) = (?, r]) for sections n of Nor M 

(3) 4>(s(X, Y)) = s((p,X,(t>*Y). 

We claim that 0 also preserves the normal connections: 

(4) HDx^) - - 

To prove this we note that since every section of Nor M is uniquely of the form 
0(§), and every tangent vector of M is uniquely of the form 0* 义 ， we can define 
a connection 8 on Nor M with 

^^( 0 (^)) = H D X^)- 

Now the connection D is compatible with the metric and satisfies the Codazzi- 
Mainardi equations; applying the equations (1)-(3), we find that S is compatible 
with the metric and satisfies the Codazzi-Mainardi equations (for M). Hence 
5 = D, by Lemma 65. This proves (4). 

The desired result now follows from Theorem 20. ❖ 

When we have a manifold M C N whose second fundamental form does 
not fill up the normal bundle, we will have to differentiate more times, precisely 
as in the case of curves. Notice that the subspace of N p spanned by M p and 
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s p (M p x M p ) C M〆 can also be described as the space spanned by all X p and 
V f x p Y for vector fields X, Y on M. But we can also consider (VV2), etc., 
and thereby obtain more vectors in N p . To simplify the notation, we will write 

V{X,Y) = V x Y 

V / (X,r,Z) = VV(VVZ), etc. 

We define the osculating space Osc^ M p C of M at to be the subspace 
of N p which is spanned by all 

X x (p), V(X u X 2 )(p), V{Xu … ， X k )(p), 

for vector fields X\,...,X k on M. Thus the 1 st osculating space Osc 1 M p is 
just M p . It will also be convenient to define Osc 0 M p to be the {0} subspace 
of M p . 

A submanifold M C N will be called nicely curved if the dimension of each 
osculating space Osc^ M p is the same for all p e M. (A curve c in is nicely 
curved if and only if it has the property that if some curvature function is 
non-zero at one point, then is non-zero everywhere.) Henceforth we will 
consider only nicely curved submanifolds M G N. It is easy to see that for 
each k we then have a vector bundle Osc^ M over M, whose fibre over p is 
Osc 人 M p . If ^ is a smooth section of Osc^ M, then ^ is locally a sum of terms 
f • V r {X\,... ,X r ) for smooth f and X/, and r < k• Since 

W f x (fV(X x ，…， AV)) = X(/) • ▽，⑶ ，…， U + / • ▽’(（ X u ...,X r ), 

we see that 

(*) ^ a section of Osc^ M => € Osc^ +1 M p . 

It is easy to see that if Osc^ M = Osc k+] A/, then also Osc々 +1 M = Osc々+ 2 M 
=.• • . So there is some i > 1 with 

Osc 0 M 5 Osc 1 M 5 g Osc^ M = Osc^ +1 M = … . 

The letter l will always have this significance. Notice that Osc^ M p need not be 
all of N p ; the dimension of Osc £ M p (for any p e M) will be called the formal 
imbedding number #(M) of M. 

67. PROPOSITION. If M C iV is nicely curved，then the distribution p \-^ 
Osc^ M p on M is parallel along every curve in M (as defined on page 28). 

Consequently, if ^ is a manifold of constant curvature，and M is connected, 
then M is contained in some #(M)-dimensional totally geodesic submanifold 
of N (but not in any lower dimensional totally geodesic submanifold). 
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PROOF. To prove the first part, it obviously suffices to work locally. In a neigh¬ 
borhood U of any point /? G M we can choose smooth linearly independent 
sections ，…， ^#(A/) °f Osc^ M. For a curve c in t/, let be the vector field 
along c given by V^{t) — ^(c(t)). Then (*) says that 

- e Osc /+, M c(0 = Osc 7 M cU y, 
at 

thus there are smooth functions such that 


dT 




Now let W be any vector field along c with D f W/dt = 0. Then 
i 卿 = 

' V ' 

V 

This is a system of differential equations for the functions (W, V^). One solution 
is (W, Vfj) ― 0 for all /x. So by uniqueness of solutions we see that if ^(0) is 
perpendicular to Osc^ A/ c (o>, then Wit) is perpendicular to Osc A/ c ⑴ for all /. 
This proves that Osc £ M is parallel along c. 

The second part follows from Corollary 11. <♦ 

We now define the k th normal space Nor* M p of M at to be the orthogonal 
complement of Osc* M p in Osc fc+l M p . Thus we have 

Osc* 41 M p = Osc* ㊉ Nor* M p . 

Notice that Nor 0 M p is just M p , while Nor* M p has dimension 0 for k > £ — 1. 
It will also be convenient to let Nor -1 M p be the {0} subspace of M p . Each 
Nor* M p C N p has an orthogonal complement in N p , and thus we have two 
projections 

T k •• N p — Nor* M p 

丄灸： N p -> orthogonal complement of Nor^ M p in N p . 


D'W 
,dt 




灰， 


dt 
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Notice that . ， N p — M p and 丄 0 = 丄： iVp — Mp 1 - (but note that 

T k goes into a subspace of Mp 1 - for k >0). We shall actually use only the 
projections T 夂 

For nicely curved M G N we clearly have, for each k, a vector bundle Nor^ M 
whose fibre at p is Nor* M p . The bundle Nor 0 M is just the tangent bundle 
TM' while the bundles Nor^ M for k > 0 are all subbundles of the normal 
bundle Nor M. There are natural Riemannian metrics 〈，〉 on all bundles 
Nor^ since they are all subbundles of (TN)\M. 

The 1 st normal space Nor 1 M p is the subspace of N p spanned by all s(X p , Y p ) 
for X p , Y p e M p . In general，given vector fields X \,on Af, consider 

却你，...，心 +1 )). 

It is easily checked that this expression is linear in each Xi over the C°° functions 
(compare pg. III. 4). So its value at p depends only on the values of the Xi at p 
and we can define 

/(X lp ，• • -,X k+Xp ) = ，…， X k+x ){p)) e Nor^ M p 

for any vector fields X[ extending X[ p . Clearly Nor^ M p is spanned by the 
image of A it seems reasonable to let *s 0 denote the identity map of M p into 
Nor 0 M p = M p . 

68. LEMMA. If M C TV，where N has constant curvature, then s k is symmet¬ 
ric. 

PROOF. First we have 

V r (X, ，…， X k ， X k+l )(p)~ ▽，(》 ，…， X k+u X k )(p) 

=m ... ， X k _ u [X k ,X k+l ])(p)e Osc k M p , 

so of the left side is 0, which proves that s k is symmetric in and X^ + \. 
We also have, for example, 

▽ ’(Xi, . . . , Xk-\, Xfc, Xfc-\-\)(p) — ▽' ⑶ ,...,Xjc, Xjc-x, Xic + \)(p) 

= ，…， h v Xk 一 ' (VV, HV Xk (▽ V! x k ))(p) 

= ▽’ (Xi， …， Xfc-2^ ^\x k - { ,X k ]^k + \ + 穴 ’(A-lUA + lK 尸） • 

Since Xk)Xk+\ is tangent to M, this is in Osc^ -1 M p , so again 

of the left side is 0. Similarly, s k is symmetric under interchange of any two 
adjacent arguments. ♦ 
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For vector fields 义 1 ， … ， X k+ \ on a nicely curved submanifold M <z N vve 
can write 

s k (X i ,...,X k+ i) = ^{^ 1 ,...,^+,) + 专 a section of Osc 々 M. 

Then 

T^ +l V' Xp s k ⑶， ... ， 心 +1 ) = T k+i V Xp m ' X k+l ), 

since V Xp ^ € Osc* +l M p by (*), on page 166. Thus wc have 

卜） T* +, VV p /(^i,..., X k+i ) = s k+l (X p ^ Xi(p),..., X k+x (p)). 

Now suppose we have vector fields {K a } which span the tangent space of M in 
a neighborhood of p. Every element of Nor 1 M p , for example, can be written 
as 

^2 y^(p))- 

This expression is usually not unique (even if the Y a (p) are linearly indepen- 
dent). But suppose that we have constants c a ^ with 

• S{Y a (p), Yp(p)) = 0. 

Let ^ be a collection of pairs (a, j6) such that 

{s(X a (p).Xp(p)) : (a^) e S} 

is a basis of Nor 1 M p . Since M is nicely curved, it follows that {s(X a (q), X^(q )) : 
(a,jS) e 4} is a basis of Nor 1 M q for all points q in a neighborhood of p. Now 
consider the section 

of Nor 1 M, where the denote constant functions. In a neighborhood of p 
we can write 

- s{Y a , Y^) = ^2 /a/3 . 抓 … Q) 

for unique smooth functions f a p. Clearly f a p{p) = 0- Applying to the 
abo' e equation wc thus obtain 

J^c ar V Xp s(Y a ,Y^)= J2 X pUap)-s(Y a (p),Y^{p)) + 0 

e Nor 1 M p . 
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Consequently, 

o = [C ， T 2 ^'x p s(Y a , Y^) = - 5 (A ， y a(P), y p(p)) by ㈣. 

Thus we see that 

- s(Y a (p), Yp(p)) = 0 =^> ^ c a p - s(X p , Y a (p), Yp(p)) = 0. 

It follows that there is a well-defined map from Nor 1 M p to Nor 2 M p under 
which 

^C a p ■ s(Y a (p),Yp(p)) i-> - s(X p , Y a (p), Yp(p)). 

This map doesn’t depend on the choice of {Y a }, for if we also have spanning 
vector fields {Z a }, we can apply the above argument to the collection {Y a } U 
{Z a }. The argument clearly works for all k, so we see that there is a well-defined 
bilinear map 

s k ： Mp x Nor k M p — Nor k+, M p 

such that 

s k (X p , s k (X ]p ,..., X k+]p )) = s k+l {X p , X lp ,..., X k+ip ). 

Now suppose we have any section § of Nor^ M. Locally $ can be written as 
a sum of terms / - 5 ^(X 1 ,..., X^^). Since 

V Xp {fX k+x )) = X p (f). s k (Xx p ,..., X k+Xp ) 

+ f{p)-V Xp s k {X x ,...,X k+x ), 

we see that 

T k+x V Xp {f-s k {Xx,...,X k+x )) = f{p)-T k+[ V Xp s k (Xu...,X k+ ,). 

Then (**) shows that 

(***) T ^ +1 = s k (X p j p 、， ^ a section of Nor^ M, 

Now we will consider all the other components of V 、 p 专 for ^ a section of 
Nor^ M. First we note 
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69. LEMMA. If ^ is a section of Nor^ M and X p e M p ， then 
V Xp ^ e No/- 1 ㊉ No/ ㊉ Nor fc+1 M p . 

PROOF. Since ^ is a section of Osc^^ 1 M, we have ^ r x p ^ ^ Osc^^ 2 M p . Now 
if r] is any section of Osc 7 M for j < k, then (^, rj) = 0, so 

0 = X p {{^ r])) = <▽、！， rj(p)) + {^(P), 

If we also have j < k - l, then ▽’ 々 "e Osc^ M p , so (§(/>), = 0, and 

hence <▽ 、！， r](p)) = 0. ❖ 

Thus we see that for a section 专 of Nor^ M we can write 

= T^'(VV^) + 栌 (▽、$) + T fc+1 (▽、$). 

The third term of this decomposition is already given by (***). For the first 
term we have a result which generalizes Proposition 12. 


70. PROPOSITION. If 专 is a section of Nor fc M and X p e M p 、 then the 
vector T k ~ l (^ ， X p ^) ^ Nor* -1 M p satisfies 

a k _WUp) = = -⑽ u k -'x p ， r] p )) 

for all r\p e Nor 允 - 1 M p . 

Consequently, T 卜 \ ▽ 、专 ）depends only on X p and ^ p . 

PROOF. If q is a section of Nor fc 一 1 M extending r] p , then (^, rj) = 0, so 

o = x p {(^ rj)) = >ip) + ( 与 (ph 

= ⑸尸)， T 卟 

since ^(p) e Noi 乂 M p , by assumption. Now apply (***). ❖ 

For any vector $ e Nor fc M p we can now let 

Al p (X p ) = -T k -\V , Xp ^ 

for any section ^ of Nor^ M extending ^ p , so that we have a map 

A\ p : M p Nor 卜 1 M p 
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satisfying 

(A) ， " 卩〉 = 〈$， 1 (Xp ， rjp))■ 

(Note that for 众 = 0 we are dealing with the 0 map.) For convenience, we will 
sometimes write 

A k ^ p -X p ) for A\ p {X p ). 

Finally for the expression T k (V f x p ^) we introduce a new symbol, 

D k x J = （▽、$)， § a section of No/ M. 

It is easy to check that D k is a connection on Nor^ M which is compatible with the 
metric ( ， ）on Nor M . We can now write our decomposition of ▽V〆 as 

The Frenet Equations: 

= ~A\ p {X p ) + D k x J+s k (X p ^ p l 
for ^ a section of Nor^ M and X p e M p . 

The terms (X p ) and s k (X p ^ p ) are completely determined by the maps 

s k-1 , s k , and ， These Frenet equations essentially contain the Frenet equa¬ 
tions for a curve when M is 1-dimensional; in general, they contain the Gauss 
equations (for k — 0) and (part of) the Wcingarten equations for k = L 

71. THEOREM. Let M n ,M n C N m be connected nicely curved submani¬ 
folds of a complete simply-connccted manifold N of constant curvature. Let 
(f) ： M A/ be an isometry. Suppose that for all /: > 1 there are bundle 
isomorphisms ^) k : Nor^ M Nor k M covering 0 which preserve inner prod¬ 
ucts, second fundamental forms s k , and connections D k • Then there is an 
isometry A of N such that 0 = A\M and — A^\ Nor k M. 

PROOF, Wc obviously want to reduce this to Theorem 20. Notice first that 
since Osc^ M p — Nor 0 M p ㊉…㊉ Nor /_, M p ，and similarly for M, the formal 
imbedding dimension #(M) must equal #(M). Taking into account Propo¬ 
sition 67, we see that there is no loss of generality in assuming that #(M)= 

#(M) — m. Then the bundle isomorphisms 0 1 . 击卜 ' combine to gi\c a 

bundle isomorphism 0 : NorAf — Nor M. Clearly 0 preserves inner prod¬ 
ucts, second fundamental forms s k ' and connections D k . In particular 0 takes 
the second fimdamental form s (= ^ 1 ) to .v (= .v 1 ). To prove that 

4>(Dx^) = 


(*) 
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for all sections t of E, it suffices to consider separately sections ^ of Nor k M. 
Then the Frenet equations give 

, I k = 1 

= M^x^) ^ <^_ A k {X) + Dk ^ + k>h 

with corresponding formulas for Since 0 preserves D k , as well -ds A k 

and (for they are determined by s k ^\ s k and /), we see that equation (*) 
does indeed hold. ♦ 

Now we need certain equations satisfied by the connections D k . Wc will state 
these in terms of vector fields on M and sections of Nor k M. After the proof we 
will give another formulation, in terms of tangent vectors in M p , and vectors in 
Nor 々 which will make the result appear as a genuine generalization of the 
Codazzi-Mainardi equations for D. 

72. THEOREM. Let M C iV be nicely curved. Then for all vector fields X, Y 
on M and sections t of Nor k M {k > 0) we have 

The Generalized Codazzi-Mainardi Equations: 

T k+ 'R'(X, Y)^ = [D k+l x^ k (Y^)) - s k (V x Y,^) -s k {Y, D k x ^)] 

— — s k (V Y X^)- s k (X, D k y^)]. 

When N has constant curvature, the left side is zero. 

PROOF. By the Frenet equations we have 

VVt = ~A\(Y) + D k y^ + % k {Y^)- 

Since A^(Y) is a section of Nor fc_l M, Lemma 69 implies that 

T k+l V x W' Y ^ = T k+l V x D k Y ^ + T k+ 'V x s k {Y^). 

Using (***) on page 170. and the definition of Z) fc+1 , we thus have 

(1) T t+! V^VVf = s*(^, D k Y ^) + D k+] x(^ k ( Y ^))^ 

(1') T^+'vVV^f ^s k {Y. D k x ^) + Z^+Ms^U)). 

We also ha'' by (***), 
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and thus 

(2) = -s 々 (V y X』). 

Substituting (1) ，（ 1’) ，（ 2) into the formula R f (X, Y)^ = V^VV^ — — 

▽’ [U] 专 ， we obtain the desired result. 

When N has constant curvature Kq we have 

R\X,Y)^ = K 0 [(Y^)X^{X^)Yl 

which is tangent to M. So T^ +, R\X, Y)^=0. ❖ 

It is easily checked that in these generalized Codazzi-Mainardi equations, 
each of the expressions in brackets is linear in X, F, and $ over the C°° functions, 
and thus its value at p depends only on X p , Y p , ^ p . To give this value ex¬ 
plicitly, we note that we can consider as a section of the bundle Wom{TM x 
Nor^ M, Nor^ +1 M). Using the connections V, D k , and D k+X on TM, Nor^ M, 
and Nor^ +l M, we can define a natural connection V on this bundle (compare 
page 37 for the case k — 0). It is easily seen that Theorem 72 can be written 

T k ^R\X p ,Y p % = {V Xp % k ){Y p ^ p ) - (^Y p s k )(X p ^ p ) 

X p , Y p e M p , and ^ e Nor 众 M p . 

Now we can state the proper form of Lemma 65. 

73. LEMMA (FUNDAMENTAL LEMMA OF RIEMANNIAN SUBMAN¬ 
IFOLD THEORY). Let M C N be nicely curved. Then the set of normal 
connections D k in Nor^ M is the unique set of connections 8 k on Nor^ M such 
that 

(0) 8° = V, 

(1) 8 k is compatible with the metric in Nor 々 M\ 

X{{^Y})) = {S k x ^ Y]) + (^, 8 k x ri) for sections ^ r) of Nor* M ， 

(2) The 6 k satisfy the Codazzi-Mainardi equations: 

丁 “ 1 穴 = [<5 々 + §) - s fc (y ， Am 

- [# + W(m) - s k (V Y X^)~ s k (XJ k Y^)]. 
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PROOF. We will show that if 5( = D k , then 8 k+l = D kJrX . Since 6° = ▽ = Z) 0 , 
this will prove the result. We begin by considering the expression 

s k (Z u r]))- (8 k+l Y t s k (X^), % k {Z u r])) 
-(S^y^iZurj), s <: (X,e)) + {^ +1 z 1 s <: (r 1 ,r ? ), s k (X,^)) 

+ {8 k+l Zl s k (X^), s k (Y utl ))- (8 k+l xs k (Z u ^), s^Yurj)), 

where f, r] are sections of Nor^ M. As in the proof of Lemma 65, we are led to 
the conclusion that we can write 

〈 y +1 A^(m ， s k (Z u r]))- (8 k+l x^(Z u ^), s k (Y u r])) = ..., 

where • can be expressed in terms of X, Y\,Z\,^, t],6 k = D k . In particular, 
if we choose f = s k {Yi, … ， 4 + 2 ) and r] = s k {Z 2 , … ， Z 4 -+ 2 ), then we obtain 

(3) {8 k+l x s k+l (Yu...,Y k+2 ), s k+l (Zu...,Z k+2 )) 

- (8 k+l xs k+l (Z,, h ， ... ， h +2 ), / +1 ⑺， Z 2 ,, Z k+2 ))= .… 


We will abbreviate the left side of this equation by 


{ , . . . , Y _|_ 2 9 ^ 1 ，- • . ， ^k +2 } 一 { ^1 ? ^ 2 ， • • • ， ^it+ 2 ， h ， ^ 2 ? • • • ， ^A:+ 21 * 

Now consider the following expressions (the pattern becomes apparent by look¬ 
ing at the terms after the — signs): 

L 巧， … ， 4 + 2 ; Zi ， Z2, Z3, ... ， Z4-4.2} 

— {Z\, Y2, … ， ^+2 ； Z2, Z3,..., Z4-4.2} 

{Y2, Zi,V 3 ,.. 4+2; Z2, Vi,Z 3 , ..., z^ +2 } 

- {Z2, Zi, h ， … ， J^+2 ； ^ 2 , Y\^ Z3, • • . ， ZkJrl) 

⑺， Z2, Zi,..., y^+2; Z3, Y 2 ,Y\,.. 2^+2} 

- {Z3 ， Z2 ， Zi, … ， y^+2 : ^ 3 , ， … ， ^k+l) 

{Yk + \ ，■^ A: ， • • • ， ^1 ， ^k +2 - + 1 "> ， • • • ， K ， ^k +2 s 

— {^k+\ ? • • • ? ^1 ? ^A:+2 - ^k +\' • • • ， K 


{Yk+l'f ^k-\~\ ) • • • 5 -^1' 2^+2， U + l, • • • 9 ri} 
_ k + 2 ^ • • • ， ， ^ A :+2， . • • ，}• 
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Notice that each term after a - sign is the same as the term on the next line ， 
since ^ +1 is symmetric. So adding all the equations (3) having the above ex¬ 
pressions on the left we obtain 

(4) (8 k+l x s k+i (Y u ...,Y k+2 ), s k+ \Z x ,...,Z k+2 )) 

— (8 k+ ' x s k+l (Z,,..., Z k+2 ), s k+[ Y k+2 )) = .... 

But by (1) we also have 

(5) (S k+X x s k+X (Yu..., Y k+2 ), / +, (Z,,..., Z k+2 )) 

+ {8 k+l xs k+ \Z u ..., Z k+2 ), / + 1 (r ,，... ， Y k+2 ))= .... 

So by adding (4) and (5) we obtain 

⑷ 〈 # +1 尤 / +1 ([ ， ... ， }^ + 2 ) ， s k+ '(Zi,...,z k+2 ))=.... 

Since Nor fc+1 M p is spanned by image s k+l , this proves, as in Lemma 65, that 
is uniquely determined. 

Now for a manifold M C N we define tensors by 
F k (Xi,...,X k+l ,Y u ...,Y k+] ) - / ⑺， … ，心 +1 )〉. 

U X x ,...,X„ e M p is a basis, then we can form the n k+x x n k+x matrix 

> • • • > 不 \. + 1 ’ Ai ’ • • • ’ )). 

It is easy to see that this matrix is positive semi-definite and that its rank is just 
the dimension of* Nor^ M p . 

74. THEOREM. Let M, M C N be connected nicely curved submanifolds of 
a complete simply-connected manifold N of constant curvature. Let (p \ M —> 
M be an isometry such that 

(p* 3^ = for all k. 

Then 0 is the restriction of an isometry of N. 

* For those who know about tensor products of vector spaces this can be expressed more 
simply. W e can regard s k as a linear map s k : M p • • • 0 M p —> Nor^ M p , so is a 
bilinear map : (M p ® • • • 0 M p ) x (Mp ® ® M p ) —> M. The matrix considered 

above is the matrix of this bilinear map with respert to the basis {X( i ⑧ •.. ⑭不人十 , } of 
M p ® M p . 
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PROOF, The preceding remarks show that the dimension Nor^ M must equal 
the dimension of Nor^ M. Since s k is onto Nor^ M, the procedure used 
in the proof of Proposition 66 allows us to construct bundle isomorphisms 
不 k ，， Kor k M Nor k M which preserve inner products and second funda¬ 
mental forms s k . Again arguing as in Proposition 66, but using Lemma 73 in 
place of Lemma 65, we see that the 4> k also preserve the connections D k . So 
we can apply Theorem 71 ♦ 

We would also like to discuss when a given set of tensors on a man¬ 
ifold M come from an imbedding of A/ in a complete manifold N of con¬ 
stant curvature. The Codazzi-Mainardi equations represent only one set of 
integrability conditions, and we still have to consider the other components of 
— ▽’ [m 专 . If ^ is a section of Nor 々 M，then the only 
components we have to consider are T 々 _2 ， ... ， T 々 + 2 ，where T^ +1 is already 
taken care of by the Codazzi-Mainardi equations. 

First consider T k+1 . From the Frenet equations 

Vy^ = ~aI(Y) + D k Y^ + s k (Y,^) 

we obtain 

T k+2 V X V Y ^ = T k+1 V x s k (Y,^)=s k+ '(X^ k (Y^)) by ( 料 *). 

Also 

卢 2 VW] 专 = 0 . 

So we have 

T^R'iX^Y)^ = s k+l (X,s k (Y,^)) -s k+i (Y,s k (X,^)). 

In a space of constant curvature，the left side is 0. On the other hand, the right 
hand side is dearly always 0, since s k+1 is symmetric. Tlius we do not obtain 
any new condition for imbedding in a manifold of constant curvature by looking 
at T k+2 . 

Next consider T k ~ 2 . The Frenet equations give us [recall the alternative 
notation A k {^\ X) for A^{X\\ 

T k ~ 2 V x V Y ^ = -J k ~ 2 V x A\{Y) = A k ~\A\(Y)\X) 
T k ~ 2 V Y ^x^ = -J k ~ 2 V Y A\{X)= A k -\A\{X)\Y) 

T k - 2 v [X ^ = ^^ 
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So we obtain 

= A k - X {A^Yy, X) - A k -\A\{X)-Y). 

In a space of constant curvature the left side is 0 (this is clear for k > 2, 
since R f (X, Y)^ is tangent to Af; it is true even for k = 2, since R f (X, Y)^ — 
K 0 [{Y^)X - (X,^)Y], and {X= (Y,^) = 0). On the other hand, for any 

section rj of Nor^ -2 we have 

= (Al(Y),s k - l (X,r})) 

so we see that the right side of our equation is always 0. So, once again，we 
obtain no new conditions for imbedding M in a manifold of constant curvature. 
Now consider T k ~ x . We have 

T^-'WVVt = ~T k ~ x V x A\{Y) + J k ~ x V x D k Y ^ 
^-D^xA^Y)- A k (D k Y ^ ； X) 

J k ~ x V Y V x ^ = -D k - x Y Al(X)- A k (D k x ^;Y) 

T k - l V [x ^ = -A\{[X,Y]) = + A\{SJ y X). 

Thus we obtain 

-J k - x R\X,Y)^ = [D k - l x Al(Y)- A k (D k x ^,Y)- A k ^(V x Y)] 

— [D k ~\A\{X)- A k {D k Y ^X)- A\(^ y X)}. 

Taking the inner product with a section r] of Nor 众一 1 M, we obtain the equiva- 
lent equation 

(a) -= [{D k - x x A\(Y),r]) - {D k x ^s k -\Y,r])) 

一 [{D k -\A\{X),r])- (D^^-^X^)) 

But we also have 

(Al{Y),r 1 ) = (^s k -\Y,r 1 )) 
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=» (D k - l x Al(Y)^ 1 ) + {A l l(Y), D k ~' xri ) 

= (D k x ^s k -'(Y^)) + (^ D k xS k -'(Y,r)、) 

(D^xA^Y),^) - 

=(§， - {^ k ~ x (Y, D k -' xt] )). 

Therefore the right side of (a) can be written 

- 哚， D k - l Y s k -\X,r)))-(^s k ~\X, ^- , y^))-(^s fc - | (VyX, ?? ))] 

= {R’ （ X, Y)t], ^), by the Codazzi-Mainardi equations. 

So equation (a) follows from the Codazzi-Mainardi equations; we obtain no 
new conditions by looking at T^ _1 . 

Finally, we have to look at . We have 

T^VVVV$ = -T k V x Al(Y) + T k V x D k Y ^ + T k V x s k (Y^) 

=4(F)) + D k x D k Y 与 - A k+x (s k (Y^)-X) 
T^WVV^ = -s fc -'(r,^(^)) + D k yD k x ^~ A k+ '(s k {X^);Y) 

” ▽'[m 卜 D k [X Y ]^- 

So we obtain 

(b) T k R'{X,Y)^ = D k x D k Y l- D k Y D k x ^- D k [XJ] ^ 

+ s k ~\x, 4(x)) - s H ( x ， 4(r)) 

+ 沪 +1 (s fc (m;n - 沪 +1 (s*(r 』 ) ; 幻 . 

When k = 0^ the terms involving s 灸一 1 do not appear In this case, if we take 
^ = Z to be a section of Nor 0 M = TM we obtain 

R\X,Y)Z = R(X,Y)Z + A l (s(X,Z):Y) - A\s{Y,Z)\X) 

I 

(R\X, Y)Z,W) = (R(X, Y)Z,W) + (s(X, Z),s(Y,W)) - (s(X, W),s{Y,Z)) 

i.e” Gauss ， equation. But for 众 > 0 we obtain an unsavory hybrid between 
Gauss’ equation and the Ricci equations. We can obtain a nicer looking set of 
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equations by considering the bundles Osc^ M. There is a projection : N p 
Osc k M p , defined by means of the orthogonal complement of Osc^ M p in N p , 
and we can thus define a connection on Osc^ M by 

^ a section of Osc^ M. 

This connection has a curvature tensor /? [ 左 ] defined by 

R [k] (X,Y)^ = D lk] x D [k] Y ^ - D [k] Y D [k] xH~ D [k \x, Y }^ 


75. PROPOSITION. Let M C N be nicely curved. Then for all vectors 
X,Y e M p and ^ e Osc^ M p we have the 


Generalized Gauss Equation: 

T [k] R\X,Y)^ = 

R [k] (X,Y)^ + A k (s k ~Hx,T k -^);Y)- A k (s k -\Y, T k ~ l ^-,X). 


So for I, t] e Osc^ M p we have 

{R'{X,Y)tr]) = {R [k \X, Y)^, r]) + (s^ 1 (X, T k ~^), s^ 1 (Y, T k ~ l rj)) 

— (s k -\Y,T k -^),s k ~ l (X, T k _ l n)y 


PROOF. We have 

VVf = + 

=+ 专） 

= D [k] Y ^ + s k ~'(Y, T k ~ 1 ^). 


Therefore 

=D [k] x D [k] Y^ + s*- 1 {X, T k ~' - D [k] Y^) 
+ D [k] x s k ~\Y, T^ _1 $) + 0. 


So 

(1) T [,fe] VVVV^ = D [k] x D [k] Y^ + D [k] x s k ~\Y,T k ~^) 

=+ T A:- 1 VVs A: -W _1 专 ) 

二 D [k] xD [k] Y^ - A k {s k ~ l {Y,s k -^); X). 


Also 

(2) T [ ； :] VVVV$ = D [k] Y D [k] x ^ - A k (s k -\X,T k ~ 1 ^)- Y) 

(3) T^V ix . Y] ^ - D^x.y]^. 

Equations (1)-(3) give the result. ❖ 
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Although we derived Gauss' equation from scratch, it is important to note 
that it is formally equivalent to equation (b) on page 179, in the following sense. 
For a section ^ of Osc^ M we could define as 

=[D° x T 0 ^+s°(X,T 0 ^] 

+ [~A'(T^-X) + D ] xT^ + s ] (X^)] 

+ [-A k - 2 (T k - 2 ^X)^ D k - 2 xT k ~ 2 ^ + s 々 — 2 (Xj>] 

+ [-A k ^(T k ~^;X) + D k -' x T k ~^]. 

Then the equations of Proposition 75, together with the Codazzi-Mainardi 
equations, imply equations (b) on page 179; the verification of this claim is 
left to the reader. So the Codazzi-Mainardi equations and Gauss’ equation are 
the full set of integrability conditions for the Frenet equations. But we still have 
a lot of work to do before we can decide when a set of tensors {^} on M come 
from an imbedding of A/ in a space of constant curvature. 

First we claim that if i has its usual significance，then 

R [t \X,Y)^J [i] R\X,Y)^ 

= 0, when N has constant curvature. 

This follows immediately from Proposition 67, which shows that Z) [ 幻 =▽’ on 
Osc £ . We could also note that /?[ 幻 =and that the terms which 
then arise in Gauss' equation are 0, since they lie in Nor M p . 

Now we have to establish certain important identities for the curvature tensors 
analogous to those for R = /?[”. Recall that we have 

(1) R(X,Y)Z + R(Y,X)Z = 0 

(2) (R(X, Y)Z,W) + (R(X, Y)W, Z) = 0 

(3) Z{R(X,Y)Z} = R(X,Y)Z + R(Y,Z)X + R(Z,X)Y =0 

(4) (R(X, Y)Z,W) + {R(Z, W)X,Y)=0. 

When we are dealing with a submanifold M of another Riemannian mani¬ 
fold N, these identities follow immediately from Gauss，equation 


{R\X,Y)Z,W) = {R(X,Y)Z,W) + (s(X, Z),s(Y,W)) - (s(Y, Z),s(X,W)) y 
and the corresponding identities for R f . Similarly; we have 



182 


Chapter 7, Addendum 4 


76. PROPOSITION. Let M <z N ht nicely curved. Then 

(1) R [k] (X,Y)^ + R [k] (Y,X)^ = 0 

(2) (R [k Hx,Y)^rj) + (R [k] (X,Y)rj^) = 0 

(3) 3{R [k] (X,Y)-s k - 2 (Z,O}=0 ^ e Nor^ -2 M p 

(30 ( z ,,..., z k ), (州，…，叭 )>} = o 

where 2’ indicates a cyclic sum over (F, Zi,..., Z^, VKi,..., W^) 

(4) 0= {R [k] (X l ,Y x )-s k ~\X 2 ,..., X k+x ), s k -\Y 2 ,...,Y k+x )) 

+ r 2 ) • / 一 1 ⑺， /3,…，^ +1 ), s k ~\X x , Y 3 ,..., Y k+l )) 

+ (R^(X 3 ,Y 3 )- S k - l (Y u Y 2 , ^ +1 ), (X U X 2 , r 4 ,... ， ^ +1 )) 

+ (R [k] (X k+u Y k+l )-s k ~ l (Y u ...,Y k ), (X l ,...,X k )). 

Moreover, these identities follow formally from Gauss’ equation for (and 
the properties of the curvature tensor R f for the ambient manifold). 

PROOF. An easy computation. ♦ 


More important for us will be the (second) Bianchi identity 

Z{(V z R)(X,Y,W)} = 0 

[where we write R as (X, V, W) R(X, Y, W)]. 

Although we have derived this identity for the curvature tensor of a (symmetric) 
connection on the tangent bundle，it is actually more general: 

77. PROPOSITION. Left V be a connection on TM ，with torsion tensor T, 
and let D be a connection on a bundle m : E ^ M with curvature tensor R — 
Rd Let V be the natural connection on the bundle Hom(rM x TM x E,E) 
determined by the connections V on TM and D on E. Then 

Z{(V z R)(X, Y^)} + Z{R(T(X, r)，Z 抝 = 0 . 

In particular, if T = 0, then 

Z{(V z R)(X,Y^)}. 

PROOF. Exactly the same as the proof on pp. 11.244—245, replacing W by ^ 
throughout. ♦> 
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Note that when E is TM, the connection V is just denoted by ▽，in conformity 
with previous usage. 

78. COROLLARY. Let M C N be nicely curved, and let V be the natural 
connection on Hom{TM x TM x Osc k M, Osc* M) determined by the con¬ 
nections V on TM and on Osc A/. Then 

(1) S{(V Z /^]KH§)} = 0 - 

In addition, 

(2) R [k] ){X, Y u s k - 1 (X 2 ,Xk+i) ， s k - l (Y 2 ,...,Y k+l ))} ^0 

where S 〃 indicates a cyclic sum over ( 不 ， .• • ， Xk+\, ^ifc+i). 

Moreover, equation (2) follows formally from (1) ， Gauss’ equation for R^ k \ and 
the fact that the connection on Osc* M is compatible with the metric (and 
the properties of the curvature tensor R' for the ambient manifold). 

PROOF. To obtain equation (2)，we apply X to both sides of equation (4) in 
Proposition 76. We have, for example, 

义 ( 〈 /^]( 不， Y x ,s k -\X 2 ,..., 為 +i)) ， … ， Y k+{ )) 

= Y\,s k ^\X 2 ,..., X k+ i))), /- 也， … ， ^+i)) 

+ {R [k] {Xi, Yx,s k ~\X 2 ,..., X k+ i)), D [k] x s k - X {Y 2 ,..., ^+i)>, 

which by Corollary II.6.5 is 

= 〈(专//?[々])(不， [ l ，/ — …， I /:+ l ))，’ Uh ， …， ^：+ l )) 

+ h ， 1 ( I2 ，…， 心 + i ))，/ 1 ( h ， …， h + i )〉 

+ {R^(X { ，▽义 h 1 (A …，心 +i))， / _1 ^/c+i)) 

+ {R^ k \X\, Y\, D^x sk ~ l (^2^ • • • 5 A^+i)), ’ Vh， …， ^+i)) 

+ {R lk] {X u h ， 1 (A ， … ，心 +1 ))，- 1 ⑺， • •. ， h+i)〉. 

Using (1) we can replace the term involving (V^/? [/：1 ) by two terms, involving 
Wx and V^j R^ k \ After performing this substitution, and summing all the 
terms thus arising from equation (4) of Proposition 76, everything cancels out 
except for the terms which constitute equation (2). V 
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Corollary 78 will play an especially important role in our theory. To begin 
with, consider the case R = /?[”，which depends only on the connection V 
on TM. In the Remark after Lemma 65, we pointed out that for any bundle 
m: E M with a metric ( , ) and a symmetric section .v of Hom(TM x 
TM, E), we can consider the “Codazzi-Mainardi equations’’ for a connection 8 
on E. The proof of Lemma 65 shows that if 8 is to be compatible with the metric 
{ ， > and also satisfy this equation, then > 2 ), v(Zj, Z 2 )) is completely 

determined, by equation (*) in the proof. However, if we are given a 8 which 
does satisfy (*), it is by no means clear that S is compatible with the metric 
and satisfies the Codazzi-Mainardi equations. To see what is happening here ， 
we need to examine the formulas much more closely. Returning to the proof 
of Lemma 65 one can see that when explicitly written out，equation (3) in the 
proof reads 

^2)^ v(Zi, Z2)) — (Sx^(Z\, Z2)) 

= (.v(Vy, X, Y 2 ) — Y 2 ) + s{X, Vy, y 2 ) — v(Fi, Vxl2) , s{Z\, Z 2 )) 

— (v(Vz, ^1, Y 2 ) — s(Vy] Z\, Y 2 ) + v(Fi, Z2) - .v(Zj, Vy, Z 2 ), s{X, F 2 )) 

+ {.v(V^Zi, Y2) — X, Y2) + v(Zi, Y2) — s( A", V^, Y2), .v(Fi, Z2)) 

+ K (〈、'( h) ， s(Z \, Z2))) — Z\((s{X, Y2)^s(Y\, Z2))) 

=e(X,Y u Y 2 .Z\,Z 2 ), say. 

Following the proof a little further along, we arrive at the explicit formula 

2 ( 8 x s(YuY 2 ), s(Z u Z 2 )) = e(X,Y u Y 2 ,Z u Z 2 ) + 8 (X ,Y 2 ,Z X ,Z 2 ,Y X ) 

+ ^({^(^11 Y2),S(Z\, Z2))). 


Now we can form 

2(8us(V^Xl s(Y,Z)) - 2(8 v s{U,Xh s(Y^Z)) 

= Y,Z) 

+ e(u. x, y,z，n 

-e(VM,X, Y,Z) 

-g(y ， X.Y.ZM) 

+ U((s(V,X),s(Y, Z)»- V((s(U,X),s(Y, Z)» 

= V((s(U, X),s(Y, Z))) - Y((s(U, X)^S(\\ Z))) + … 

+ X{(s(U,Y), s{V, Z)))- Z((s(U,Y), s(X, V))) + … 
— L’( 〈 y(K ， 幻， .v( Y , Z.))) — Y ((.v(K , X)^ s{U^ Z ))) -4- • ■ • 
— X((s(V, Y),s(l\ Z))) + Z((s(V,Y), s(X. U))) + … 
+ U((s(V,X),s(Y,Z)))-V((s(U,X),s(Y,Z))) 
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= ^{Z({s(X,U),s(V,Y)) - (/)))} + ••• 

where 5 indicates a cyclic sum o\ er (X,Y,Z) 

= 2{Z({R(X,Y)V,U))} + ■■■ 

=^{{V Z (R(X,Y)V),U)} + ■■■ 

= 3{<(V z /?)(^,y,F),t/)} + ■■- • 

We have not troubled ourselves to write down all the … terms, but, as you may 
suspect, when we apply Corollary 76(2) [for ^ = 1] we find that this equation 
comes down to precisely the Codazzi-Mainardi equations! In deriving this, we 
use only Gauss' equation for R, and the fact that V is compatible with the 
metric (and properties of R' for the ambient manifold). 

Similarly, we may form 

2 {&xs(X x ,X 2 ),s(Y x ,Y 2 )) + 2{s{X x , X 2 )^ x s{Yx,Y 2 )) 

^e(X,X x ,X 2 ,Y x ,Y 2 ) 

+ e(X,X 2 ,Yi,Y 2 ,X\) 

+ S(X, Y\, Yi, X 2 ) 

+ S(X,Y 2 ,Xi,X 2 ,Y ] ) 

+ 2X((s(XuX 2 ),s(Y 1 ,Y 2 ))) 

+ yi)^(F 2 ,^i))) - y 2 oy(i ， yv) ， s(Y 2 ， x 1 )>) + … 

+ y,((5(^, y 2 M ⑶ , i 2 )〉) - ^ 1 (( 5 (^, y 2 ),5(^i,^2)» + ••• 

+ y 2 ({s(x, Xi),s(x 2 , Fi))) - x 2 ({s(x, ^1),5(^, ^i)» + ••• 

= 3"{4(〈狀，為)，仙， h ) 卜 r 2 ),5(> / i ^2)»} + • •• 

where 3" indicates a cyclic sum over (Xi ， X 2 , ^ 1 ^ 2 ) 

=- 5 ,, {A r ] ((/?(X,y,)A , 2 ,y 2 ))} + ■ 

= ~^{(V X] (R(X, Y l )X 2 ),Y 2 )} + 

= R)(X, Yi ， X 2 ), Y 2 )} + -- - ■ 

When %ve apply Corollary 78(2), it turns out that exerything on the right side 
of this equation cancels, except the term 2 ^(( 5 (^ 1 ， X 2 ), ^)})- So we see 

that 8 is compatible with the metric! 

More generally, we have 

79 PROPOSITION Tlie fact that D k+i satisfies the Codazzi-Mainardi equa¬ 
tions and is compatible with the metric follows formallv from equation (*) in 
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the proof of Lemma 73 ， Gauss’ equation for and the fact that D k is 

compatible with the metric (and the properties of R f for the ambient manifold). 

PROOF, An abominable calculation. ♦ 

We are finally ready to consider the general imbedding question. The sit¬ 
uation is rather complicated, and we will merely outline the results, without 
going into details. We are given a simply-connected manifold M n and tensors 
而 ， • • • ，巧 -i on M, the tensor ^ being covariant of order 2(k + 1) and sym¬ 
metric in the first k + 1 arguments, in the last k + 1 arguments, and under 
interchange of the first k + 1 arguments with the last k + 1 arguments. We as¬ 
sume that is positive definite, and thus a Riemannian metric on M; we will 
also denote 而 by 〈， 〉• For /: > 1 we assume that ^ is positive semi-definite of 

constant rank r 左 >0. Set m = n+r x -\ - hQ -卜 We want to know when these 

tensors come from an immersion of M into a given complete m-dimensional 
manifold N of constant curvature As usual, we can reduce this to a local 
problem, so we assume that M is diffeomorphic to M w , and we choose a basis 
X\,. ..,X n for the vector fields on M. For \ <k<l — \ we take as our u k th 
normal bundle” E k = M x W k . Similarly, for our u k th osculating bundle” (9 灸 
we take the trivial bundle whose fibre over p is O k p = M p ㊉ ㊉…㊉ ^^ 一 、. 

Each E k has natural sections p \-^ (/? ，（ 0, •. • ， 0, 1 ， 0, ••” 0))，and we give E k 
the Riemannian metric which makes these orthonormal; these metrics will all be 
denoted by 〈， 〉• We now define s k : TM x . •. x TM — E k rather arbitrarily. 
By hypothesis, the n k+l x n k+x matrix 

(>灸 d_i ， . •. ，足 . 左 +i ， ^/i ， • •. ， )) 

has rank at each point. Making M smaller if necessary, we can assume that 
there is a set % of exactly (k + l)-tuples (ai，• • •such that the cor¬ 
responding rows of this matrix are everywhere linearly independent. Then 
for (ai ， • •. ， ) e ^ we define s k {X ai ， •. • ， X 0lk ^ l ) to be one of the natural 
sections of E k (choosing an arbitrary correspondence between the elements 
of % and the natural sections of E k ). There is now a unique way to define 
s k {Xi x ， • • • ， in general so that 

〈 /(X ;1 ， … ， X ik+x ), s k {X h ， … ， X jk+l )) = F k {Xi 

1 ， . . • ， 1 - Xj\ , • • • ， + 1 ). 

Now we would like to define maps 


s k : TM x E k ^ E k + X 
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such that 

. . ， A^.+i)) = s k+[ (X i ,X ii ,..., x ik+l ). 

But in this abstract set-up there is no way to prove that this map is well-defined. 
Instead we have to assume 

(I) For each i and j, the n k+l x 2n k+l matrix 

(不 1 ， . . . ， Y / fc + i ，々 l ， . . . ’ )’ 5 ^(' i > 1 ， … ， 々 A : 十 1 )) 

is of rank r k . [The (k + l)-tuple (“ ， … ， ik+\) determines a row of this 
matrix, and the (/c + l)-tuple ( 力， ... ， jk+\) determines 2 different columns.] 

With this assumption we can define s 众 . We can thus also define the maps 会 
for ^ an element of E k • 

Now we want to define connections D k on the E k . Consider first D x . The 
proof of Lemma 73 tells us that we have to define D x so that 

(ai) (D^Xj s ^ (^/i ? ^' 2)5 ? A 2 )〉 二五 1 d’ ， ， ^2, ， 々 2 )， 

where E\ is some explicit expression we could work out. In order to know that 
we can define D x so that this formula holds，we must assume 

(HQ For each /， the n 2 x In 1 matrix 

(^1 i^h\ > ^Ol 9 ^0.2) ， 五 1 d’ ， ，足 2, ， ^0.2)) 

is of rank r 2 . [The pair (h\,h 2 ) determines a row, and the pair ( 71 , 72 ) 
determines 2 columns.] 

With this assumption we can define so that equation (ai) holds. 

Of course, we already have the connection D° = V on TM determined by 
the metric = ( , ), and we want to assume that its curvature tensor R - R [l] 
satisfies 

(R\X,Y)Z,W) 

={R(X,Y)Z,W) + W)> - ^'(X, W),s\Y,Z)), 

i.e” 

(IIIO K 0 - [(X, W) - (Y, Z) - (X, Z) - {Y, M^)] 

= (R(X, Y)Z, W) + Z, Y, W) - MX, W, Y, Z). 
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Proposition 79 then shows that D l satisfies the Codazzi-Mainardi equations 
and is compatible with the metric in E l . We can now define on O 2 by the 
formula on page 181, and it therefore makes sense to assume the generalized 
Gauss equation for /?[ 2 ]. Actually, it suffices to assume the special case 

0 = {/? [2] (A-, 7)^(^,, ^2),^(^,^)) 

+ (s 2 (X,x u x 2 ),s 2 (Y,YuY 2 )) - {s 2 (Y,x u x 2 ),s\y, r,,r 2 )>, 

i.e., 

(iii 2 ) o = {^ 2 ](j^,7)5*(^,^ 2 ),5'(r,,r 2 )> 

+y 2 a, Y u Y 2 ) - (Y, X u X 2 ,Y, 7 ,, 7 2 ). 

Now we want to define D 2 so that 

㈣ {D 2 x i s 2 (X il , X i2 , X i}t ),s 2 {Xj x , Xj 2 , Xj^)) 

=E 2 (Xi, Xi x , Xi 2 , A7 3 , Xj x , Xj 2 , Xj^), 

where Ei is an explicit expression we could work out (it involves Z) 1 , but we 
already have an expression for D l ). In order to know that we can define D 2 so 
that this formula holds, we must assume 

(II 2 ) For each / ， /i ， / 2 " 3 , the rv' x 2« 3 matrix 

， 心 2 , Ay” ， A} 2 , A} 3 ), Xi x , Xt 2 , Xij,, Xj x , Xj 2 , Ay 3 )) 

is of rank / - 3 . 

With this assumption we can define D 2 so that (a 〗） holds. Then Proposition 79 
shows that D 2 satisfies the Codazzi-Mainardi equations and is compatible with 
the metric in E 2 . We can now define /)[ 3 ] on O 3 and it makes sense to as¬ 
sume the Gauss equation for Continuing in this way; we can formulate 

conditions 

[lb) \ <k <e-\ 

\ < k < ( ~ \ 

Finally, we can formulate 

(IV) R [i] = 0 . 

Standard arguments about integrability conditions show that if the conditions 

(I). {(1U)}, {(III 々 )l and (IV) hold, then the tensors .on M come 

from an immersion of M into N. 
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1 . Let /: R w ^ R n be a map with {/(u) ， /(u，)〉= (i;, w), where 〈，〉 is a 
non-degenerate inner product on W 1 . Show that 

(f (I2i a i e ih /(9)) = (Ei. a if f^ e i)) 

for all 7 , and conclude that f is linear. 

2. Consider R w+1 with the metric 

-dx° ® dx° + dx x ® dx x + - + dx n ® dx n . 

(a) For the Levi-Civita connection (compare pg. 11.342), the geodesics are the 
ordinary straight lines. 

(b) If g : M w+1 ^ M ” +1 is an isometry (with respect to this metric) with 幺 （ 0) 二 0 
and = identity, then g = identity. [This can also be derived, as in Problem 
1-5, from an appropriate generalization of Corollary II. 7-13.] 

(c) If /: M ” +1 — M w+1 is an isometry with /( 0 ) = 0, then / = /*o- 

(d) Every isometry of H is of the form p r A(p) +q (or A e O l (n + 1), 
and q e 

3. Determine the geodesics of H n by the same method used for S n in Chapter 
1.9 (reflection through a 2 -dimensional plane P C M ” +1 is an isometry). 

4. A linear fractional transformation is a map 

z i-^ + 土 a, b,c,d g C, ad — be 关 0, 

cz + d 

of the extended complex plane C U {oo} to itself. 

(a) The set of all linear fractional transformations is a group under composition. 

(b) For distinct zi , z 2 , 2 3 , the transformation 

二-二 2 

二 - 

Z — 二 3 

takes ri to K and z 2 to 0 , and :3 to oo. 

(c) There is a linear fractional transformation taking any three distinct points 
zi, Z 2 , :3 € C U {oo} to any other three distinct points w\, u’ 2 , ⑴ 3- 

(d) If a linear fractional transformation keeps 1, 0 , and oo fixed，then it is the 
identity. 

(e) There is a unique linear fractional transformation taking : ： i ，： 2 , 二 3 1 ， 0 , co. 
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(f) The transformation of part (c) is unique. 

(g) The linear fractional transformations which take the real axis to itself are 
precisely those with a, b, c, d e 

(h) The linear fractional transformations which take the upper half-plane onto 
itself are 


f(z) = 


az + b 
cz + d 


a ， b, c\ d e K and ad — be > 0. We can then clearly assume that ad ~ be — \. 
5. For distinct z \, 22 , Z 3 , the cross ratio (z, z \, Z 2 , Z 3 ) is defined as 


(Z,Z,,Z 25 Z 3 ) 


Z — Z2 / Zj — Z2 


Z3, 


Zl 一 Z 3 


thus (z, Z\ , Z 2 , Z 3 ) is /(z) where / is the linear fractional transformation taking 
Z 1 ? Z 2 ,Z 3 tO 1 , 0 ,OC. 


(a) If g is a linear fractional transformation, then 

(g(z),g(z\),g(z 2 ),g(z3)) = (z,zi,z 2 ,z 3 ). 


(b) If 0 = arg w denotes an angle between the positive x-axis and the ray from 0 
to w, so that w = \w\e ie , then 〜 

arg(z,zi,z 2 ,z 3 ) = arg - arg - 

<7 ^ A <T~ 

= 9\ — 02 in the picture below. 



Conclude that ( 二， ： i, 二 2 , 二 3 ) is real if and only if 二 ， lie on a circle or 
straight line. 

(c) A linear fractional transformation takes circles and straight lines into circles 
and straight lines. 
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6. In this problem we will use the notation on pages 319ff. 

(a) The metric on the upper half-plane can be written 

dz ® dz 
〈 ’ 〉 (Imz ) 2 

(b) For the linear fractional transformation / of Problem 4(h)，we have 


Im /(z)= 


\cz + d\ 2 
d /az + b 
dz \cz + d 


(cz + d) 2 


P{dz) = df = f z dz + f- z dz 

. - dz 

/ (d 乏 ) =df = ~z. 


(cz + d) 2 


J v 7 J (cz + d) 2 

(c) Conclude that / is an isometry of the upper half-plane. 

(d) There is such an isometry taking any given point z to any other. Hint: 
Consider the linear fractional transformation taking z \, Z 2 , ^ in the figure below 


to w\,w 2 , w. 



Z\ Z2 W\ W2 


(e) In the B 2 model, the linear fractional transformations keeping 5 = bound¬ 
ary B 2 fixed are isometries, and there are such isometries taking any point to 
any other. Conclude that these isometries are all the orientation preserving 
isometries of 5 2 , by noting that rotations about the origin are linear fractional 
transformations. 

(f) The geodesic circles around 0 in B 1 are clearly ordinary circles. Conclude 
that all geodesic circles are ordinary circles, and that the same result holds in 
the upper half-plane. (The converse can be proved exactly as in the higher 
dimensional case.) 

7. (a) In the upper half-plane, the distance between z\ = .v + H i and =2 = 
x + i }'2 is 

r y 2 dy 

d ( 二 l ， r 2)= / — = log : — = I log ( 二0，：1，二2，二3)1 

y 少 1 

where zq — x and 二 3 = oo. 
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(b) Let z\ , z 2 be any two points of the upper half-plane and let the semi-circle 
through z\ , Z 2 perpendicular to the x-axis meet the X-axis at zo and Z 3 . Then 

d(z\,z 2 ) = I log(zo,ri,z 2 ,r 3 )|. 

(c) Similarly, find the formula for d(z\,Z 2 ) in B 2 . 

8. (a) The only geodesic maps /: R” 4 R” defined on all of R n are the affine 
maps. Hint ，，Assume /(0) = 0, and recall the parallelogram law for addition, 
as on pg. III. 211. 

(b) Every geodesic map from S n+ to S n+ is of the form o A o (j)^ where 
0 : S n+ R n is the standard geodesic map, and /I: is affine. 

9. In this Problem we will determine all geodesic maps f' U — V where U 

and V are open subsets of R n . We will use material from projective geometry— 
the reader is referred to Hartshorne {1} for all terms and theorems.* We need 
the fact that every A = (a, 7 ) e GL(« + 1 ， M) determines a geodesic map 
A: F n ^ P w , and that every such map comes from some A e GL(n + 1,M), 
unique up to multiplication by a real number. If we regard C P n , then the 
action of A on is easily seen to be . ,x n ) = (j 1 ，.. •, y n )^ where 

n 

^2 a ij xJ + a i,n+\ 
i J = x 

V = - 

- n 

>二 “” +l，+ “ 《 +l ， w+l 

7 = 1 

(points where the denominator vanish go into the line at infinity). We will also 
use Desargue 5 s Theorem and its converse (= its dual). 

(a) Given any point 0 e M”，and three lines l\,h^h through O which inter¬ 

sect U. show that there is a Desargue configuration with all other points in U. 
[Hint: In the figure at the top of the next page, points A. A\ and P are fixed, 
while B and 5’. and C and C\ arc chosen close together.] Conclude that the 
lines containing the /(// H U) are concuiTent. Thus show that there is a well- 
defined extension /: P n with the property that if P e l\ H I 2 where l\ 

and h intersect U, then / ( 尸 ） is the intersection of the lines containing / (/i HL 7 ) 
and f(l 2 H U). Show also that / is one-one and onto. 

(b) Let P, Q. R be three collincar points of P w . In the figure on the bottom of 
the next page, we first choose A. A f e LK and then B. B' e U, so that the lines 

* For an analytic derivation see Schefl'ers {1; \ T . 2. 429-432}. 
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AA! and BB r intersect at a point O e U. Show that we can also arrange for 
QA and RB to intersect at a point C e U and for RB f and QA r to intersect 
at a point C € U. Then show that A A! and BB f and CC intersect Sit O e U, 
so that we have a Desargue configuration with all points except P, Q, R in U. 
Conclude that / (P), f (0, and / (R) are collinear. 



(c) Ever' geodesic map / : U —> V, wlierc U ,V e R n arc open connected sets, 
is the restriction of some map A for A e GL{n + 1, K). 
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(d) Every geodesic map from H n into H n is of the form (f)~ l o o 0, where 
(f )： H n ^ B n (\) is the standard geodesic map, and A: B n (l) B n {\) is a 
geodesic map which takes B n (\) into B n (l). 

10. (a) Let /: P 2 P 2 be a geodesic map which takes a circle S C M 2 C P 2 
into itself. Show that / is determined by knowing f(P) ， f(Q) ， f(R) for distinct 
points P,Q, R € E. Hint: Consider the tangent lines at P and Q, which 
intersect at some point S. 

(b) Show that there is such an / for any given values of f (P)，f (Q)，f (R). 
(You will need to use the fact that a conic is determined by 3 points and 2 
tangents—see a book on projective geometry which treats conics.) 

(c) Parts (a) and (b) show that the group of all geodesic maps /: P 2 -> P 2 with 
/(S)= : E has dimension 3. Using Problem 9, conclude that every geodesic 
map of H 2 onto itself is an isometry. 

(d) Generalize to higher dimensions. Also consider the geodesic maps of S n 
onto itself. 

(e) Use the geodesic maps H n B n {\) and B n (2) — B n (\) to describe an 
isometry between H n and B n {2). 

11. For vectors v m - X in R' we define w x • • • x v m - X to be the unique 

vector with 

( v ： 

(ui x • • • x v m -\,w) = det I • 

\ v m -i 

\ w 

for all w e E 771 . 

(a) If T : R m is an orientation preserv ing isometry, then 

T(v x x • • • x v m -\) = T(v\) x • • • x T(v m -\). 

(b) Show how to define Ui x • • • x for in，• • • ， in an oriented m-dimen- 
sional vector space V with an inner product 〈，〉 • 

12. (a) Let c be an arclength parameterized curve in (iV ，〈 ， 〉), with fCi ， …， 

K m _ x = 0. and Frenet frame Using vv = v r as a trivialization of 

the normal bundle of image r, show that 

ir(Vl,V!) = K x 8 r 2 

^r(Vi) = —K r 一 i&h + K r 8 S r + l . 
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Hence ir and 以 are expressible in terms of K\ ， … ， K m _u and conversely, 
Ku … ， K m -\ are expressible in terms of the IF and ^ s r . 

(b) Derive Corollary 4 from Theorem 20. 

(c) Prove the assertion on page 51 by showing that 0 o c = c for every curve 
c: [0,1] -> A/ with c(0) = p. 

13. Let M n , M n C S m C with corresponding covariant differentiations 

and ▽ ， ▽’ ， V' (as in the proof of Theorem 27). Let 0: A/ A/ be an 
isometry, and 0 : Nor M Nor M a bundle isomorphism covering 0 between 
the normal bundles in S m which preserves ( , ), s, and D. Let v be the unit 
normal on S m . 

⑻ The normal bundle Nor A/ of A/ in M w+1 has fibre M p l = A/ p 丄 ㊉ M. v (/?)， 
and similarly for Nor M. Define 0: Nor A/ Nor M extending (p by (p(v(p))= 
v{(j)(p)). Then 0 is inner product preserving. 

(b) The second fundamental form s of A/ in M w+1 is given by 

s(^, Y) = s(X,Y) + (X,Y)v, 

and similarly for M. 

(c) The normal connection D of Nor M is given by 

= Dx^ 专 a section of Nor M 
Dyv = 0 ， 

and similarly for M. 

(d) The bundle isomorphism 0 preserves s and D ， so there is a Euclidean mo¬ 
tion A : ^ M 斜 1 with (f) = A\M and 0 = Nor M. 

(e) From the action of 0 on v(p) conclude that A keeps 0 fixed, so that it also 
represents an isometry of S m • 

(f) Treat the case of two manifolds M n , M n c H m similarly. 

14. Let ( M ,{( , 〉〉） be as in part (2) of Theorem 19, except with Gauss’Equation 

as on page 55, with Kq = 1. Let tsj : E M be the bundle whose fibre at p is 
瓜 _1 ( 尸 ）㊉ K，and extend { ， } to a metric { , } by 

{(v,a),(u\b)} = {u} +ab. 

Define a symmetric section a of Hom(TM x 7"A/,E) by 


o(X,Y) = (a(X,Y)A(X,Y))), 
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and define a connection 8 on E compatible with { , } by 


8^^ = 


8;K = 0 


^ a section of E 
where ^ is the section 


((p) = (0,1) e TO"—i(/?) ㊉ M. 


(a) Gauss’ equation, in the form with Ko — 0, holds for a. 

(b) The Codazzi-Mainardi equations hold for Va. 

(c) The Ricci equations hold for /?§, a, . 

(d) Let f: M — ]R m+1 be the isometric immersion given by Theorem 19, for 
A/, E, { , }, a, 8. Regard / as an imbedding (by working locally), and let v be 
the vector field / (0 on f (M). Then for all tangent vectors X, Y of f(M) we 
have 


(s(X,Y),v) = (X,Y) = -X. 

(e) Let p e f(M) be a fixed point. Changing / by a translation, we can 
assume that v(p) = —p (identifying tangent vectors of R w+1 with elements of 
M w+1 , as usual). Let c: [0,1] ^ / (M) be a curve with c(0) = p. Then 


dv(c(t)) 

^ Jt ^ 


- 〆 (/)， 


and consequently v(c(t)) = —c(t) for all t. Conclude that f(M) C S m ， 

(f) Treat the case 尺 0 = — 1 similarly. 

o 

15. The Lie algebra R) has as a basis the matrices which have zeros 
everywhere except for a 1 in column a. and row so that 

(心 a = S 滅. 


Let be the dual basis, and let be the left invariant 1-forms on GL(m, M) 
which extend the \j/^- 

(a) Show that 

m 

(呢 = 

)/ = l 

either by computing the brackets of the and using the first equation on 
pg. 1.396 、 oi; more easily, by using the last equation on pg. 1.404. 
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(b) The Lie algebra o(m) has as a basis the matrices — a < jS. The 
dual basis is 

B 4 

(1) 此 = - 2 -， a < ^, 

Define <pa = — % for a > and = 0. Note that equation (1) still holds. 
Verify that we now have 

m 

y=i 

(c) Derive Theorem 19 as a consequence of Theorems 1.10-17 and 1.10-18. 

16 . Use Problem I. 7-14(a) to show that the even powers of 入 in the character¬ 
istic polynomial /(X) of A can be expressed in terms of the determinants of the 
2x2 submatrices of A. 

17 . For a hypersurface M C M w+1 , generalize Proposition 2-6 so as to express 
the (n + l) st fundamental form in terms of the first n fundamental forms and 
the elementary symmetric curvatures. 

18 . For an immersion /: M n with normal map Nf = vo j\ show that 

we still have 

III/ = = 一 II AT 厂 

19 . Let c be a curve in a hypersurface M C of a manifold of constant 
curvature A^o, and let X be a vector field of N along M. Then V’ C '( 5 )A" is 
always a multiple of c’(*s) if and only if the ruled surface {exp c ⑴ /X(c(^))} has 
constant intrinsic curvature K^. 

20. Let a: S n — {north pole} R n be the version of stereographic projection 
in which S n denotes the standard unit sphere around 0. 

(a) For this a we ha'，e 


咐 ) = ( r ^ ，…， 

2.V 1 2y n E/0' ， ) 2 ^I N \ 

i + E/( vo 2 ，…’ rrSw’TT E/O 1 ) 2 / 
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(b) Let c : [0, In] - » M" be a curve, parameterized proportionally to arclength, 
which goes once around a circle centered at 0 and passing through y, so that c' 
has squared length \y\ z . Then (a -1 o c)' has squared length 

41>1 2 

[i + l>i 2 ] 2 ' 

Thus a -1 * multiplies lengths of tangent vectors at y by 2/(1 + |j| 2 ). 

21. Let a : 5 2 —>■ CU{oo} be stereographic projection, where 5 2 is the standard 
unit sphere around (0,0,0). 

(a) If Rq is rotation of S 2 through an angle of 0 around the z-axis, then a o 
Rq o a -1 : C U {oo} — C U {oo} is just z e l6 z. 

(b) If Rq is rotation through an angle of 6 around the j-axis, calculate that 
a o o a~ x is 

(1 + cosd)z — sin 9 
^ ^ (sin0)z + (1 + cosO) 

(c) The group SO(3) is generated by all Rq and Rq. (A direct proof can be 
given, or one can note that SO(3) is 3-dimensional, and the Rq and do not 

commute.) The group of all 4 x 4 complex matrices (? $ ) satisfying the con¬ 
ditions on page 109 is also 3-dimensional. Conclude that this group is precisely 
the group of all a o v4 o a -1 for A e 0(3). 

22. Consider B 2 (2), with the metric on page 7. From pg. 11.301 we see that 
the geodesic circle of radius r is given by 

c(0) = 2 tanh ^(cos0, sin0) 0 <6 < 2n. 


(a) Calculate that 

\c r (6)\ = sinh r. 

(b) Then verify the formula for I given on page 118. 

23. (a) For a coordinate system v on a 2-dimensional Riemannian manifold, 
show that the formula on page 132 can be written 
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where W — y/EG — F 2 . 

(b) If (w, v) is isothermal (this means that E = 
pg. II. 297), then j {f f 

M = ] ( + 9^2 


G and F =： 0; compare 


(c) A coordinate system (x,j) on a 2-dimensional Riemannian manifold is 
isothermal if and only if A\x = A\y and Aj (x, y) = 0. 

(d) If (jc, y) is an isothermal coordinate system, then Ax : =Ay = 0. 

(e) If Ajc = 0, then there is locally a function y with 


dy — 


dx 

F Yu 


dx 

E Yv 


W 


du 


^ dx dx 

G Ju~ F ^ 


W 


dv 


(here E, F, G are the components of { , ) in the (u,v) coordinate system). 
The functions x and y satisfy Aix = and A\(x,y) = 0, so (x,y) is an 
isothermal coordinate system. 


24 . Let /? be a function on a 2-dimensional Riemannian manifold such that the 
sets h = constant give a foliation of the manifold. 

(a) Suppose that there is an isothermal coordinate system (x, y) such that one 
family of parameter curves lie along the curves h = constant; thus x — f o h 
for some function /. Use Problem 23 to show that 

Ah(f / oh) + A l h(f // oh) = 0. 

Hence Ah/A\h is some function composed with h. 

(b) Conversely, if Ah/A\h = F oh for some function F, and we set x = / 。 // 

f ° r ' f = e-f F , 

then Ax = 0, and the function y of Problem 23(e) satisfies 

A, j = e^ 2 ^ F A\h. 


(c) So 



—— T (dh ® dh + 
A\h 


e 2 f F 


dy ® dy). 


(d) If w e have equations (a) and (b) on page 155, then the corresponding 
are 


metrics 


— 1 — (dK ⑧ dK + e 2 -f g/f dv ® dv) 

J 0 K 

1 _ (dK ® dK + e 2 ^ g/f dv ® dv). 

K 

So there is a one-parameter family of isometries between the surfaces. 
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(e) There is a function x with 

dx ® dx = — —— dK ® dK, 

: f Q K 

and similarly for x. Hence, each surface is isometric to a surface of revolution 
(see formula (4) on pg. III. 158). 

25. Let V and W be two inner product spaces of the same dimension. Let {v p } 
be an indexed set of (not necessarily distinct) vectors which span V, and let {v p } 
span W. Suppose that 

(v p , v a ) = (v p ,v G ) for all p,a. 

Show that CpVp — 0 => c p v p = 0, and conclude that there is a unique 
inner product preserving isomorphism V W which takes v p to v p . 



CHAPTER 8 

THE SECOND VARIATION 


I n this chapter we return to the study of the calculus of variations, and intro¬ 
duce an important (essentially classical) construction, which has surprisingly 
significant consequences for differential geometry. Recall that the calculus of 
variations was first invoked in order to find paths which locally minimize the 
length function L for a Riemannian manifold M. In the course of our investi¬ 
gations we found that the energy function was more convenient to work with, 
and that the critical paths for the length function are precisely the same as those 
for the energy function, except that the latter are necessarily parameterized pro¬ 
portionally to arclength. These critical points for E are，of course, the geodesics 
on M, and at present we know only that sufficiently small pieces of geodesics are 
paths of minimal length. 

We now want to develop conditions which determine when a given geodesic 
is, in its entirety, a path of smaller length than nearby paths. We recall one fact 
from Problem 1.9-31: Fora piecewise C°° curve y: [a,b]-^ M we always have 

[L h a (y)] 2 <(b-a)E h a (y), 


with equality precisely when y is parameterized proportionally to arclength. 
From this it is easy to see that a geodesic y has minimal length among all nearby 
paths between y(a) and y(b) precisely when it has minimal energy among all 
such paths. Thus we lose no information by restricting all our considerations 
to the energy function E. 

We begin with a brief summary of the results which we already have. Consider 
a piecewise C°° path y [“， /^] ~>• A/ 3.nd d piecewise C°° variation of. ( — 6 1 ) x 
[a,b]^ M of y. Wt define 


du 


V(t)= 


dy 

~dt 


A(t) 


dt 


V(t) 


the “variation vector field” 

the “velocity vector field of y 

the “acceleration vector field of y , 


901 
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and [{ a = to < — •< tj\[ = b includes all discontinuity points of F, we set 

A t .v ^V( ti + )-V(tr) 

A,()v = V(to + ) 

^t N V = -V{t N ~). 


We then have the following formula (Theorem II.6-14) for the “first variation” 
of E: 


dE (ot(u)) 


加 u =o 



(W(thA(t))cit 


N 

/ =0 


for variations keeping the endpoints fixed, the sum can be written from 1 to 
N — \. From this formula we found that y is a geodesic {A{t) = 0) if and only 
if y is a critical point for E. 

Recall that if /: A/ —> M is a real-valued function, then /*: M p ^f(p) 
may be determined as follows. Given X p e M p ，we choose a path c : (―^, 6 1 ) 

M with c ; (0) = X p ; then 


~ tangent vector of / o c at 0 = 


df{c{u)) 


du 


w=0 


d 
' ~dt 


\fip) 


This suggests some notation which is exactly analogous, except that we will be 
sloppy and throw away the uninteresting d/dt term. For any piecewise C°° 
vector field W along y, we define 


E,(W) = 


dE(a(u)) 

du u=0 


where a is some piecewise C°° variation of y with W as its variation vector field. 
The first variation formula shows that the right side depends only on W, so that 
E^(W) is really well-defined; the formula also shows that is linear. Perhaps 
we should explicitly make the observation that any piecewise C°° vector field W 
is the variation vector field of some a; for example, we can take 


a(u, t) = cxpu • W(t). 


W 
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As this example shows, we can even arrange for a to be a variation keeping 
endpoints fixed if W(a) = W(b) = 0. The notation E^(W) suggests that 
piecewise C°° vector fields W along y may be thought of as “tangent vectors，’ 
to the curve y. Actually, it will be convenient to restrict this terminology to 
those W which vanish at a and b. So if Q denotes the set of all piecewise C°° 
paths y : [a, b] M between two fixed points p and q, we will define f2 y ，the 
“tangent space of Q at 〆’， to be the vector space 

Q y = {W : W is piecewise C°° vector field along y with W(a) = W(b) = 0}. 

We know that if £: Q — R has a minimum, or even a local minimum, at y, 
then Y must be a geodesic, so E^: Q y R must be 0. This is a necessary condi¬ 
tion, analogous to the necessary condition A /W = 0 for a function /: R” 一 M 
to have a local maximum or minimum at x G M. n . We also want to find sufficient 
conditions for a geodesic y to be a minimum for E; as a guide, we will first 
recall what is known in the case of functions /: M.. 

In the one variable case, there are very easy sufficient conditions for a function 
/: M — M to have a local maximum or minimum: 

(1) If f f (x) = 0 and /"(x) > 0, then / has a (strict) local minimum at x. 

(2) If f(x) = 0 and /"(x) < 0, then / has a (strict) local maximum at x. 

To prove (1), for example, we simply note that if f\x) — 0 and /"(x) > 0, then 
we must have f(x+h) > 0 for small h > 0, and f(x + h) < 0 for small h < 0. 
So / is strictly decreasing in some interval (x — £,x], and strictly increasing on 
some interval [x, x + s). We also obtain, automatically，the following partial 
converses: 

(F) If / has a local minimum at jc, and f n {x) exists, then f n {x) > 0. 

(2 7 ) If / has a local maximum at x, and exists，then / /r (x) < 0. 

[Proof of (I ')： If we had f\x) < 0, then / would have a strict local maximum 
at x, by (2), contradicting the hypothesis that it has a local minimum at x.] 

For functions /: M 2 R, the situation becomes more complicated. We cer¬ 
tainly cannot expect to conclude that a critical point x of / is a local minimum 
simply because 

D U \f(x) > 0 and D 2 ^f{x) > 0; 

this condition merely implies that x is a local minimum for / along the lines 
through x which are parallel to one of the axes. We would need the much 
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stronger condition (Problem 1) that every second order directional derivative 
of / is positive, 

^—r f(x + /u) > 0 all i; G R 2 . 

山 1 ㈣ 


If we use mixed partial derivatives, then we have a simple sufficient condi¬ 
tion that a critical point .v be either a (strict) local maximum or a (strict) local 
minimum, namely 

(I) det ( U)) > 0. 

V axidxj ) 

We have essentially already proved this in Chapter 2, for this inequality is exactly 
the condition that x be an elliptic point of the surface {(x\,X 2 , /(vi,^ 2 ))}, and 
therefore lie on one side of its tangent plane at x; this tangent plane is just the 
(a ： i, A - 2)-plane, since x is a critical point. If condition (I) is satisfied, we can 
then distinguish between a local maximum and a local minimum merely by 
examining the sign of d 2 f/d(x \) 2 at x. If, instead of condition (I), we have 


(II) 



< 0 , 


then .v definitely is not either a local maximum or minimum for /. This 
also follows from the considerations of Chapter 2， for in this case the surface 
{(a - i, X 2 , /(ai , .V 2 ))} lies on both sides of its tangent plane. When the determi¬ 
nant is 0, we are in the borderline case where no conclusions can be drawn. 
Essentially the same considerations hold for functions /: M w M, except that 
it is no longer so easy to find out if the eigenvalues of 



all have the same sign, which is precisely the condition that f have either a 
local maximum or a local minimum at a*. 

N otice that the analogues of (1’）and (2’）require no modification: If / : R n 
R has a local minimum at .v, then surely 


d 2 

If- 


f(x + tv) > 


for all v e f or which this limit exists. In fact, if the opposite equality held 
for some v e K w , then / would have a strict local maximum at x along the line 
{\ + tv: t e R}. 
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Our aim now is to see what information we can get when we generalize 
these considerations of elementary calculus, and examine the second derivative 
d 2 E(a(u))/du 2 (0), for all variations a of a geodesic y : [a,b] M\ classically, 
this second derivative was called the “second variation 55 of E. Our remarks 
about w-dimensional calculus might suggest that it would be even more useful 
to consider “mixed partial derivatives”，and even if they don’t suggest it, mixed 
partial derivatives do turn out to be the thing to look at. We first define a 
2-parameter variation a of y to be a function 

a : U x [a,b] M, 

for some neighborhood U of 0 G JR 2 , such that 

(1) a(0,t) = y(t) 

(2) there is a partition a = t 0 < - '< tN = b o( [a, b] that a is C°° on 
each U x [//_i, /,]. 

We say that a is a variation keeping endpoints fixed if 

(3) For all u € U, we have 

a(u,a) = y(a) 
ot{u,b) = y(b). 


As before, we let a(u) be the path t a(u,t). A 2-parameter variation a o( y 
gives rise to two a variation vector fields 5 W\ and W 2 along y, defined by 


^■(0 = 1 ^( 0 , 0 , 0 . 

OUi 


Notice that the W\ may be only piecewise C°° vector fields along y even if y 
itself is everywhere C°°. 


1. THEOREM (SECOND \ARIATIOX FORMULA). Lety: [a,b] M 
be a geodesic, with velocity vector field V(t) = dy / dt ， and let a : L x[a, b] M 
be a 2-parameter variation of with variation vector fields 

3a , ^ 、 

Wi(t) = —(0,0,r). 
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Choose a = tQ < … < tN = b to include all discontinuity points of DW\/dt, 
and let 


DWi DW X y , DW X — 

= ] ~~dr {ti ] , = 1 ’，. 

A DW, DW,. 

h) ^r = ~dT {t0 ] 

A DW l DW, 


,，N —\ 


Then 


d 2 E(a(u)) 

du\ du2 (“i ， “2)=(o,o) 


S ⑴， + 單 1 ⑴， ViOWit)] di 


W2(ti), A tj 


(When a is a variation keeping endpoints fixed, the sum can be written from 1 
to jY — 1.) 

PROOF. By the first variation formula (Theorem II. 6-14), we have 


dE(a(u)) 

duy 


2 l“2 = 0 


f b I da D da' 
l a \du 2 9 3/ 3/ J 


齡 ’ 


where all terms on the right side are to be evaluated at (/, u \, 0). So 


d 2 E(a(u))\ 


nb I D da D da' 


du\du 2 u 0 Ja \du\ du 2 ^ dt dt 


f b I da D D da ] 
l a \du2^ du\ dt dt t 




da A 3a' 

- , △,. — 

du2 1 dt j 


齡， 


D A da' 

- △厂 - 

du\ 1 dt j 


Now when u\ = 0 we have 


(/ ， o,o) 


and A^. — (/, 0,0) = 0, 


since t a(/,0,0) = y(t) is a geodesic. So the first and third terms on the 
right side of equation (1) are zero for u\ = 0. After a simple manipulation with 
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the fourth term we then have 


d 2 E(a(u)) 

du\du2 


(u\ ，“ 2)=(0,0) 


f DU 




(,/)，△々 


where all terms on the right are now evaluated at (/, 0,0). Now we can use 
Proposition II. 6-10 to write 

^LP-V -- — V = R(^ d -^-\v = R{W X ,V)V. 
du\ dt dt du\ \3wi dt ) 

Moreover, Proposition II.6-9 gives us 

D T , D dot D da D 

- V - = - = — T~ rr\ *, 

du\ du\ dt dt du\ dt 


so we have 


^ V = ^ + R( ^ V)V - 


Substituting into (2), we obtain the desired result. ❖ 

Suppose we are given two piecewise C°° vector fields W\ and W 2 along a 
geodesic y : [a,b] M. We can always find at least one variation a with these 
as variation vector fields, namely 

a(u\,U 2 ,t) = txp[u\Wy(t) + W 2 VK 2 ⑴]. 


Extending the notation introduced previously, we define 
E^(W u W 2 ) = 

for any variation a with variation vector fields W\ and W 2 ： the second variation 
formula shows that E^(W \, W 2 ) does not depend on the choice of ot. The 
notation E^(W\, W 2 ) is used only when W\ and W 2 are vector fields along a 
geodesic, otherwise the second derivative will depend on the choice of a (com¬ 
pare pg. 1.161 and Problem 1.5-17). It is clear from the second \ ariation for¬ 
mula that £** is bilinear. It is also true that is symmetric, E^{W\, W 2 ) — 
E^(W 2 , W\); this is not at all clear from the second variation formula, but it 


d 2 E(a(u)) 

du\du 2 ( Wl ,« 2 )=(o,o) 
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follows immediately from the fact that E(a(u)) is a C°° function of w, and 
consequently 

d 2 E(a(u)) d 2 E(a(u)) 

du\du2 du2du\ 

The second variation formula reveals a hitherto unsuspected significance of 
curv ature, and turns out to be responsible for many of the deeper consequences 
which we will be able to draw from assumptions about the curvature of M. We 
begin the program which will uncover these results by formulating questions 
about local minima for E in terms of Notice that if a : (—£, s) x [a, b] M 
is a 1-parameter variation of y, and we define a 2-parameter variation ^ by 

卢 (wi ， w 2 ,/) =a(ui + w 2 ,0 ， 


then 


d 2 E(a(u)) 


du 2 


d 2 E(^(u)) 


du\du2 


I (“1 ，“ 2 ) = ( 0 , 0 ) 

If y has variation vector field W, then ^ clearly has variation vector fields 
W\ = Wi = W. Consequently, 


d 2 E(a(u)) 


du 2 


E^(W. W). 


Thus, if y is going to be a local minimum for energy, then we must have 
E^(W, W) > 0 for all W e Q y . Briefly expressed: 

If y is a local minimum, then is positive semi-definite. 


We also hope that y actually will be a local minimum whenever we have the 
strict inequality E^(W, W) > 0 for all non-zero W e Q y . Briefly expressed: 

If is positive definite, then we hope that y is a local minimum. 

Our approach to this problem will be somewhat roundabout; we first investigate 
the vector fields W e Q y which satisfy W 2 ) = 0 for all W 2 e Q y , and 

hence represent something of a borderline between positive definiteness and 
positive semi-definiteness. 

A piecewise C°° vector field W along y is called a Jacobi field if it satisfies 
the 'Jacobi equation” 

D 2 W 

+ R(W, V)V = 0 ， V = dy/di. 
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In a coordinate system this equation becomes a linear second order differential 
equation. Or, if we choose parallel vector fields Y\,... ,Y n along y which are 
orthonormal at 0, and hence orthonormal everywhere along y, and set W(t)= 
then our equation becomes 

ji n ' 

0 = ~i = 1， . . . ，《， 

where a l } — (R(Yj, V)V , F,). The solutions of this equation are everywhere C°° 
and, since the equation is linear, every solution can be defined on all of y. It 
is also clear from the linearity of the equation that the set of all Jacobi fields W 
along y forms a vector space. The dimension of this vector space is 2n ， since 
each Jacobi field W is determined by its initial conditions 

DW 

轉)， —-(0) e 〜 ⑼. 
at 


2. PROPOSITION. Let y: [a,b] M be a geodesic and let W e Q y . 
Then W is a Jacobi field if and only if 

E^(W, W 2 ) = 0 


for all W 2 € Q y . 

PROOF. If ： W eQ y is a Jacobi field，then the second variation formula shows 
immediately that 

f b N-\ 

E^(W,W 2 ) = - / (1^2,0) dt - 


Y j {W 2 (t i ) 9 0)=0. 


Conversely; suppose that W e Q y and that E^{W, W 2 ) = 0 for all W 2 € ^ y . 
Choose a = to <• - < tM = b so that each W\[tj-\,ti] is smooth, and let 
f : — [0,1] be a C°° function with /(") = 0 and ,/ > 0 otherwise. If we 

define 

/ D 2 W \ 

W 2 = /■ (^+ /?{VK,K)Kj, 

then 


0 = E^(W, W 2 ) - 



D 2 W 


+ R(W, V)V 


dt — 


E(°' a ^ 
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This implies that 

( 1 ) ~ d ^~ + 沢 (％ ~ 0 on eac h (心 - i ， ")， 

so each is a Jacobi field. 

Next choose W 2 to be any vector field along y with W 2 (a) = Wiib) = 0 and 
Wiiti) = A ti DW/dt for= 1, …， TV — 1. Then by (1) we have 

f b N 

0 = E^(W, W 2 ) = — / {W, 0) dt — 

九 / =i 

so each A f( . DW/dt = 0. This means that the Jacobi fields W\[ti-\,t{\ for two 
consecutive intervals have the same values of DW/dt on the intersection of 
the intervals. Since a Jacobi field is determined by its initial values, this shows 
that W is actually a Jacobi field on all of y. 

Notice that there may not exist any non-trivial Jacobi fields W along y which 
vanish at both a and b (indeed we hope to find conditions under which 
is positive definite, which certainly excludes the possibility of non-zero Jacobi 
fields). When there is a non-zero Jacobi field W along y with W(a) = W(b) = 0, 
we say that a and b are conjugate values along y, and we define the multiplicity 
of a and b as conjugate values to be the dimension of the vector space consisting 
of all such Jacobi fields. We also say that y(^) and y(b) are conjugate points 
of y, but this terminology is ambiguous when y has self-intersections. 

Since a Jacobi field W is determined by its initial values W(a), DW/dt(a) 
at any point a, the multiplicity of two conjugate values a and b is clearly < n. 
Actually, it is always <n — \. To prove this, we just have to produce a Jacobi field 
along y which is 0 at a but nowhere else. The vector field W{t) = (t — a)V(t) 
has this property; it is a Jacobi field because 

DW DV 

dt dt 

D 2 W DV 

—rr + R(W, v)V = — + (t - a)R(V, V)V = o. 
at 1 dt 

More generally we have 

3. PROPOSITION. Let y be a geodesic, with velocity \ r ector field V = dy/dt. 
(1) The vector field fV along y is a Jacobi field if and only if / is linear. 
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(2) Every Jacobi field W along y can be written uniquely as /F + W 丄 , 
where / is linear and W* 1 is a Jacobi field perpendicular to y. 

(3) If a Jacobi field W along y is perpendicular to y at two points a and b, 
then W is perpendicular to y everywhere. In particular, if W(a )= 
W{b) =0, then W is perpendicular to y everywhere. 


PROOF. (1) 1( W = fV, then D 2 W/dt 2 = /"F，so the Jacobi equation for W 
is 2 

0 = ^ + R(W, V)V = f'V + fR{V, V)V = f'V. 
dt 2 


(2) Given a Jacobi field W along y, we can write W = fV + for some / 
and some vector field W 丄 perpendicular to y. The Jacobi equation for W gives 


n 2 w „ d 2 w 1 - I 

㈤ 0 二 ^ ^ + R(W, V)V = rv + ~^ + 則 州丄， W 


Now 

0=( 灰丄， =-» 0 = 
and we also have 

0= (R{W l ,V)V,V). 

So (a) implies that / " = 0， and therefore that VK 丄 is a Jacobi field. Uniqueness 
is obvious. 

(3) Write W = /F + as in (2》Then the linear function / must satisfy 
f(a) = /(6) = 0. So / = 0♦ 




Proposition 3 shows that for the purposes of investigating conjugate values, 
we need consider only perpendicular Jacobi fields. In particular, when A/ is a 
surface, and K is a unit normal vector field along the geodesic y : [a, 6] Af, 
any normal vector field W can be written uniquely as W = gY. We have 
DY/dt = 0, since y is a geodesic and Y makes a constant angle with the 
parallel vector field dyjdt. So the Jacobi equation for W becomes 

g\t)Y{t) + g{t)R(Y{t), V{t))V(t) = 0, 


which is equivalent to 


g\t) + g(t)(R{Y{t), V{t))V{t), Y(t))=0, 
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since we obtain 0 = 0 when we take the inner product of the original equation 
with V. When the tangent vector K = dy 丨 dt has length 1 ? we can write our 
equation as 

g\t) + K(y(t)) g(0 = 0, 

where K is the Gaussian curvature; this is the classical “Jacobi equation” for M. 

The next theorem, basically due to Jacobi, gives a geometric way of obtaining 
Jacobi fields. 


4. PROPOSITION. Let y : [a, b] M be a geodesic and let a : (—x 
[a, b] M be a variation of y through geodesics, so that each a(u ) : [a, b]^ M 
is also a geodesic. Then the variation vector field W(t) = da/du(0,t) is a Jacobi 
field along y. 

PROOF. Since a is a variation of y through geodesics, we have 

D da 

= 0 . 


Therefore 


D D da D D da ^ 3a \ 3a 
du dt dt dt du dt ^ \du' dt ) dt 


D 2 da 


+ R 


da da \ 

a) 


da 

Ji 


by Proposition II.6-10 
by Proposition II.6-9, 


which shows that da/du is a Jacobi field. ❖ 

Thus one way of obtaining Jacobi fields is to move geodesics around. In 




particular, if y is a great semi-circle on S n ， joining two antipodal points p 
and q, then a rotation of S n keeping p and q fixed yields a variation vector 
field along y which is a Jacobi field vanishing at and q. Since we can rotate 
in n — 1 diffeinn diirctions, the points p and q have multiplicity // — 1, the 
theoretical maximum. 
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5. PROPOSITION. Every Jacobi field along a geodesic y: [a, b]^ M is the 
variation vector field of a variation of y through geodesics. 

PROOF. First suppose that y lies completely inside an open set [/ C M such 
that any two points p,q € U are joined by a unique geodesic in U, depending 
smoothly on p and q, of length d(p,q). Given two vectors W{a) e M y ( a ) and 
W(b) e M y (b), choose curves c a ，cb .. (—— t/ such that 

c a (0) = y{a) c b (0) = y{b) 

Ca f {0) = W a c b \0) = W b . 

Define a :(一匕 s)x[a,b] ^ M by letting a: [a, b]^ M be the unique geodesic 
in U from c a (u) to Cb(u) of length («)). Then W{t) — da/du(0,t) is 

a Jacobi field along y, by Proposition 4. To show that all Jacobi fields arise in 
this way, simply consider the map 

4>: {Jacobi fields along y} — ⑷㊉ 

given by 

(W{a),W(b)). 

We have just shown that O is onto. Since the domain and range of 4> both have 
dimension In, the linear map O must also be one-one. Thus W is determined 
bv W(a), W{b): this shows that when the above construction is applied to W(a) 
and W{b)Ah(^ resultingjacobi field da/du(0J). obtained by a variation through 
geodesics, is precisely the given Jacobi field W. 

For a general geodesic y, wc note that foi. sufficiently small the restricted 
geodesic y\[a.a + 8] will lie in an appropriate set CA by Theorem 1.9-14. This 
gives us a variation through geodesics a : (—£,£) x [aui + 5] with da/du (0, t) 
equal to the given Jacobi field W{t) for t e [a. a +8]. Using compactness of 
[a.b], it is easy to see that if £ is made sufficiently small, then each geodesic 
a(w) can be extended to a geodesic u(u) : [a, b] M. Iheii (" ， ’ ） d(w)(’) 
is the required variation through geodesics. ♦ 
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An examination of the proof of Proposition 5 shows that if is a Jacobi 
field along a geodesic y: [a,b] ^ M with W(a) = 0, then we can even find a 
variation ot : (― f) x [a, b] M of y through geodesics such that 

ou 

a(u,a) — y(a) for all u e (—£, s). 


However, if W(b) = 0 for some other point b, we may not be able to choose ot 
so that we also have a(u,b) = y(b) for all u\ we will merely have this condition 
“up to first order”，that is, 


S (M) 

ou 



Thus a conjugate point of /? = y(a) is a place where some 1-parameter family 
of geodesics starting from p “nearly” intersect. This description of conjugate 



points shows why they should play such an important role in the study of local 
minima for length, for it is easy to give an intuitive argument to prove that a 
geodesic y : [a,b] M cannot locally minimize length if there is some r € (a, b) 
conjugate to a. In fact, suppose we have another geodesic r] from y(a) to y(z) 
with nearly the same length as y\[a, z]. Then y has nearly the same length as r] 
followed by y\[z,b]. But this compound curve has a corner, and can clearly be 



made shorter by replacing the corner with a minimal geodesic. Therefore, y is 
not a curve of minimal length. This reasoning turns out to be perfectly valid, 
provided that one works infinitesimally: 
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6. THEOREM. Let y : [a,b] — M be a geodesic, and suppose that there is a 
number r e {a,b) which is conjugate to a along y. Then there is some W & 
with £^( 州 ， HO < 0. Consequently, y is not a local minimum for E. 

PROOF. Since t ： is conjugate to a along y, there is a non-zero Jacobi field / 
along y such that J(a) = J(r) = 0. Let J be the vector field along y with 


J(t) = J{t) a<t <t 

7(0 = 0 r <t <b. 


Notice that the discontinuity of DJ/dt at r i 


IS 


DJ DJ / 

△ T n (r)# ， 


the inequality following from the fact that J{z) = 0, but J is non-zero. Choose 
a vector field X along y which vanishes at a and b and which satisfies 

(1) (X(T),A T DJ/dt) = 1. 

Now let c be a small number and consider the vector field 


W 


-J-cX. 
c 



We have 

E^(W, W) - 2E^(J, X) + c 2 E^(X, X). 

Using the second variation formula, this becomes 

E^{W, vy) = 0 - 2{X{x), A T DJ/dt) + c 2 E^(X, X) 

=-2 + c 2 E^{X,X) by (1). 

For sufficiently small f this is negative, which proves the first part of the theorem. 

We have really already observed that the first part of the theorem implies 
the second, but we repeat the reasoning here. Suppose we have We y wit i 
E^(W,W) < 0. Consider the variations 

a(uj) = expuW{t) 

)S(Wl,»2,0 =«(Ml +»2,0 = exp(»i +UlW{t)- 
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Then 


d 2 E(a(u)) 

如 2 „=0 


_ d 2 E(^(u)) 
du]du2 


(«i ， “2)=(0,0) 


= E^(W^ W) < 0. 


So w E(a{u)) has a strict relative maximum at w = 0. Therefore y is not a 
relative minimum for 


Notice that the first part of this proof makes crucial use of the discontinuity 
of DW/dt, which is closely related to the kink in the “intuitive proof”. (Once 
we have obtained this however，we can always smooth it out to obtain an 
everywhere C°° vector field W with E^(W, W) < 0.) 

Our next hope is that a geodesic does minimize length among nearby paths 
if there are no conjugate points. In order to consider this case，we first need a 
result which contains essentially the same information as Propositions 4 and 5, 
but in a form that is much easier to use; for simplicity，we state it for a geodesic 
defined on [0,1]. 


7. THEOREM. Let y : [0,1] ^ A/ be a geodesic with y(0) = p e M and 
)/(0) = i; g M p ，so that y can be described as t txptv for the map 

exp = exp〆 M p M. 

Then 0 and 1 are conjugate values for y if and only if v is a critical point of exp. 

PROOF. Suppose that u is a critical point for exp. Then exp + (X) = 0 for some 
non-zero X g (M p ) v = the tangent space of M p at v. Let c be a path in M p 
with c(0) = v and c y (0) = X, and define 

a(u, t) — exp/c(;/) 0 < / < 1. 


l'hen a is a \ ariation of y through geodesics, so the \*ector field 


W{t) 


du 


exp"* ⑻ 


w=0 


is a Jacobi field along y. We clearly ha\*e li 7 (0) = 0, and also 


W(\) 


du 


expc*(//) = exp* ( ’(0) 


I M=0 

exp + X = 0. 
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Moreover, 


DW 

~JT 


(0) = 


D 9 
dt f=0 dl < 


exp/c(w) 

«=o 


D 

Su 


u=0 


3 

dt 


exptc(u) 


t=o 


by Proposition II.6-9 


c{u)\ 

u=0 

this last expression is the covariant derivative of the vector field u \-^ c{u) along 
the constant cur\ r e u \-^ p. Hence 


D 

du 


DW , … 

{0) = c\0) = X ^0. 

(it 

In particular, W is not identically 0, which shows that 0 and 1 are conjugate 
values for y. 

Now suppose that v is not a critical point for exp. e (M p ) v 

are n linearly independent vectors, then exp^ (Xjexp + (X M ) G A/y ⑴ are 
also linearly independent. Choose paths c 卜 ...〆*« in M p with c ； (0) = v and 
c/(0) = X u and consider the variations 

(Xi(u,t) = exp tCi(u), 

with variation vector fields Wi ， Then the Wi are Jacobi fields along y which 
vanish at 0. Moreover, the Wi(\) = exp*(X;) are independent, so no noil-trivial 
linear combination of the Wi can vanish at 1. Since the vector space of Jacobi 
fields along y which vanish at 0 has dimension exactly n, it follows that no 
non-zero Jacobi field along y vanishes at 0 and also at 1. ❖ 

Since the points in M p where exp* is zero form a closed set. Theorem 7 shows 
that the numbers r conjugate to 0 along a geodesic y : [0, oo) M also form 
a dosed set. In particular, if there is any such r. then there is a first r conjugate 
to 0. Actually, much more is true, for the set of r conjugate to 0 consists onl'. of 
isolated points, so there are only finitely many z conjugate to 0 in any interval 
[0,^]. We will not prove this here, but it is included in another result whic h we 
will state later on. 

It is now a simple matter to prove the local length-minimizing property of a 
geodesic y : [u,b] M satisfying the condition that no number r € (u , 6] is a 
conjugate value of “ along y. For simplicity, we will call such a y a geodesic 
“without conjugate points”. 
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8. THEOREM. Let y : [a, b] —> M be a one-one geodesic with no conjugate 
points. Then y has strictly smaller length than all sufficiently nearby paths 
between p = y(a) and q = y{b) (except for those which are merely reparame- 
terizations of y). 

PROOF. By reparameterizing, we may assume that [a, b] = [0,1]. If u = y’(0 )， 
then by Theorem 7 the map exp = exp^ : M p — M is regular on the set 
{ri; : 0 < / < 1} C M p . By Lemma 1.9-19 there is an open set f/ D L on which 
exp is a diffeomorphism. The result then follows from Problem 1.9-29. 


Remark: Theorem 8 clearly remains true even for geodesics y with self-intersec¬ 
tions, provided that “nearb/’ paths refer to paths c with c{t) close to y(t) for 
all t. 



Let us test out Theorems 6 and 8 on the 2-sphere S 2 (r ) of radius r, with 
y : [0, L] S 2 (r) a portion of a great circle starting from a point p. We take y 



to be parameterized by arclength, so that V = dy/dt has length 1. Proposi¬ 
tion 3(3) shows that in order to investigate conjugate points along y, it suffices 
to consider Jacobi fields which are perpendicular to y. If F is a unit normal 
vector field along y, then the Jacobi equation for W — gY is (compare page 211) 

g f \t) + ^g(t) = 0. 

r L 

The solutions vanishing at / = 0 are all multiples of 
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which has its first positive 0 at ttk. So if L > jrr, then y contains a conjugate 
point, and Theorem 6 shows that y does not locally minimize length. This is 
easy to see from the picture; in fact, in this case the intuitive proof of Theorem 6 
works exactly. If L < nr, then Theorem 8 shows that y does locally minimize 

length. 

We have exactly the same situation for any compact surface of revolution M, 
when we take p to be one of the points where M intersects the z-axis I z . The 



geodesics through p are the meridians, and it is clear, just by looking at the 
picture, that the only point conjugate to p along any geodesic is the other 
point q o( MCM Z . Geodesics which do not reach q are local strict minima for 
length, and geodesics which extend past q are not local minima. 

In this example it is clear that a geodesic y which does not reach q is actually 
a minimum among all paths. [Proof: A minimum path between p and the other 
end of y exists, since M is complete, and this path must be a geodesic; we know 
what all geodesics through p are, and y is clearly the shortest.] However, it is 
easy to concoct examples where the non-existence of conjugate points implies 
only that y is a local minimum for E. For example, we can round off the edges 
of the surface shown below (the boundary of part of a spherical wedge). Since 
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the surface is a sphere in a neighborhood ol y, it is still the case that no two 
points of y arc conjugate, and Theorem 8 still applies. On the other hand ， 
there is clearly a shorter path between p and q il' the wedge is thin enough. 

A little more interesting situation arises for an ellipsoid. For the geodesic y 
shown below, the first point q conjugate to p along y occurs past the point 〆 



on the opposite end of the axis. (To establish this fact one has to examine the 
Jacobi equations for y with some care.) If r is a point between p f and then 
the portion of y between p and r is a local minimum for E, but clearly not 
a global minimum, since the extension y f of y in the other direction past p 
has shorter length from p to r (on the other hand, y f is the only other geodesic 
from p to r which is shorter than y). 

Notice that Theorems 6 and 8 do not cover the case where b is the only 
point in (a,b] which is conjugate to a. This is the borderline case for which 
no conclusions can be drawn. It may happen, first of all, that y is a local 
minimum for length, but not a strict local minimum, l’his is illustrated, of 
course, by taking y to be half of' a great circle oil the sphere S 2 . Now consider 
an ellipsoid, with three unequal axes a > b > c\ and let /? be a point at one end 
of the largest axis. The figure on the opposite page shows the conjugate points 
of the geodesics starting from p (it is the envelope of these geodesics—compare 
the Addendum to Chapter 3): this set is a curve with four cusps. The geodesic 
iVoin p to A is a strict global liiinimuin. while the geodesic going from p to // 
and then oil to 5 is a strict local minimum. 

The next result coinplemeiits Theorem 8 so that it appears to parallel The¬ 
orem 6 more closely. 

9. PROPOSITION. Let y: [o.b] M be a geodesic without conjugate 
points, riion H 7 ) > 0 i'or every 11011 -zero W e Q y . 
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PROOF. Theorem 8 (and the Remark following it) implies that E^(W, W) > 0. 
For if E^{W,W) < 0, then y would not be a local minimum for E (by the 
argument in the proof of Theorem 6). 

Now suppose we had E^{W\ , ) = 0 for some non-zero W\ G Q y . Then 

for any Wi € we would have 

0<E^(W x +cW 2 ,W x +cW 2 ) 

= 0 + 2cE^(W u W 2 ) + c 2 E^{W 2 , W 2 ). 

Since this is supposed to be true for all c, it is clear that vve would have to have 
E^(W x ,W 2 ) = 0. Thus Wi would be a Jacobi field, contradicting the fact that b 
is not a conjugate value of a. 

More generalh; we have the following result、which plays an important role 
later on. 


10. COROLLARY. Let y: [a,b] — M be a geodesic without conjugate 
points, W a Jacobi field along y, and X a piecewise C°° vector field along y 
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Then 


X(a) = W(a), X(b) = W(b). 


E^{X,X) > £**(W )， 


and equality holds only when X — W. 

PROOF. The second variation formula shows that for all piecewise C°° vector 
fields W 2 along y we have 


( 1 ) e^w,w 2 ) = Iw 2 ^ ] 


! DW \ I DW \ 

，⑻， I ⑻- 卜⑷， I ⑷ 


Moreover, since X — W e Q y , Proposition 9 shows that 



Theorem 6 and Proposition 9 show that for a geodesic y : [a, b] M ，the 
existence of conjugate points is practically equivalent to the existence of vector 
fields W G Q y with E^{W, W) < 0: 

(A) If there is some r e (a, b) conjugate to a, then there is some W e 
with £***(VK, W) < 0 (Theorem 6); 

(B) If there is some W e Q y with E^{W,W) < 0, then there is some 
r € (a, /?] conjugate to a (Proposition 9). 

We will see later that it can be \ ery convenient to replace questions about con¬ 
jugate points by questions about vector fields W e Q y with E^{W,W) < 0. 
Actually, the situation is even better than we have indicated, because state¬ 
ment (B) can be strengthened: if E^(W, W) < 0 for some W e Q y , then there 
is r € (a,b) conjugate to a. In fact, there is a far-reaching generalization oi 
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these results. We say that is negative definite on a subspace V C if 
E^(W, W) < 0 for all non-zero W e V, and we define the index of to 
be the largest dimension of any subspace V C on which is negative 
definite (compare page 3). Then we have the celebrated 

MORSE INDEX THEOREM. The index of for a geodesic 
y : [a, b] — M is the number of r G (a, b) which are conjugate to a ， 
each conjugate value being counted with its multiplicity. This index is 
always finite. 

In terms of the index of our Theorem 6 can be reformulated as follows: 
if the number of conjugate values is > 1, then the index is > L For the Morse 
Index Theorem we need the more general assertion, that the index of (g)** 
increases by at least v as t passes a conjugate value r with multiplicity v. This is 
the only point in the proof that does not involve simple general considerations, 
and it may be handled by essentially the same trick which was used in the 
present proof of Theorem 6. I hope that by clearing this path right up to the 
proof of the Index Theorem, I may have enticed you into reading the proof 
in Milnor {2}，which also describes some of the beautiful applications of these 
differential geometric ideas to topology. 

In order to obtain interesting differential geometric consequences of our foun¬ 
dational results, we need to find hypotheses which imply something about the 
solutions of Jacobi equations. These hypotheses usually involve the sectional 
curvature K{P) of 2-dimension3J subspaces P C A/p; recall that K(P) — 
{R(X,Y)Y,X) for orthonormal X,Y e P. Clearly all sectional curvatures 
of M are < 0 if and only if (R(X, Y)Y, X) <0 for all pairs X, Y of vectors at 
the same point of M. 


11. PROPOSITION. If all sectional curvatures of M are < 0 ? then no two 
points of M are conjugate along any geodesic. 

PROOF. If y is a geodesic with velocity vector field V = dy/dt, and W is a 
Jacobi field along y, then 

D 2 W 

—— + R(W,V)V = 0, 
dt 1 


so 


Therefore 


D 2 W 



= -(R(W,V)V.W) > 0. 


-( 誓 


I \ dt dt I 


> 0 , 


which means that (DW/dt, W) is increasing. 
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Now if W vanishes at two points, to and /i，then {DW/dt, W) vanishes at to 
and h, so {D\V/dt,W) must be 0 on the interval [/ 0 ，， i]. This clearly implies 
that DW/dt also vanishes at /o- Hence VK = 0. ❖ 

Although Proposition 11 shows that all geodesic segments on M are local 
minima for length, this does not mean that they are necessarily global minima. 
In fact, if we consider a compact surface M with everywhere negative curvature 
(Chapter 6, Addendum 1), it is clear that no geodesic y: M -> M can be a global 
minimum for length on arbitrarily large segments. 

The most interesting consequence of Proposition 11 is obtained by combining 
it with the following general result. 

12. THEOREM. Let M be a complete, connected, ^-dimensional Riemann- 
ian manifold, and let /? be a point of M such that no point of M is conjugate 
to p along any geodesic. Then exp = exp p : M p M is a covering map. In 
particular, if M is simply-connected, then M is diffeomorphic to R n . 


13. COROLLARY (HADAMARD-CARTAN). A complete, simply-connect¬ 
ed, «-dimensional Riemannian manifold with all sectional curvatures < 0 is 
diffeomorphic to M 71 . 

PROOF. The Corollary follows immediately from the Theorem and Proposi¬ 
tion 11. To prove the Theorem, let ( , ) be the Riemannian metric on A/, and 
consider the tensor exp*( , ) on M p . Since there are no points conjugate to p, 
the map exp* is always one-one, so exp*( , > is a Riemannian metric on M p . 
We claim that M p is complete in the metric exp*〈 ， 〉• To prove this, we just 
note that the straight lines through 0 in M p are clearly geodesics for the met¬ 
ric exp*( , ), since their images under the local isometry exp: M p M are 
geodesics in M. Since all geodesics through 0 G A/ p can be defined for all /, it 
folio''、from Problem 1.9-43 that M p is complete. The Theorem then follows 
from 


14. LKMMA. Let M and N be connected Riemannian manifolds with M 
complete, and let (p \ M — > N be a local isometry. Then /V is complete and (p 
is a covering map onto N. 

PROOF. Let po € M. Given a geodesic y: {-e ， e、—N with y(0) = <Kpo)' 
let c be the geodesic in M with c*(0) = po and 0*c*’(O) = y’(0). rhen y = (poc\ 
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since 0 is a local isometry. Since c can be defined on all of M, we can extend y 
to all of E as 0 c c. Thus N is complete, by Problem 1.9-43. 

To prove that 0 is onto N it suffices to prove that (p(M) is closed (for (p(M) 
is open, since 0 is everywhere regular). Let q e 4>(M), and let ^ be a convex 
neighborhood of 0 in N q on which exp。is a diffeomorphism. There is a point 
q ' e exp q (V) of the form q' = (pip') for p' € M. Ixt y be the geodesic in 
eX p (K) with y(0) = q' and y(l) = q. Consider the geodesic c m M with 
C (0) = p' and 4>*c\0) = y’(0). Then y = 中 as before. The point p = c(l) 
is defined and (p{p) = 0(f(l)) = y(U = <1- Thus (p{M) C so 4>(M) is 

closed. Hence 0 is onto N. 

The proof that 0 is a covering map will be similar to the proof that appears 
on pp. III. 258-259. For fixed q e AA, let 

V = {Y eN q : ||F|| < 2s} c N q 

be a neighborhood of 0 in N q on which exp^ is a diffeomorphism. Suppose 
that p e cfr'(cj )，Consider the map 

/ = exp p 。中 p 「 ' 。 (exp 9 (K)) _l , 

/: exp^(F) exp /) ({A' e M p : ||^|| < 2^}) C M; 
this map is defined since M is complete. It is easy to see that 
0: exp p {{X € M p : II^H < 2e}) e\p q (V) 

is a diffeomorphism with inverse /. Now let 

W = exp (? ({F e N q : ||F|| < £}) C N, 

and for each p e M, let 

W p = exp p ({A' e M p : II^H < f}) C M. 

We claim that 

(t>~ ] (W)= 1J 

In fact, given 〆 e let y be the geodesic in W of length d(<j)(p%q) 

with y(0) = 4>(p') and y(l) = q. Let r be the geodesic with c(0) = p' and 
W(0) = )/(0). Then r is defined on [0.1]. since M is complete, and (poc = y 
on [0. 1], In particular. /? = f(l) e and it is easy to see that all points 

of f([0. 1]) are in W p . Thus // = c(0) e W p . 」.•. 

To complete the proof we just ha\ e to slum, that the are disjoint. Pvo'v it 

n W P2 ^ 0. then we dearly ha\e 

P2 e t'xp 灼 ({/ e A /内 H < -^})- 

But wc know that (p is a diffeomorphism on this set. Since (p(p\) = » 

follows that p\ = pi. ♦♦♦ 
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Proposition 11 is but a special case of more general results involving manifolds 
whose sectional curvatures satisfy certain inequalities. These results all follow 
from one theorem，but the mere statement of this theorem tends to overwhelm 
one with its complexity. So we will approach it rather gingerly by first proving 
special cases, all of which represent important steps in the historical evolution 
of the final result. 

The first theorem of this type depends on a surprisingly simple proposition 
about second order differential equations. Remember that a solution 0 of such 
an equation is determined by (f)(a) and Consequently，a non-zero solu¬ 

tion 0 must have isolated zeros. 


15. THEOREM (THE STURM COMPARISON THEOREM). Let / and/? 
be two continuous functions satisfying f(t) < h(t) for all t in an interval /， and 
let 0 and r] be two functions satisfying the differential equations 

⑴ 0〃 + /0 = 0 
( 2 ) rj 〃 + hrj = Q 


on I. Assume that 0 is not the zero function, and let a,b e I be two consecutive 
zeros of 0. 

(1) The function rj must have a zero in (a ， 6)，unless f = h everywhere on [a^ b] 
and " is a constant multiple of 0 on [a,b]. 

(2) Suppose that we have r](a) — 0, and also rf(a) = (p\a) > 0 [which can 
be achieved by choosing a suitable multiple of "，and changing 0 to —0，if 
necessary]. If r is the smallest zero of rj in (a, b], then 

(p{t) > r](t) (or a <t <t, 
and equality holds for some t only if / — /? on [a,t]. 
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PROOF. Equations (1) and (2) give 
⑶ = (h- , 、柄 - 

Suppose that r] were nowhere zero on (a,b). It is easy to see that there is no 
loss of generality in assuming that 


(4) " ， 0>O on (a,b). 

Then (3) gives 

0 < (p ff r] - O ， 


so 

( 5 ) 




= (j)\b)r](b) - (p\a)r]{a). 


since 4>{a) = (f>(b) = 0. 


On the other hand, (4) clearly implies that 

(6) I 0 («) > 0, 0 (/>) < 0| ^ (j>'{b)r]{b)~4)'{a)r]{a) <0. 

I n(a),T](b) > 0 J 

If f 手 h 、then we actually have strict inequality in (5), which contradicts the 
second part of (6). This contradiction shows that r] must have a zero on {a ， b). 

If / = /z on [a,b], then equality holds in (5), and the first part of (6) implies 
that we must have rj(a) = rj(b) = 0. Since (p and t] then satisfy the same second 
order equation on [a,b] and (f>(a) = rj(a), the solution rj must be a constant 
multiple of (f) on [a, b]. 

Now suppose that rj(a) = 0 and (a) = (p\a) > 0. If r is the smallest zero 
of r] in (a, b], then 0， > 0 on (a ， r) ， so ⑶ gives 

0 < (f) ,f r] - rf(p = — rj’cpy on {a, r). 


This implies that 

0 < (p f r] - rf(p on (a, z), 

since [ 伞、 一 rj f (f)]{a) = 0. Using positivity of rj on (a, r) again, this gives 


⑺ 



on (a, r). 
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But 


0(0 r 

lim - = lim ——- 

t—a r](t) t^a rj’(t) 

=1， 


by L 5 H6pital 5 s Rule 
by assumption. 


Therefore 



on (a, r), 


which is the desired inequality. The proof of the final statement is left to the 
reader. ♦ 


Remark /: Since and Y] f (a) exist, and rj f (a) ^ 0, we really used only a trivial 
case of UHopitaFs Rule; we could have simply written 

<(>(t) —0(a) 

4>{t) 0 ⑴ 一 0(a) r t - a 

lim - = lim - — = lim ——- —- 

t—a r](t) t^a X]{t) - T](a) t-^a f](t) - rj(a) 

t — a 

_ rf ⑷ 

Remark 2: In our applications, we will be interested only in the case where 
r](a) = 0. The reasoning for part (1) is then unnecessary, because part (2) shows 
that (f) > r) on any interval (a ， r) on which 0, rj > 0; this clearly implies that r] 
vanishes somewhere on {a, b]. Moreover, if b were the first zero of r], then 
we would have (f)(b) = rj(b) = 0, so wc would have f = h on [a,b], by the 
final statement in part (2). Nevertheless, part (1) is still of interest; here is one 
consequence: 

16. COROLLARY. If (p x and (p 2 arc two linearly independent solutions of the 
equation 

ct> ,f + fcf> = 0, 

then the zeros of (f) x alternate with tht' zeros of 0 2 - 

A particularly simplv instance of Corollary 16 is provided by the equation 
v " + v "2 = o w hei' e r > 0 is a constant. The solutions of this equation can all 
be written in the form y(t) = b siii(« +1 /r). riie zeros are always 丌 r apart，so 
the zeros of two line al ly independent solutions alternate with each other. This 
simple equation sen es as a standard with which wc ( ail compare the Jacobi 
equation. 
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17. THEOREM (BONNET). Let M be a surface, and y : [0, L] ^ M a geo¬ 
desic parameterized by arclength. Let r > 0 be a constant. 

(1) If K(p) < \/r 2 for all p = y(t), and y has length L < nr, then y contains 
no conjugate points. 

(2) If K(p) > \/r 2 for all p = y(t), and y has length L > nr, then there is a 
point r e (0, L) conjugate to 0, and therefore y is not of minimal length. 

⑶ If M is connected and complete, and K(p) > \/r 2 for all p e M, then M 
is actually compact, with diameter < nr. 

PROOF. (1) Let y be a unit vector field along y with (V, Y) = 0, where V is 
the unit vector field V = dy jdt. The Jacobi equation for the vector field (f>Y is 
(compare page 211) 

0"(/) + K(y(t)) - = 0. 

The simpler equation 

W ) + ^(0 = 0 

has the solution r]{t) = sin//r. Since K(y(t)) < l/r 2 by hypothesis, the Sturm 
comparison theorem shows that the first equation cannot have a solution 0 
vanishing at 0 and at L < nr, since rj has no zero in (0,L). 

(2) Let Y be as in part (1), and consider a vector field r\Y. The Jacobi equation 
for r]Y \s 

r, ff (t) + K{y(t))r)(n = 0, 

and the simpler equation 

((> f/ U) + X<t>0) = 0 

y l 

has the solution 4>{t) = sin//r which vanishes at 0 and at nr. Since l/r 2 < 
K(y(t)), the comparison theorem shows that any Jacobi field r]Y must have a 
zero on the open interval (0, nr) C (0, L). So if we choose any non-zero Jacobi 
field tjY along y with q(0) = 0， then this Jacobi field will also vanish at some 
r g (0, L)\ thus t is conjugate to 0. 

(3) Any two points p,q e M can be joined by a geodesic y of minimal length 
(Theorem 1.9-18). Then the length of y must be < 7rr, by part (2). So M 
is bounded, with diameter < nr. Since closed bounded sets in a complete 
manifold are compact, it follows that M itself is compact. ♦ 
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I do not know whether Sturm ever saw this beautiful application of his the¬ 
orem (he died in 1855 , the same year that Bonnet published the result), but in 
his lectures he is supposed to have referred to it as the theorem “whose name I 
have the honor to bear”. 

Bonnet’s Theorem fairly cries out to be generalized to higher dimensional 
manifolds, but a direct approach leads us into difficulties. The single normal 
vector field Y along y has to be replaced by « — 1 vector fields Y\,... ^ Y n -\- 
Even if we choose Fi,..., Y n -\ to be parallel, everywhere orthonormal vector 
fields along y, the Jacobi equation for 0 / reads 

+ • 尺⑺ ⑴， v(omo = o ， 

i i 

which is equivalent to a system of ordinary differential equations 

+ V(t))V{t\ Yj(t)} = 0, 

and these equations do not even involve the sectional curvature directly. It is 
clear that we will have to approach this problem with a little more finesse. 

One way to extend the results of Bonnet s theorem to higher dimensions is 
by an artful use of Synge’s inequality (Corollary 1-7). Suppose first that K(P) > 
l/r 2 for all 2 -dimensional P C A/y ⑴， and that y : [0, L] M has length L > 
丌 r. Let 7 bea parallel vector field along y which is everywhere perpendicular to 
the parallel vector field V = dy/dt, and let S C A/ be a surface containing y 
whose tangent space at each point y(t) is spanned by V (r) and Y(t). Then 



Svnge's inequality shows that the Gaussian curvature of S at y(t) is the same 
as the sectional cui^xature of M for the plane spanned by V(t) and Y(t). So 
the Gaussian curvature of S at y(t) is > l/r 2 . Bonnet’s theorem then shows 
that there is a point z e (0, L) conjugate to 0 along y. Of course, this means 
that r is a conjugate \alue for 0 in the surface S. To conclude that there is a 
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conjugate value in M itself, we must use the following indirect line of reasoning: 
Since r e (0, L) is a conjugate value for 0 in S, the geodesic y is not a local 
minimum for length in 5. Therefore it is certainly not a local minimum for 
length in M. Therefore, some o e (0, L] must be a conjugate value for 0 in M. 
Applying this result to y|[0,L , ] for nr < L' < L, wt see that actually some 
cr e (0, Z/] C (0,L) is conjugate to 0 along y in M. 

In the previous paragraph, we had to choose the surface S so as not to 
decrease K, and then we had to show that the choice of S made no difference 
for the final conclusion. If we instead try to analyze the case where K(P) < \/t 
and y has length L < nr, then we certainly don’t care whether K is decreased, 
but our choice of 5 will be much more dependent on the desired conclusion. 
Suppose, then, that y contained a conjugate point r e (0, L], We might as well 
assume that L itself is conjugate to 0 along y, since we can always work with 
y|[0, r]; for the same reason, we might as well assume that L is the smallest value 
conjugate to 0. Then there is a variation a of y through geodesics m M, whose 
variation vector field W{t) = da/du(0,t) vanishes only at 0 and L. Consider 
the surface 5 formed by the image of a. Synge’s inequality shows that the 



Gaussian curvature of S is < 1/r 2 along y, and then Bonnets theorem shows 
that Y cannot contain a conjugate point on S. But y clearly does contain a 
conjugate point on S, because the a(u) are also geodesics on 5, so the variation 
vector field of a is also a Jacobi field along y on S. We seem to have obtained 
a contradiction, and thereby shown that y cannot contain a conjugate point 
r € (0 L] The trouble with this argument is that only an excess of generosity 
could lead one to call 5 a surface, as the map a is definitely not an immersion 
at (0,0) or (0,L). The idea of the proof is basically sound, however, and leads 
to the desired result if one reasons a little more carefully (Problem 2). ■ 

We have not bothered to bestow upon this reasoning the dignity which might 
accrue to it as the official proof of a theorem, because the results, and even 
better ones, can be obtained in a more systematic way. In fact, we shall present 
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two new methods of generalizing Bonnet’s theorem. These two methods dif¬ 
fer significantly in their basic philosophy, but they both depend on a certain 
construction, similar to one used above, which is best set forth in a separate 
Lemma. This very general sounding Lemma involves geodesics in two differ¬ 
ent manifolds, although in applications one of the two is always taken to be a 
sphere. (In the statement and proof of the Lemma, we will not use subscripts to 
distinguish the norms || || and covariant derivatives D/dt in the two manifolds, 
since it should always be clear which manifold we are working in.) 


18. LEMMA. Let M\ and M 2 be two manifolds of the same dimension 
and let : [a,b] M/ be arclength parameterized geodesics in these two 
manifolds. Then there is a vector space isomorphism 

O : {piecewise C°° vector fields along Y \} 

— {piecewise C°° vector fields along y 2 } 


such that for all t e [a, b] we have 


(1) If ^ is continuous at .then ^ is co 咖丽 s 以 


dt 


dt 


(2) (X(/),y/(r)) = (0(X)(?), y/(/)), 

(3) ||X(OII = l|0(X)(/)||, 


(4) 


DX 



dt (t) 

— 



it being understood that the last equation refers to left and right hand limits at 
discontinuity points. 

PROOF. Pick some fixed to e [a,b]. Let0: (Mi) yi ⑹ — (Af 2 )y 2 (r 0 ) be any 
norm preserving isomorphism with (p(y\ f (to)) = y^Uo)^ Then we can define 

0f: (A/ 2 )y 2 (f) 

by parallel translating a vector in (M\) y ^ t ) along 心 to y x (to), applying 0, and 
then parallel translating along y 2 to (A/ 2 ) y ， (f). We then define O(X) by 


We can also describe ^>(X) as follows. Let Y\,.. ,,Y n be parallel, everywhere 
orthonormal vector fields along y\ with Y\(to) = )V(/o )， and let Zj,..., Z w be 
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parallel, everywhere orthonormal vector fields along y 2 with Z\(to) = y 2 (’o). 

If 

n 

X ( t ) = J2fi(t)Y i (t) 

/ = 1 

for certain functions ft : [a, b] M, then 

n 

/ =1 

This shows that is C°° everywhere that X is, and that 

{X(t),y x \t)) = J\{t) = <O(A ； K0 ， y 2 '(m 

n 

II 卻)11 2 =[[仙)] 2 = 1冲(幻(川1 

i=\ 

叚 H 卜右咖 2= 

In our first generalization of Bonnet s Theorem, we will consider the index 
of a geodesic, instead of the number of conjugate points it contains. Recall 
(page 223) that the index of y is > 0 if and only if there is some W e Q y with 
E^(W,W)<0. 


D^{X) 


dt 


(t) 


. ❖ 


19. THEOREM. Let M\ and M 2 be two manifolds of the same dimension n, 
and let y f : [a,b] be geodesics parameterized by arclength. For each 

t e [a,b], suppose that for all 2-dimensional Pi C (M/) y/ ⑴， the curvatures K[ 
satisfy 

K X (P X ) < K 2 (P 2 ), 


Then we have 


index < index y 2 . 


In particular, if £** (W\,W\) < 0 (or some W\ e Q Yr then also E^(W 2 , W 2 ) < 0 
for some V ^2 G 

PROOF. Let W be a piecewise C°° vector field on Y\ j and let O be the map in 
Lemma 18. The second variation formula shows that 


(1) E^(W,W) = - / {R{W(t),V(t))V(t),W(t))dt 

J a 

d 2 w 


W(t), 


dt 2 


(0 dt - 




Dwy 

dt i 
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Now we also have 

d 
dt 




DW DW \ 

(0, 丁 (o 


dt 


dt 


W(t), 


d 2 w 

~di^ 


(0, 


Integrating this equation between /,_i 
we obtain 


E ( 




DW ] 

dti I 


° W (t), DW 


for each /, and adding the results, 
D 2 W 


/ =o ' 

So equation (1) can be written 


dt 


dt 


(0) A + 


W(t), 


dt 1 


(0 dt. 


E.AW, W) 



DW (t) ， ^U)\- (R(W(t), V{t))V{t), ^(r))l dt. 


dt … dt • , 

From the properties of the map and the hypotheses on K, we see that 

E^(W, W) > E^(W)^(W)). 


So, if V C ^ Kl is a subspace on which is negative definite, then O(V) C fiy 2 
is a subspace of the same dimension on which is again negative definite. 
Thus the index of y 2 is certainly at least as large as the index of y x . 


20. COROLLARY (THE MORSE-SCHOENBERG COMPARISON 
THEOREM). Let M be a Riemannian manifold of dimension n, and let 
y : [0, L] M be a geodesic parameterized by arclength. Let r > 0 be a 
constant. 

(1) If K(P) < \/r 2 for all P C and y has length L < nr, then the index 

of y is 0， and y contains no conjugate point. [Note that Proposition 11 is a 
special case.] 

(2) If K(P) > l/r 2 for all P C M y ( t ), and y has length L > nr, then there is 
a point r € (0, L) conjugate to 0, and y is not of minimal length. 

PROOF. (1) We apply the Theorem with M\ — M and M 2 = / 卜 sphere S n (r) 
of radius )\ choosing y x to be y, and y 2 ： [0, L] S n (r) to be any geodesic 
parameterized by arclength. We find that 

index y < index y 2 . 

Now the index of' y 2 is certainly zero, since y 2 contains no conjugate points, 
and Proposition 9 applies (all we really need is the fact that E^(W, W) > 0 
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for W e Qy” which follows from Theorem 8). Consequently, index y = 0. 
Theorem 6 implies that no number r e (0, L) is conjugate to 0 along y. We 
can also conclude that no number r e (0, L] is conjugate to 0 along y, by 
extending y to y : [0,L'] M with L < L' < nr, and applying the result 

to y. 

(2) We apply the Theorem with M x = S n {r) and M 2 = M, this time choos¬ 
ing y 2 to be y. We obtain 

index y, < index y. 

But the index of y, is at least 1, since Y\ contains a conjugate point, and The¬ 
orem 6 applies. Consequently, index y > 1. This shows that y does contain a 
conjugate point r e (0, L] (Proposition 9 or Theorem 8 again). Applying this 
result to y|[0, L'], with nr < L' < L, we see that y contains a conjugate value 
r € (0, L). ❖ 

For the case where K > 1/r 2 , we can obtain a stronger result, involving the 
Ricci tensor Ric, introduced in Chapter 7.G. 


21. THEOREM (MYERS). Let M be an «-dimensional Riemannian mani¬ 
fold, and y : [0, L] M a geodesic parameterized by arclength. Let r > 0 be 
a constant, and suppose that 

— Ric(/(r), y'CO) > for all t, 

and that y has length L > nr. Then there is a point r € (0, L) conjugate to 0, 
and y is not of minimal length. 


PROOF. Choose parallel, everywhere orthonormal vector fields Y\,...,Y n 
along )/ with Y\ = V. Let Wj{t) = (sin7r//L)F/(/). T hen 

nL 


E^{W iy Wi) 




dt 2 


C ( sm 


Tit 

T 


7l 2 

L2 




Summing for / = 2, ...，"，\ve obtain 

I t ! 




{fl — 1)7T' 


+ Ric(r,(/),y,(/)) 


dt. 


dt. 


By hypothesis, the term in brackets is < 0, so some E^(Wi. Wi) is < 0. Thus y 
is not of minimal length, and there is r e (0, L) conjugate to 0 (same reasoning 
as in Corollary 20). ❖ 
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Remark: If y : [0, L] S n (r) is a geodesic parameterized by arclength, and Y 
is any parallel vector field along y which is perpendicular to y, then W(t )= 
(sinnt/L)Y(t) satisfies W) < 0. The vector fields W( in the above proof 

come from such vector fields W by means of the map O of Lemma 18. This 
may make the proof of Myers’ theorem somewhat less mysterious. 

The next result reproduces the reasoning in the third part of Bonnet’s the¬ 
orem, together with an observation of interest only in the higher dimensional 
case. 

22. COROLLARY. Let M be a complete connected ^-dimensional manifold 
with 

. n — 1 

— Ric(A", X) > — r— 
r l 

for all unit vectors X, where r > 0 is a constant. (This hypothesis holds, in par¬ 
ticular, if K(P) > 1/r 2 for all plane sections P) Then M is actually compact, 
with diameter < nr. Moreover, the fundamental group of M is finite. 

PROOF. The proof of the first part is exactly the same as in Bonnet’s the¬ 
orem. To prove that the fundamental group of M is finite, we simply con¬ 
sider the universal covering space n \ M M of the Riemannian manifold 
(M, ( , )). Clearly , )) is complete, and its Ricci curvature also satis¬ 

fies — Ric(X, X) > (n — \)/r 2 for all unit vectors X. Therefore M is compact. ♦ 

Although Theorem 19 certainly generalizes Bonnet’s theorem very nicely, 
we do lose some information in this approach. Roughly speaking, we have 
generalized to higher dimensions only the first part of the Sturm comparison 
theorem, telling us that our Jacobi field must vanish somewhere on (a, b)\ 

we have not generalized the second part by comparing ||O(W0|| with \\W\\ up 
to the first zero of Such information is provided by 

23. THEOREM (THE RAUCH COMPARISON THEOREM). Let M x 
and Mi be two manifolds of the same dimension n, and let : [a,b] -> A// be 
geodesics parameterized by arclength such that 

(1) no number r € (a, b] is a conjugate value of 0 along y x in M\ or along 
y 2 in M 2 . 

Let Wi be Jacobi fields along y t such that 

( 2 ) Wi(a)=zO, 
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微 1 , 、 


DW 1( n 

心⑷ 

— 

dt {a) 


(4) Wi is perpendicular to y,-. 

For all ， e [a, b], suppose that for all 2-dimensional Pi C ⑴， the curva¬ 

tures Ki satisfy 

(5) K X {P X ) < K 2 {P 2 ). 


Then 

11^,(011 > l|VK 2 (0ll for all? € [a,b]. 

PROOF. If W 2 = 0, the theorem is trivial. If W 2 is not the 0 vector field, then 
W 2 (t) / 0 for all / e {a,b), since y 2 has no conjugate points. Naturally, W\{t) 
is also non-zero for all t e (a,b). It obviously suffices to prove that 


( 1 ) 

( 2 ) 


{^.,^.)(0 . 

lim - = i 

t^o {W 2 ,W 2 )(t) 

d_{W x ,W x ){t)_ > Q for ； e {a b )_ 
dt {W 2 ,W 2 ){t) ~ 


To prove (1) we note that 

(WuW^U) _ 

{V^2, W^2) (0 


lim 
f—o 


I DWi \ ,, 

1 dw 2 \,, 


by L’H6pital’s Rule 




1 DWi 
\ dt 

DW X \ 

(it 

)(t) + 

lw u 

D 2 Wi\ 
dt 2 1 

K0 

idw 2 

\ dt 

dw 2 \ 

dt 

)(t) + 

[w 2 . 

d 2 w 2 \ 

dt 1 



by L’H6pital’s Rule 
=1 ， by hypothesis (3). 

(Note that the first use of L’H6pital’s Rule is a genuine one, necessitated by 
the fact that we need to look at (Wi, Wi), rather than \\Wi\\. The second use. 
however, represents the same trivial case which occurs in the Sturm comparison 
theorem.) 

Equation (2) is equivalent to 

( 吣 ， 2 > • (w,, >{W U W X )- [w 2 , T 〉 ， 
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so for each to e (a,b) it suffices to show that 

( 2, ) 卜， $} ⑹斗， T ) ⑹， 

where c = ||H^(/o)ll/l|M^o)ll. 

But, since the W t arc Jacobi fields, and Wi(a) — 0, the second variation formula 
shows that 

卜，⑹ = £**( 兩 .,％)， 

where W[ — to]. 

Therefore, we just have to prove that 

(2〃） 

Consider the map 巾 of Lemma 18, constructed for the geodesics K/|[0 ， /o]. 
Since Wi(to) are both non-zero, and orthogonal to y h we can obviously define O 
so that 

(3) = cW 2 (to). 

In the first part of the proof of Theorem 19 we showed that 

(4) E^(W U W X ) > 

On the other hand, we have W 2 {a) — ^(W\)(a) = 0 by hypothesis (2) and 
the norm preserving property of while cW 2 ((o) — 巾（州） Go) by (3). So 
Corollary 10 yields 

(5) £** (巾(兩)，①(兩 )）2 ^(^2,^2) 

= c 2 E^( W 2 , W 2 ). 

Equations (4) and (5) together give the required equation (2〃). ❖ 

Unless \ou have become totally lost in these generalities, it should be clear 
that Theorem 23 can also be used to prove the results of Corollary 20. Rauch 
actually used his comparison theorem to prove a much more striking result, 
concerning “S-pinched” manifolds. These arc Ricmannian manifolds satisfying 


SA < K(P) < A 
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for all 2-dimensional subspaces P C M p at all points p e here Z is a 
constant, which we can assume is 1 if we are willing to multiply the metric (,) 
by a constant. Rauch proved that if M is complete and simply-connected, 
and 5-pinched for a certain 5 〜 .74, then M is homeomorphic to a sphere. 
Improvements by Berger and Klingenberg have established the 

SPHERE THEOREM. Let M be a complete, simply-connected Rie- 
mannian manifold of dimension n whose sectional curvatures K(P) 
satisfy 

5 < K(P) < 1 

for some constant 8 > 1/4 Then M is homeomorphic to S n . 

It is known that for even n this result breaks clown if we allow 8 = 1/4. We 
will not go into the rather detailed proofs of this and related recent results, 
which together would make up a good sized monograph. A large selection is 
coherently presented in Gromoll, Klingenberg, Meyer {1}，and references to a 
few more will be found in the bibliography. 

One of the most striking recent results completely clarifies the requirement in 
many of our theorems that the sectional curvatures should not only be positive, 
but also bounded away from 0. Naturally, this latter condition can fail only 
when the manifold M is not compact; but in this case the structure of M is 
completely determined: 

THEOREM (GROMOLL-MEYER). If M is a connected, com¬ 
plete, non-compact «-dimensional manifold with all sectional curva- 
tures positive, then M is diffeomorphic to R n . 

Although we must omit the proofs of these theorems, we can prove an older 
and easier, but still very striking, result about the topology of manifolds whose 
sectional curvatures are all positive. We begin with a lemma that will also be 
used later on. 


24. LEMMA (SYNGE). Let M be an orientable even-dimensional Riemann- 
ian manifold with all sectional curvatures positive. Let y : [^, b\ M be a 
geodesic which is closed [that is, y(ci) = y(b) and y f (ci) = 〆( 厶 ) ]• Then there 
is a variation ot : (― x [a^ b] —> M of y such that all curves 6t(u) are closed 
curves with length a(u) < length y for u ^ 0. 
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PROOF. Let V =〆 （()) 丄 C M p be the (n - 1)-dimensional subspace of all 
X p e M p which are perpendicular to 〆(())• Define (f )： V V to be the 
result of parallel translation around y. Then 0 is a norm preserving linear 
transformation, with matrix A satisfying AA X = 1 (where A 1 is the transpose 
of A), so det</> = ±1. Moreover, since M is orientable, it is easy to see that 
(f )： V V must be orientation preserving, so that det0 = +1. Since the 
dimension of V is odd, the characteristic polynomial of (f) has at least one real 
root, so (f> has a real eigenvalue, which clearly must be ±1. Moreover, the 
complex eigenvalues occur in conjugate pairs 入，入 with 入入 > 0. The number of 
real eigenvalues 士 1 is therefore odd, and their product is positive, so at least one 
must be +1. Consequently, (f) leaves some vector field fixed: (f>(X p ) = X p for 
some X p e V. This means that parallel translation of X p around y produces a 
vector field X along y with X{a) = X{b). 



Let or. {-s,e) x [a,b] A/ be a variation of y with variation vector field 
da/du(0,t) = X{t). Since X(a) — X(b), we can clearly choose a so that 
a(u,a) = a(u,b) for all u, which means that each a(u) is a closed curve. Ap¬ 
plying the second variation formula, and remembering that DX/dt — 0, we 
find that 

X) = - R(X(t), V(t))V(t))dt 

J a 

<0 ， by the hypothesis on sectional curvatures. 

This means that for sufficiently small w # 0, the curves a{u) have smaller energy 
than y. ❖ 

With this Lemma we can easily prove the following result, provided that we 
accept an “intuitively obvious” fact, whose proof will come soon afterwards. We 
will temporarily use the term “closed path” for a continuous path c : [0,1] — A/ 
with c(0) = c(l); the term “smooth closed path” will be used for a smooth path 
c : [0, \] —^ M with c (0) = c(l) and c’(0) = c’ ⑴. 
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25. THEOREM (SYNGE). Let M be a compact, connected, orientablc, even- 
dimensional Riemannian manifold with all sectional curvatures positive. Then 
M is simply-connected. 

PROOF. Pick a point p e M and suppose that ii\ (A/, p) ^ 0. Let c : [0,1] ^ 
M be a closed path with c(0) = c(l) = p, representing a non-zero element of 
丌 i (M ， p). We say that a closed path y is in the same free homotopy class as c 
if c and y are homotopic, considered simply as maps from S 1 into M. 

CLAIM. There is a closed curve y : [0,1] M in the same free 
homotopy class as c which has smaller length than any other closed 
curve in this free homotopy class. 

If we accept this claim, then it is clear that y must be a smooth closed geodesic. 
For every sufficiently small segment of y must coincide with a geodesic, since 
geodesics are the smallest paths between sufficiently close points. 

The proof is now immediate, for we obtain a contradiction by applying 
Synge’s Lemma to 


Before we proceed with the proof of the Claim, we add a few remarks. The 
hypothesis that M is compact can be replaced by the hypothesis that M is com¬ 
plete and has sectional curvatures bounded away from 0, by Corollary 22. In 
fact, the Theorem of Gromoll-Meyer (page 239) shows that compactness can 
be replaced by completeness alone. The hypothesis that M is orientable is clearly 
necessary, as shown by the projective spaces P n with n even. However, one can 
easily show (Problem 3) that if M is not orientable, then 丌 i (M) 义心 . The ne¬ 
cessity of assuming that M is even-dimensional is shown by the projective spaces P n 
with n odd. Without this assumption we must content ourselves with showing 
(Problem 3) that if M is a compact, connected odd-dimensional manifold with 
all sectional curvatures positive, then M is orientable. 

We will now give two different proofs of the Claim. The first of these, the 
official proof, uses a few facts about covering spaces, and is generally considered 
to be quite elegant. The second proof is a more typical example of the sort of 
“direct methods” which one can sometimes use in order to establish that solu¬ 
tions to calculus of variation problems actually exist, instead of merely finding 
conditions on the presumed solution; it is similar to arguments first used by 
Hilbert for that sort of question (and similar arguments could be used to give 
an alternative demonstration that a minimal geodesic exists between any two 
points in a complete manifold). That, I feel, is one good reason for including it; 
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it also turns out that this proof is no harder than the first proof if the details are 
handled intelligently. 

26. PROPOSITION. If ( M ，〈 ， 〉） is a non-simply-connected compact Rie- 
mannian manifold, then every free homotopy class contains a curve of minimum 
length. 

FIRST PROOF. Let M be the universal covering space of M and 丌： M M 
the projection; the complete Riemannian metric n*{ , ) on M gives an ordi ， 
nary metric d on M. Recall that a homeomorphism (p: M — M with no(p =ji 
is called a “covering transformation” or “deck transformation” of 沿 ， The set S) 
of all deck transformations is in one-one correspondence with n\ (M, p) for any 
p e M, and d is invariant under the action of S). 〜 

Given a closed path c: [0,1] -> M, let c: [0, 1] — M be a lifting, starting at 
some point q e n~ x (c (0)). Then 

c(l) = 8 (q) = 6(c(0)) for a unique 8 e D. 

To see how this 8 depends on the choice of ^ e 丌一 1 (c(0))，we note that any 
other point q e n~ l (c(0)) is 00?) for some (f> e S )，and that the lifting c of c 
starting at (p(q) is just 0 o c. This means that 

c(l) = 0(c(l)) = (f>{ 8 (q)) = (f) 08 o (p~ x (cf)(q)) = (p o 8 o 0 _1 (c(O)). 

Thus: 

(1) The conjugacy class : (f) G D} does not depend on the choice of 

q e 7r _1 (r(0)). 

\Ve also claim: 

(2) If c \ : [0, 1] M is freely homotopic to c\ then it determines the same 
conjugacy class. 

For, we ha'.e a map //: / x / — M with 

//(/, 0 ) = c{t) 

H (/, 1) = c\{t) 

//(0, s ) 二 //(l, s’). 

Let H be a lifting of //, and define c(t) = //(r,0) and (M,) = //U ， 1). 
have H(\,s) = 8(s)(H(0.s)) for some 8 (s), and all 8 (s) must be the same 5, by 
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continuity. Thus both c and C\ determine the same conjugacy class {(f>S(/)~ l : 

0 e £)}. 

Finally, we claim: 

(3) If y 2 : [0,1] — M arc paths with y,(l) = 5(y,(0)), then n oy l is freely 
homotopic to 7r o y 2 . 

To prove this, we let }/: [0,1] — M be a path from ^(O) to y 2 (0). Then Soy 
is a path from nU) to y 2 (l). So we can define a continuous map H. 3([0,1] x 
[0,1]) — M as follows: 

^ - H = y 2 here 


H — y here —— ► \< —— H — & oy here 


H = Y\ here 

Since M is simply-connected, we can extend this to a map H \ [0,1] x [0, 1]— 
M. Then n o H \ [0,1] x [0,1] — M satisfies 

no H(0,s) =no H(\,s) for all 5 e [0,1]. 

So 7 r o )/j is freely homotopic to n o y 2 . 

Now let {0(50 _1 : 0 G £)} be the conjugacy class corresponding to our given 

free homotopy class, and define ks : M —> M by 

h s (q) = M{d(q,(f>8(f>- l (q)) \ <p e D }； 

this is well-defined, since it clearly depends only on the conjugacy class of S. 
Notice that for each q there is some 0 (depending on q) such that 

h&{q) = d(q,4>8(f>~ x (q))\ 

this follows from the fact that £> acts discretely. It is also clear that h&is invariant 
under the action of £). It follows that 心 takes on its minimum on for there 
is a compact set K C. M with tt(K) — M. and consequently S)(K) = A/ 二 which 
means that the minimum of hf, on K is also the minimum on all of M. Say 
that /?« takes on its minimum at (]o e M, and that 


h&iqo) = ^(<7o<0o50o _1 U/o))- 
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Let y be a minimal geodesic in M from go to 1 ( 90 )，with length y = 

hs(qo). Then also 

length it oy = h 8 (qo)- 

The curve 丌 o y is in the given free homotopy class, by (3). If c is any other 
curve in the free homotopy class, and c is any lifting, starting at some point q y 
then 3(1) is (q) for some \j/ e S), and consequently 

length c = length c > d(q, (q)) 

> h 8 (q) > h s (qo) = length n oy. 

SECOND PROOF. Since M is compact, there is a finite open cover U\,... ,U r 
of M by geodesically convex sets. By the Lebesgue covering lemma, there is 
£ > 0 such that any set A with diameter < £ lies entirely in some U a . 

A closed curve c in M will be called special if there is a sequence po, p\ 

PN = Po of points in M such that 

(i) for each 7 , the points Pj-\ , Pj both lie in some U a 

(ii) c is the union of minimal geodesics Cj joining Pj 一 \ to pj. 

Given an arbitrary closed curve c: [ 0 , 1 ] ^ M, there is always a special closed 
curve c in the same free homotopy class as c, with length 1(c) < 1(c). To prove 
this, we consider the cover {c~ } (U a )} of [ 0 , 1 ]. The Lebesgue covering lemma 
implies the existence of a sequence 0 = to <•••< = l such that each 

[tj-\,tj] is contained in some c~ x (U a )\ this means that the restriction 】，(/] 
is contained in U a . We can then let c be the union of the minimal geodesics 



in U a joining Pj-\ = to Pj — c{tj). It is clear that 1(c) < 1(c). Since 

each U a is geodesically convex, it is also clear that c is homotopic to c. 

Now consider a particular free homotopy class of closed curves. The set 
of lengths of all closed curves in this free homotopy class has a greatest lower 
bound / > 0 . Our aim is to find a closed curve c in this free homotopy class 
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with length 1(c) = l. We can certainly find a sequence of curves in this free 
homotopy class with 

⑴ l(c (i) ) ^ /； 

we might as well assume that we also have 

(2) /(c (,) ) < 2 / for all /. 

Finally，we can clearly assume that 

(3) each c ⑴ is special. 

Now in the definition of a special closed curve, no bound was placed on 
the number N of division points involved. However, if the N for any of our 
curves (:⑴ is sufficiently large，then we can always find a new c ⑴， in the same 
homotopy class，and with no larger length，but with a smaller N. To see why 
this is so, consider the [N/2] curves 

Yx = e ⑴ from po to p 2 
y 2 = c ⑴ from pi to p 4 


If any one of these curves has length < e, then it lies entirely in some U a , so we 
can replace it by a single minimal geodesic, thereby reducing N. Clearly: 

if 1(c) < [y] then some y v has length < s，so N can be reduced. 

Using (2)，we find: 

if 2 / < [y] s, then some y v has length < e, so N can be reduced. 

Phrasing this slightly differently; we have: 

if TV > 2(j- + 1). then N can be reduced. 

Since this is true for all curves c^ l \ we can assume that all curves have 
N < 2(21/s + 1). Since extra points can always be stuck in. we can actually 
assume that 

(4) each r ⑴ is special with N 二 Nq 二 
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The remainder of the proof is now very simple. Let 




PN {) 


(0 


Po 


(/) 


be the points determining c(’). Since M is compact, we may assume, by taking 
subsequences, that for each j = 0, ... ， No we have 

lim Pj (i) = pj e M. 

i—>-oo 

Joining the pairs pj-\,pj by minimal geodesics, we obtain a closed curve c. 
Clearly 

No No 

1(c) = ^dipj-upj) = d(pj-i (l \ pj (l) ) 

y'=i 

=lim I (<:(’)）=/. 
i—^oo 


To prove that c is in the same homotopy class as the c(’)，we will carry out the 
construction a wee bit more carefully. We assume first that the original choice 
of the U a was made so that there are geodesically convex sets W a D (/ a . Now 
consider a fixed j. For each /, the points ， pj ( 1 、both lie in some U a . 

Since there are only finitely many U a , one of them, U a (j) say, must contain 
both pj—i ( 1 、and p 】、 1 、for infinitely many i. By taking a subsequence, we can 
assume that all pj —\( 1 、and p/ are in U a (j). There are only finitely many j to 
consider, so by taking subsequences we may assume that 

all and p / 1 、 arc in some U a (j), j = , TV。. 

This clearly implies that 

Pj-\ and pj arc in U a (j) C ⑺ j = 1.7V 0 . 

Using geodesic com exity of the W a , it is easy to see that c is homotopic to 
any ♦ 

[We now reinstate the normal terminology; and use ''closed curves” for curves 
c : [0, 1] — A/ with r(0) = c(\) and 〆 ⑼ =c •’⑴ .] 

We will end this chapter by considering a natural problem of deceptively 
simple appearance, which to this day remains unsolved. This problem will lead 
us to the study of'Yut points”，which arc related to, but still quite different iiom. 
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the conjugate points which we have been considering all along. We have seen 
(Corollary 22) that a complete connected manifold with all sectional curvatures 
> 1 jr 1 has diameter < Jir. It is natural to assume that in a similar way，a 
complete manifold with small sectional curvatures should have large diameter— 
if alt K(P) < 1/r 2 , then M should have diameter > nr. A counterexample to 
this conjecture is provided by projective space P n , with constant curvature 二 1， 
and diameter only n/2. And clearly, the larger the fundamental group, the 
smaller we might expect the diameter to be. An extreme case is represented by 
the torus, with infinite fundamental group. If we give the torus a flat metric， 
then K < \/r 2 for every r > 0; on the other hand，we can also arrange for 
the diameter to be as small as we like. With the added hypothesis of simple 
connectivity, the conjecture still seems reasonable: 

A complete, simply-connected，manifold with all K(P) < l/r 2 should 

have diameter > nr. 

One might expect to construct a proof of this conjecture along the following 
lines. We choose two points ^ G M at maximum distance apart, and consider 
a minimal geodesic y: [0, Z>] — M which joins them. If y has length L < nr, 
th.cn wc extend y to y ' [0, ^ A/ with L <c 7rr, and the extended 

geodesic y has no conjugate points，since K(P) < l/r 2 . Thus y is a local 
minimum for length. Since p and q were already at the maximum distance 
apart, we might expect a contradiction to emerge from this construction. Of 
course, it can，t，because we haven’t used simple connectivity anywhere. The 
case of an ellipsoid shows where the problem lies. If K is a geodesic joining the 



two furthest points p and q, and extending somewhat further beyond q to q , 
then y is ccrtainlv not the shortest path between p and But it is the shortest 
path among nearby paths, since y contains no conjugate points. It seems clear 
that there is little hope of attacking this problem if we consider only conjugate 
points, since they only gi\c us information about the local length minimizing 
property of geodesies, and our problem is a global one. 
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The notion of a cut point was made precisely in order to deal with global 
minimizing properties of geodesics. For simplicity，we will deal only with the case 
of a complete Riemannian manifold (M， 〈， 〉)，and we will let d : M x M R 
be the ordinary metric on M determined by the Riemannian metric 〈， 〉. 
Suppose we have a geodesic y : [0, oo) M starting at a point p = y(0) in A /， 
and parameterized by arclength. Consider the set 

4 = {/ > 0 : d(p,y(t)) = t} 

={t > 0 : y 丨 [0, /] is a minimal geodesic}. 

It is clear that either A = (0, oo) or else ^4 is a set of the form (0, a]. If ^4 = (0, a ]， 
we say that y(a) is the cut point of p along the geodesic y，while if A = (0, oo), 
we say that p has no cut point along y. The cut locus C(p) C A/ of is 
then defined to be the set of all points which are cut points of p along some 
arclength parameterized geodesic starting from p. We also define the cut locus 
C(p) of p in M p to be the set of all vectors aX e M p for which A" is a unit 
vector and expaX is the cut point of p along the geodesic YxU) = expfX 
Thus C(p) = exp(C(/?)). On the other hand, we define the conjugate locus 
of p in M p to be the set of all vectors aX e M p for which X is a unit vector 
and a is the first conjugate value of 0 along A particular ray in M p may 
contain neither a point of the conjugate locus nor a point of the cut locus. But 
if it contains a point aX of the conjugate locus, then by Theorem 6 it must 
also contain a point a r X of the cut locus, with a r < a\ briefly expressed, the cut 
point comes before or at the first conjugate point. 

Notice that if M is compact, then there is certainly a cut point along every 
geodesic; but there may not be any conjugate points, as is shown by the case of 
a compact surface of everywhere negative curvature. 

Suppose now that M is a simply-connected compact Riemannian manifold 
with all sectional curvatures K(P) < \/r 2 . If there is any point p e M (or 
which the cut locus C(p) in M p and the conjugate locus in M p intersect，say 
at a vector € M p , then the diameter of M p must be 2 丌 For, on the one 
hand, the geodesic t \-^ expru^ is a minimal geodesic from p io q = exp v p , 
so ci(p.q) = ||i^||; and on the other hand, the point q is conjugate to p, so 
IK 5 /? II by Corollary 20. 

Notice that the point q need not necessarily be the point furthest from p. For 
example, in the figure at the top of the next page, demonstrating the case of the 
ellipsoid on page 221, the cut locus of p is the portion of the geodesic from A 
to p f to C; so q is A or C. 
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Unfortunately，it is not known whether such a point p always exists on a 
simply-connected compact manifold M. There are only partial results in this 
direction，and before giving one of them we will need to develop some basic 
properties of cut points. 

One simple remark is sufficiently important to list as a separate result. Sup¬ 
pose that y : [0, oo) — M is a geodesic and q = y(/o) comes strictly before the 
first cut point. Then, of course, any other geodesic o) from p to q must have 
length co > /o- But actually the strict inequality holds: 

27. PROPOSITION. Let M be complete, let y: [0, oc) M be a geodesic 
parameterized by arclength, and let y(/o) come strictly before the cut point y{a) 
(if there is one). Then any other geodesic co from /? = )/(0) to g = y(/ 0 ) has 
length a) > to. 

PROOF. Suppose length co = to = length y|[0, ， o]. Choose e > 0 so that 
Y I[0, h + e] is also minimal. Then y|[0,/o + £ ] has the same length as 0 ) fol¬ 
lowed by y|[/o, /o + ^]- But this compound curve has a corner, so it can be made 



shorter, and therefore y|[0, to + s] is not of minimal length, a contradiction. ♦♦♦ 
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Notice that this argument does not work if y(to) is the cut point. In fact, 

28. PROPOSITION. Let M be complete and let y : [0, oo) A/ be a geo¬ 
desic parameterized by arclength, with cut point y(a). Then at least one of the 
following holds: 

(1) The number a is the first conjugate value of 0 along y. 

(2) There are at least two minimal geodesics from p = y(0) \.o q — y(a). 

PROOF. Choose a sequence a\ > ai > > • - with 

(1) lim ai — a. 

/->oo 

Let bi = d(p ， y(cii)、< ai and let X[ be unit vectors in M p such that 

t exp tXi 0 < t < bi 

is a minimal geodesic from p to y(c//). Naturally, all Xi are distinct from X = 
)/(0). Then we also have 

(2) lim bi = lim d(p, y{ai)) = d(p, y{a)) = a. 

i—>oo i—>oo 

Equation (2) shows that the vectors b(Xi arc contained in a compact subset 
of M p . Choosing a subsequence if necessary, we can assume that 

(3) lim biXi = a Y, Y e M p a unit vector. 

i—^oo ' 

Since expc/F = lim cxpbiXi = lim y{cii) = y(a), the geodesic 

i->-oo /—>oo 

t i-> exp t Y 0 < t < a 

is a minimal geodesic from p to q. So if A" ^ Y \vc have situation (2). To 
complete the proof we just lia\*c to show that X = Y, then the number a 
must be conjugate to 0. 

Now if X = Y, then lim /?/Xi = aY = aX = lim UiX. But 

/—>-oo i—^oo 

(4) c\p(biX{) = y(ai) = exp(a/A"). 

So every neighborhood of aX contains infinitely many pairs biX^ciiX oil which 
exp lias the same \ alue; and these vectors 0 [X and bi Xi are definitely distinct 
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(since the Xj are different from X, or, just as conclusively, since b{ < a < ai). So 
aX must be a critical point of exp. Thus Theorem 7 shows that a is a conjugate 
value of 0 along y. ❖ 

Proposition 28 can be used to derive several other facts about cut points. First 
of all, we have 

29. PROPOSITION. In a complete manifold M, if q is the cut point of p 
along a geodesic y from p to q, then p is the cut point of q along the geodesic y 
obtained by traversing y in the opposite direction. 

PROOF. The hypothesis implies that y is a minimal geodesic from p ioq. So y 
is minimal from q Xo p\ consequently, the cut point of y, if there is one, occurs 
past or at p. Now y must satisfy one of the two alternatives in Proposition 28. 



(1) If q is conjugate to p along y, then of course p is conjugate to q along y. 
The cut point must then occur before or at p. So it must occur at p. 

(2) If there is another minimizing geodesic from q to p, then again p must be 
the cut point, since Proposition 27 shows that there cannot be another minimal 
geodesic to a point strictly before the cut point. ♦> 

Consider now the “sphere bundle” (A/) of A/, consisting of all unit tangent 
vectors at all points of M\ this is a submanifold of the tangent bundle TM. Let 
R* = M U {oo} be the real numbers together with some other set “oo”. The 
ordering < on R can be extended to 1R* by defining a < oo for all a € M. We 
give M* the order topology (a basis consists of all sets of the form (a,b) C M, 
together with all sets of the form (“ ， oo] = (a.oo) U {oc}.) Wc now define a 
function S(M) — R* by 

a > 0 if a X is the cut point of p along 
jx(X) = < the geodesic Yx(0 — ex P^ 

oo if yx has no cut point. 
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30. THEOREM. If A/ is a complete manifold, then the function /x : S(M) 

M* is continuous. 

PROOF. Let X\, X2, ^"3, ... be a sequence of unit vectors in S(M) converging 
to a unit vector X e M p , and suppose that a\ = fx{Xi) did not converge to 
a = fU,(X). Since the values of fx lie in the compact set {a g M* : » > 0 } ? 
we can assume, by choosing a subsequence, that a/ converges to some a e JR* 
with a ^ a. Suppose for the moment that » is in M (and consequently all but 
finitely many a/ are in R). Then a\X[ converges to aX. Now it is clear from 
the definition of \x that 

d{p, expaiXj) = a\. 

So 

d(p, cxpaX) = d(p, lim txpaiXi) 

/—►oo 

=lim d{p, expaiXi) 

i—00 

=lim ai = a. 
i—^oc 

This shows that the geodesic t \-^ exp/X is minimizing on [0, a], and conse¬ 
quently a = fi(X) > a. If a = 00 , it is easy to see that we must again have 
a > a. So in order to derive a contradiction from the assumption that a 丰 a 、 
we can assume that a > a. Thus we are assuming that the vectors aiX\ ap¬ 
proach the vector aX with a < a. This means, in particular, that exp + is not 
singular at aX, since a conjugate point cannot come before a cut point. 

By choosing a subsequence of our sequence, we can assume that either each 
Yi(t) = exp(taiXi) satisfies (1) of Proposition 28, or else that each y z - satisfies (2). 
If each Yi satisfies (1), then exp + is singular at each a/ Xf . Hence exp + is singular 
at aX = lim a/X/, a contradiction. 

z^oo 

If each yi satisfies (2), then there are unit vectors Yi ^ Xi such that exp(a/F/) 
= ^xp(aiXi). Since exp is a diffeomorphism on some open neighborhood U of 
aX, these vectors afYi must lie outside U. By choosing a subsequence, we can 
assume that Yi approach a unit vector Y Rt p. Clearly Y also lies outside (/， so 
y # x. But 

d(p,expaY) = lim d(p,exp a/K/) 
i—00 

=lim d(p, exp^/A"/) 

i^oo 

— lim ai = a. 

i^-oo 

This shows that t 1 -^ exp tY is another minimal geodesic from p to cxp(aX). 
Since cxp(aX) comes before the cut point, this cannot occur, according to 
Proposition 27♦ 
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As a particular consequence of Theorem 30, the map /x: M p M* is con¬ 
tinuous for each p G M. Therefore the set 

E(p) = {tv : v e M p is a unit vector and 0 <t < /x{v)} 
is clearly homeomorphic to an open n-dimensional cell. 

31. THEOREM. Let M be complete. Then exp: M p M maps E(p) 
diffeomorphically onto an open subset of M, and M is the disjoint union of 
exp E(p) and C(p). 

PROOF. Clearly exp* is one-one on E(p), since there are no vectors w e E(p) 
with exp w conjugate to p. To see that exp is one-one on E(p), consider 
w u w 2 e E(p), with ||wi|| < ||w 2 |l, say. If we had expu；i = exp w 2 = q, then 
the geodesic co(t) — exp tw\ would have length from p lo cj less than or equal 
to that of the geodesic y(t) = exp ⑽ 2 . This contradicts Proposition 27, since q 
comes before the cut point of y. 

We next claim that exp E(p) and C(p) are disjoint. If not, then there is 
w € E(p) and u e C(p) with exp u; = expw = q. If \\u\\ < ||w;||, we have the 
same contradiction as before. If ||u)|| < \\u\\ we still have a contradiction, for 
then ? 卜 exptw would be a geodesic from p to q shorter than the geodesic 

t i-^- exp tu, which is minimal since u e C(p). 

Finally, let q be any point of M. Then there is an arclength parameterized 
minimal geodesic y(t) = exp tv from p = y(0) to q = y(a). Clearly a < fx(v). 
So av e E(p) or av e C(p). ❖ 

32. COROLLARY. If M is complete, and p & M, then M is compact if and 
only if every geodesic through p has a cut point. In particular, if every geodesic 
through M has a conjugate point, then M is compact. 

PROOF. We already know that if M is compact, then every geodesic through p 
has a cut point. On the other hand, if every such geodesic has a cut point, then 
C(p) C M p is homeomorphic to and E(p) U C{p) is a compact set. So 

M = exp(E(p) U C(p)) is also compact. ❖ 

One reason that the cut locus C(p) is so important is that most of the topo¬ 
logical properties of M are concentrated in C(p). For it is easy to see that 
there is a deformation retraction of M — {p} into C (p) — we just push points of 
exp E(p)-{p} along geodesics through p until they hit C(p). Thus the homo 
topy groups n k (C(p)) and singular homology (C ( 尸 ））groups are isomorphic 
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to 7Tic(M — {p}) and /4(M — {/?}), respectively; and there are well-known re¬ 
lations between these groups and 7r^(M) and Hfc(M). 

Another simple consequence of Theorem 30 is: 


33. COROLLARY. If M is complete, then the distance d(p, C(p)) between p 
and its cut locus is a continuous function of p. 

Wc are now beginning to approach our goal, although it may not look like 
it. We first prove the following important lemma, which improves on Proposi¬ 
tion 28 when y{a) is a special point in C(p). 

34. LEMMA. Let be a point in a complete manifold M and let ^ be a point 
of C(p) closest to p. Then at least one of the following holds: 


(1) The point q is conjugate to p along some minimal geodesic from p to q. 

(2) There are exactly two minimal geodesics from p to q, and their tangent 
vectors at q are negatives of each other, so that together they give a 
geodesic beginning and ending at p. 

PROOF. Suppose (1) does not hold. Then by Proposition 28 there are at least 
two minimal geodesics Y\ and y 2 from p to q. We will show that the tangent 
vectors of any two such y x and y 2 are negatives of each other at q\ this clearly 
implies in addition that there is not a third minimal geodesic y 3 from p to q. 

Let K\ be a “cone” formed by the points on all geodesics of length d(p ， q) 
whose tangent vectors lie in a neighborhood of y/ at p; and define simi¬ 
larly. The set g(A^) of all the endpoints of the geodesics making up K\ is a 
hypersurface containing^. If the tangent vectors of and y 2 are not negatives 
of each other at q, then crosses the corresponding hypersurface S(A^). 
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It follows that there is a point r with 

r e [K\ — S(A"i)] n [K 2 — £( 欠2 )]. 

Now r is joined to p by a geodesic y x lying in K u and a geodesic y 2 lying 
in K 2 . Since q is the point of C(p) closest to p, the point r must come strictly 
before the first conjugate point on both y x and y 2 . But this is impossible by 
Proposition 27. ❖ 

When the point p of Lemma 34 is very special we can say even more. 

35. LEMMA. Let /? be a point in a complete manifold M for which the dis¬ 
tance d{p, C(p)) is smallest, and let ^ be a point of C(p) closest to p. Suppose 
that q is not conjugate to p along a minimal geodesic from p ioq. Then there 
is a closed geodesic made up of two minimal geodesics from p to q. 

PROOF. Since ^ is a point of C(p) closest to p, there are, by Lemma 34, 
exactly two minimal geodesics /] and y 2 from p io q, and their tangent vectors 
are negatives of each other at q. But our hypotheses imply also that pis a point 
of C(q) closest to q. So there are also exactly two minimal geodesics from q 
to p, namely y, and y 2 again, and their tangent vectors are negatives of each 
other at p. ❖ 

36. THEOREM (KLINGENBERG). Let M be a compact simply-connected 
even-climensional Riemannian manifold whose sectional curvatures satisfy 0 < 
K{P) for all 2-climcnsional P C for all q e M. Then for some point 
p e M, the cut locus C(p) in M p and the conjugate locus in M p intersect. 

Consequently ； if \vc also have K(P) < \/r 2 for some r > 0, then M has 
diameter > 丌 /' 

PROOF. Let p be a point for which d(p.C(p)) has the smallest \ alue, L sa\; 
and let q e C(p) be a point closest to p. We claim that q is conjugate to p 
along a minimal geodesic. Suppose it were not. 1 hen by Lemma 35, there is a 
closed geodesic y [0.1] ~> M. of length 2L. made up of two n+iininial geodesies 
from p to c]. Bv Svngc s Lciiima. there is a \*anatioii oi \ [0.6 1 ) x [0,1] —> A/ 
of a such that all (5(//) arc closed cunes ol length < 2L for u > 0. rhis means 
that for each u > 0. the set of points {cx(u, 0} is the image under exp a (“ 0 ) of a 
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set S u in E{a(u^))\ this set S u is a closed curve, since exp a ( w 0 ) is a diffeomor- 
phism on E(a(u, 0)). But the points of y are not all in exp^ E(p). Instead, the 
set {y(t)} — {q} is the image of a set in E(p); this set consists of two open rays 
from 0 e M p to two vectors u, —v e M p . We will show that such a situation 
cannot arise. 



Let S = (J and consider the set C of all points in S corresponding to 

M>0 

points of the form a(w, 1/2) for w > 0. We claim that C is connected. This is 



because the map 

u exp a(w orVb ， 1/2)) 

is continuous, where exp a ( w0 )— 1 denotes the inverse of the map exp a ( w 0 ): 
E(a(u^0)) M. Similarly, if C n is the set of all points in 4 corresponding 
to points of the form a(u, 1/2) for 0 < w 〈士 ， then C n is also connected. 

Now consider the set B n of points in 4 corresponding to points of the form 

a(u.t) for ， e (士 一士 ， I + i) and 0 < < 士 . 
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The set B n is also connected: it consists of the union of connected sets in for 
0 < w < ^, and each of these contains a point of the connected set C n . 

Finally, consider the set 

5 B n . 

n 

As a decreasing intersection of compact, connected sets, it is also connected. It 
is clear that it is completely contained in M p ， and that it contains both v and -v. 
Therefore it must contain some other vector w e M p . But then it is easy to 
see that t txptw is another minimal geodesic from p to q, contradicting 
Lemma 34♦ 
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PROBLEMS 

1 . Suppose that / satisfies the condition for second derivatives on page 204. 

(a) Show that if / is composed with a suitable rotation, then the corresponding 
matrix (d 2 f/d.Xidxj) is diagonal (compare pg. 11.50). 

(b) Conclude that / has a local minimum at x. 

(c) For f(x,y) = (y - x 2 )(y — 2x 2 ), show that / has a strict local minimum 
along every straight line through X， but that / does not have a local minimum 
at x. 

2. (a) Prove the following “delicate Sturm comparison theorem ”： Let / and h 
be two continuous functions / < /? on an open interval (a ， b 、，and let 0 and r) 
be two functions satisfying 

( 1 ) 0 " + f(p = 0 

(2) v" + hrj = 0 

on (a,b). Assume that 0(/) 7 ^ 0 for t e (a ， b 、，and that 

lim (p(t) = lim (p(t) — 0 . 

t—b— 

Thcn r] must have a zero on (a,b 、，unless / = h everywhere on (a,b) and r] is 
a constant multiple of (p on (a,b). 

(b) In the situation considered on page 231, let V = dy/dt, and let Y be the unit 
vector field along y|(0, L) which is perpendicular to V and tangent to image a 
along y|( 0 , L). Let W = /K + (f)Y be the decomposition of Proposition 3 
for image a; note that / and 0 have (left- and right-hand) limits 0 at 0 and L. 
Conclude that / = 0 and that (p satisfies the hypotheses of part (a). Thus obtain 
a contradiction, demonstrating that we cannot have L < nr. 

3. (a) Let A/ be a non-orientable C°° manifold. Let M be the set of all ori¬ 
entations [i p for M p , for all p e M, and define n \ M M to be the map 
which takes each of the two orientations of M p into p. Show that M has a 
natural C°° structure that makes n : M M d 2-fold covering space of M. 
and that M is orientable. 

(b) If、M is a compact, connected, non-oricntable. e\cn-dimensional Riemann- 
ian manifold with all sectional curvatures positive, then n\(M) ^ Z 2 . 

(c) Ixt c. y: [ 0 . 1 ] — M be freely liomotopic closed curves, and let c. y : [ 0 . 1 ] 
—M be curves with 7 r 0 c = c and n o y = y. Then r(0) = c(\) if and only 
if j/(0) = y(l). Hence if M is non-oricntable. then there is a closed curve 
c : [0. 1 ] M of minimal length such that r( 0 ) ^ ^(1). 

(d) If' M is a compact, connected, odd-dimensional Riemannian manifold with 
all sectional curvatures positive，then M is orientable. 



CHAPTER 9 


VARIATIONS OF 
LENGTH, AREA, AND VOLUME 


T he classical calculus of variations was extended, quite soon after its incep¬ 
tion, to deal with problems in several variables. In this chapter we will 
use these methods to study «-dimensional submanifolds M C (N m , { , )) with 
minimal «-dimensional volume. Thus the material of this chapter may be re¬ 
garded as a generalization of the study of geodesies which was carried out in 
Chapter 1.9 and in Chapter 8 of this Volume. One big difference, aside from 
the greater difficulties to be encountered, is the fact that our results are truly 
extrinsic—all our theorems will be about the submanifolds of N, not about the 
structure of N itself. 

When we look for curves which have the shortest length among all curves be¬ 
tween 2 fixed endpoints，we find that the only possible candidates are geodesics 
(provided that we parameterize all curves proportionally to arclength). For the 
2-dimensional analogue of this situation, wc replace the two fixed endpoints in 
our Riemannian manifold (iV，{ ， )) by a compact 1-dimensional manifold Mq 
(diffeomorphic to a finite union of circles). We then consider all immersed com¬ 
pact 2-dimensional manifolds-with-boundary M satisfying 3M = M。. Among 
these, we seek one which has minimum area; by the area of an immersed sur¬ 



face f \ M N we mean the integral over M of the (2-dinicnsional) volume 
element dA determined by the induced metric /*〈， 〉 (when M is oriented, 
wc can consider dA to be a 2-form). Our approach to this problem will be sim¬ 
ilar to our approach in the analogous 1-dimensional case; we will find critical 
points” for the area function. One important difference is that no particular 
parameterization of M will play a favored role. 


ORO 
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Before wc try to find a general formula for the “variation of area”，we will 
first investigate the case of surfaces in M 3 ，which leads to an extraordinarily 
rich theory, of a very special sort. At first, we will not even consider general 
immersed surfaces-with-boundary，but only immersions /: D — M 3 ，where 
Z) C M 2 is a compact 2-dimensional manifold-with-boundarv. By a variation a 
of / we will mean a C 00 function a : {—£, e) x Z) — R 3 with a(0, p) = f(p) 
for p e D\ for each u e (—£, e), we then define the function a{u ) : D ^ R 3 
by a(u)(p) = a(u, p). Since / = (5(0) is an immersion, the same must be true 
of a(u) for sufficiently small u (one needs compactness of D to prove this), so 
with no loss of generality we can assume that all a(u) are immersions. As in 
the previous chapter, we define the variation vector field W by 

da 

mp) = ^(o,p )； 

ou 

notice that W{p) e M 3 /^)，so that is a “vector field along /”• 

In almost every differential geometry book under the sun, the only variations 
considered are those of the form 


(1) a(u, t\,t 2 ) = + U 


where N{t\J 2 ) is the unit normal at /(/ 1 J 2 )，and 0 is some C°° function. 
Thus a is a very special sort of “normal variation” 一 each curve u 1 -^ oi(u^ t \, ^ 2 ) 
is a straight line normal to the surface /, and the variation vector field W is just 

W{t\,t2) = 0(,M2) - 

The decision to ignore more general \ ariations is partially justified by the follow¬ 
ing observations. I 11 the first place, if w e are given a \ ariation a : (—£, s) x D 
K 3 of /, then we can usually find a new variation 0 :(― 左 ’ ， s f ) x D ^ R 3 of / 
such that 

(a) — (0, p) is perpendicular to f(D), 
ou 

(b) the surfaces a(w)(Z)) and ^(u)(D) are always the same, e'en though the 
parameterizations a(z/) and j6(w) may be different. 
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To do this, we assume that the surfaces a(w)(Z)) are all disjoint, and we consider 
the curves, parameterized by arclength, which are orthogonal to all the surfaces 
a(u)(D). Then we let p) be the unique point of a(u)(D) which lies on 



the curve passing through / (p). Thus we can usually assume that our variation 
vector field W is perpendicular to f(D). In the second place, when we take 
the derivative at 0 of the areas of the surfaces a(u)(D), we naturally expect that 
the answer will depend only on exactly as in the case of arclength. If this 
expectation is correct, then we can even assume that a is of the form (1). This 
line of argument, intuitively reasonable as it may be, is perhaps not very satisfy¬ 
ing. But we will have adequate opportunity to consider more general variations 
later on, when we re-examine surfaces immersed in an arbitrary Riemannian 
manifold. So for the time being, let us indulge in the classical simplification, 
which makes the calculations so much more manageable. 

For the special variation given by (1) we have 


3a df 

(2) 恥 (w ， rM2) = ¥ +w 


dd) dN 


[all partials on the right 
evaluated at (t \, ^)]- 


Let 

Ida / x da \ 

⑶ gij{u)(t\Ji) - (— 厂 

SO that the functions gij(u) are the components of a(u)*{ , ); in particular, 
then, gij = gij (0) are the components of f*{ , ). Since 


Idf dN\ 

Wi' dtj I 


—lij ， 



equations (2) and (3) give 

gij(u) = gij — 2u(plij + u 2 aij(u). 
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where (uJ\J 2 ) ^ ciij{u)(t\,t 2 ) is some continuous function. From this wc 
obtain 

det gij(u) = det gij — 2u(f)[g\\l22 + gulw — + u 2 b{u) 

— (det g")[l — 4u(f)H] + u 2 b(u), by formula (B) of Chapter 3; 

in this equation, b(u) is a function having the same property as the aij{u). It is 
now easy to see that 

det gij (u) = -40//det gij, 

u—0 



from which we obtain 


du 


Vdet gij{u) 


w=0 


—20//Vdet gij. 


Let us denote by A(a(u)) the area of the immersed surface a(u) : D R 3 . 
Then 


(*) 


dA(a{u)) 


du 


u=0 


d 

du 




J D 


\/det gij(u) dt\ dti 


du 


Vdet gij(u) dt\ dti 


M=0 


I 20//>/det gij dt\ dt 2 

Jd 



dA — 


volume element on D for 
the metric f *{ ， 〉. 


We are now ready to draw a conclusion. 


1. PROPOSITION. Let M be a compact 2-dimensional manifold-with-bound- 
ary and /*: M -> R 3 an immersion such that f(dM) is a given compact 
1-manifold Mo C 1R 3 . If A/ is a critical point for the area function, among all 
such immersions, then M must be a minimal surface (H = 0 everywhere). In 
particular, if M has the minimum area among all such surfaces, then M is a 
minimal surface. 
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PROOF. Suppose that H(p) ^ 0 for some p e M, say H(p) > 0. Choose a 
neighborhood £) of /? so small that H(q) > 0 for all ^ e 5). W^e can assume that 
/(£>) is also the image g(D) for some immersion g: M 3 of a compact 

2-dimensional manifold-with-boundary C K 2 . Let 0: Z) — ]R be a C°° 


= g(D) 


function which is > 0 on and = 0 in a neighborhood of dD. We can then 
define a variation a of / by letting 

ot{u,p) = f(p) P i 

a(u, p) = / (p) + u ■ ^(P) ' for p = g 1 (/( 尸))，尸 e cD. 

Formula (*) shows that 

dA{a(u))_ = _ f 2( f)HdA^ 

du u=0 Jd 

where is the mean curvature H at / -1 C? (“ ， h)). Since H > 0 every¬ 

where on Z), and since 0 is > 0 on Z), but is not identically 0, the integral is 
positive; this is a contradiction. ❖ 

In the statement of Proposition 1 we have deliberately not claimed that a 
minimal surface actually is a critical point for the area function. We found that 
// = 0 is a necessary condition for a critical point by considering variations a 
which, first of all, vanish outside a small region, and, second of all, are normal 
to the surface. It is conceivable (well, just barely) that if we considered arbitrary 
variations, we would obtain another condition more stringent than H = 0. So 
we will have to wait a bit before we can assert with assurance that minimal 
surfaces are precisely the critical points for the area function. On the other 
hand, the second part of Proposition 1 is already the best we can hope foi. 
among those surfaces with boundary M 0 , the one with minimum area must 
be a minimal surface; but we would not expect every minimal surface to have 
this property, any more than we expect every geodesic to be the shortest length 
between its endpoints. 
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The next result only begins to suggest how special minimal surfaces are. 

2. PROPOSITION. Let M be an immersed surface in M 3 with normal map 
N: M — S 2 . If M is minimal, then N is conformal (angle preserving) at all 
points where K ^ 0. Conversely, if N is conformal, and M is connected, then 
either M is a minimal surface, with K < Q everywhere, or M is part of a sphere. 

PROOF. Recall (Lemma II. 7-20) that the map N is conformal at p if and only 
if there is ji{p) / 0 such that 

⑴ {N*X P , N,Y P ) = fi(p)(X p ,Y p ) X p ,Y p eM p . 

We will make use of the third fundamental form III of A/, which was defined 
in Chapter 2: 

lll(p)(X p ,Y p ) = (N,X p ,N,Y p ) 

= (N^ 2 {X p ),Y p ), for Y p e M p . 

By Proposition 2-6 we have 

(2) III — 2// • II + 尺 • I = 0. 

Suppose first that M is minimal. Then (2) gives III = —K I, which shows 
that (1) holds with fi(p) = —K(p)\ hence N is conformal when K(p) ^ 0. 

Conversely, suppose that N is conformal, so that it satisfies (1) for some func¬ 
tion ji which is non-zero, and hence obviously positive. Then (2) gives 

(尺 + /X) . I - 2// • II = 0. 

At a point p with H(p) ^ 0 we can therefore write 11(/7) as a multiple of l{p), 
which means that p is an umbilic. At a point p with H(p) = 0， we have 
K(p) = 一 fi(p) < 0, so cannot be an umbilic. In short, 

p is an umbilic if and only if H(p) ^ 0. 

The set of umbilics is thus open. But it is also closed. So either: no points 
are umbilics, and // = 0 everywhere; or all points p are umbilics, and these 
umbilics are not flat points (since H(p) ^ 0) ? so M is part of a sphere. 

Back in Volume II, pg. 297, we mentioned that every 2-dimensional Rie- 
mannian manifold M is locally conformally equivalent to the plane: around 
each point p we can choose an “isothermal” coordinate system for which we 
have gij — jiSij. Addendum 1 contains a proof of this result for general Rie- 
mannian 2-manifolds. On the other hand, Proposition 2 provides an easy way 



Variations of Length, Area, and Volume 


265 


of introducing isothermal coordinates around any non-flat point p of a minimal 
surface M. We need only find a conformal map o.. S 1 - {point} — R 2 , and 
then o o N will be the required isothermal coordinate system in a neighborhood 
of p. But we already know such a conformal map a, namely stereographic 
projection. It will be convenient to use the second version of stereographic 
projection, given on page 107. Recall that 



c ) = (T^ ， l47) 

丄 、 f 2x 2y x 2 +y 2 

° (x ， J) = Vx 2 +v 2 + r x 2 +v 2 +r x 2 +y 2 + \)' 

Naturally, we can find a conformal map S 2 - {q} M 2 for any other point g 
merely by first rotating 5 2 so that q goes to ( 0 , 0 , 1 ). 

Unfortunately, this method does not work at a flat point. To include such 
points we can, of course, appeal to the result of Addendum 1， valid for all 
surfaces. However, for minimal surfaces there is a considerably easier argument 
that still works at all points. 

3 PROPOSITION. Isothermal coordinates can be introduced around any 
point of a minimal surface M C M 3 . 

PROOF We can assume that M is the graph of a function /;: t/ -> M, for U C 
M 2 . so that M is the image of the map /(x,.v) = (x, y,h(.x, y)). Introducing 
the classical notation 


dh dh 

p = 石- q = y y 
d 2 h d 2 li _ d2/l 

= = ~ a? 
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and using equation (B’）on pg. 111.137, we have 
( 1 ) (1 + q 2 )r - 2pqs + (1 + p 2 )t = 0 . 

Setting 


^ = ^] + P 2 +q \ 


we note that 
d_ 
dx 


( 孕 ) 


W 


) = — 点 [ (i + q2)r ~ ipqs + (i + 尸 2)? ] 


and similarly 


W 3 

0 by ( 1 ), 

3 /1 + P 2 


dx 


(El) _ A P + ^ I 
\w) ~ 9^ V ) 


0 . 


( 2 ) 


(a) 

(b) 


can 

locally find functions a 

and 

P with 

3a 

i + p 2 

(c) 

竺 

—pq 

dx 

~ w 

3.v 

~~ W 

da 

—pq 

(d) 




~ Iv 

h' 

一 w 


Consider the transformation of Leury: 

T(x,y) = (x + >' + ^(x,y)). 

Its Jacobian is 

1 + p 2 pq 

w W 


J(T){x,y) 


with determinant 


^ i- 

w 

2 + p 2 + q 2 
2 H ---- > 2. 


1 +q 2 
W 


W 


So T has an inverse locally; and 

J{T^){T{x,y)) = [J(T)(.x,y)]- ] 


det J(T)(\\ v) 

\ + W + q 2 


C 


-pq 


l +cr 

w 

M 

~W 


i + w + p 2 
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So 

J(f oT~ l )(T(x,y)) = J(f)(x,y) - J(T~ i )(T(x, y)) 

l + W + q 2 -pq \ 

— pq \ -\-W -\- p 1 ) 

( \ + W + q 2 —pq 
— pq \ + W + p 2 
p + pW q+qW 

It is easy to check that the two column vectors in this matrix are orthogonal, 
and that they have the same squared length 

(1 + p 2 +q 2 )(2W + 2+ p 2 + q 2 ). 

Thus / o T~ x is conformal, and its inverse is the desired isothermal coordinate 
system. ♦♦♦ 

The reader has probably noticed the similarity between this proof and the 
proof of Jorgens' Theorem (7-45). Asa matter of fact, that proof ofjorgens' 
Theorem was motivated by manipulations with the minimal surface equation, 
and the original application ofjorgens' Theorem itself had been to reprove a 
result about minimal surfaces: 




4 THEOREM (BERNSTEIN). Planes are the only minimal surfaces in R 3 
which are the graph of a function /?: IR 2 M. 

PROOF. Suppose we have a function /r. R 2 — M satisfying equation (1) in the 
previous proof. Then the functions a and of equation (2) are defined on all 
of 、 R 2 (since M 2 is simply-connected). From (b) and (c) of equation (2) wc see 
that there is a function 0 : R 2 —> M with 

(p x — a and 4> y = ^ 


Together with (a) and (d), we then ha\，e 


伞 XX = 


1 + p 2 


W 


4>x, 


pq 

~w' 


(f>yy = 


1 +q 2 


which implies that 


(pxx^yy ~ 
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Jorgens , Theorem implies that 

1 + p 2 pq 1 + q 2 

w ’ ~w' w 

are constants. A simple exercise then shows that p and q must be constants. 

The manipulations of the past few pages were undoubtedly unpleasant (not 
to say, slightly unmotivated), but they were really worth the trouble, because 
isothermal coordinates play such a vital role in the study of minimal surfaces. 


5. PROPOSITION. If /: M —> M 3 is a minimal immersion, and (u \ u 2 ) is 
an isothermal coordinate system on M, then 

d 2 f d 2 f l . 

+=0 i = l ， 2,3. 

Conversely, if this equation holds for a collection of isothermal coordinate sys¬ 
tems covering M, then / is a minimal immersion. 

PROOF. By equation (7) on page 136 we have 

Af = 2HN, 


where N is the normal map, and A is the Laplacian. Therefore / is minimal 
if and only if A/ z = 0 for i = 1 ， 2,3. Since our coordinate system (w 1 , u 2 ) is 
isothermal, Problem 7-23 shows that 



Let us rephrase Proposition 5 just slightly. If u = (u \ u 1 ) : K C M 2 is 

an isothermal coordinate system on (7 C M, and /: M M 3 is a minimal 
immersion, then each real-valued function g l = 尸 ◦ w 一 1 : V" — ]R satisfies 
“Laplace’s equation” 

d 2 g l d 2 g l 
—— H -— = 0 

3a- 2 打 2 

where d/d\ and 3/3 v denote the ordinary partial derivatives in M 2 . Now at 
this point complex analysis conies rushing in, waving its hands excitedly in its 
eagerness to enlighten us. It is a well-known result that locally any such function 
is the real part of a complex analytic function; we recall the argument briefly. 
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Suppose that g 


satisfies Laplace’s equation 
d 2 g d 2 g 
dx 2 dy 2 



which we can also write as 

Klf) —K-|) 

dx dy 

According to Proposition 1.6-0, there is locally a function h such that 

M __dg d^ = dg 

dx ~ dy dx 

But these are just the Cauchy-Riemann equations for g + ih, showing that this 
function is complex analytic, with real part Rc(^ + ih) = g. The converse is 
even easier: If g is the real part of a complex analytic function g + ih, then the 
Cauchy-Riemann equations immediately lead to Laplace’s equation for g. 

A minimal surface M can thus be represented locally by 

(x,^) ^ 0(x, j) = (Recpiix+ iy), Re(p 2 (x + iy), Re(p 3 (x + iy)) e M 3 ， 

where the 0/ are complex analytic functions, and O itself is the inverse of an 
isothermal coordinate system. As one consequence of this representation, we 
see that every minimal surface in M 3 is automatically real analytic (C^). 

The fact that O— 1 is an isothermal coordinate system can just as well be ex¬ 
pressed by saying that O is conformal, and hence by the following two equations 
for the vectors 30/3x, 30/3^ G R 3 : 

\dx’ dx j \ dy ' dy J \ dx dy / 

Since the complex derivative 0〆 is given by 

. dRtfpk . 9 Im 

9 Re 0* . 3 Re 0 a ： 

d^> k ,d<P k 

=TT -, 17' 

our pair of equations for O is equivalent to the one complex equation ） 

= 0; in terms of the functions ^ = 0〆 we can thus write our conditions as 

t \ 2 + + fi 2 = °- 

Now we can describe the solutions of this equation explicitly. 
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6 . LEMMA. Let K C C be open，let g be meromorphic in K，and let / be 
analytic in V with a zero of order at least 2m at each point where g has a pole 
of order nu Then the functions 

I 

h = ^/O - g 2 ), 中 2= + g 2 、， ^3 = fg 

are analytic in V and satisfy \f/\ 2 + 少 2 2 + 少 3 2 = 0. Conversely，every triple 
少 1 ，少 2 , 少 3 of analytic functions satisfying \j/\ 2 + \j /2 + 少 3 2 = 0 on K can be 
represented this way. 

PROOF. The first half of the Lemma is a direct calculation. Suppose, con¬ 
versely, that we are given functions x//i satisfying the equation 少 i 2 + 少 2 2 + 少 3 2 = 0 , 
which we can also write in the form 


( 1 ) {中\ — i 伞 2){ f 、+ i 伞 2 )= —伞3 2 . 


If 少 3 is the 0 function，we choose g = 0 and / = 2\fr\. If ^3 is not the 0 
function, then 少 1 一 / ^2 is also not the 0 function, so we can define 


⑵ 


f = ^\ — 坤 2, 


_ 玫 3 


with f analytic and g meromorphic. Then equation (1) gives 


⑶ 


f\ +1^2 = 


- 少 3 2 
^1 - if2 


=-fg' 


Equation (3) together with the definition of / in equation (2) shows that the 也 
have the desired form. Equation (3) also shows that fg 2 is analytic, so / must 
have a zero of order at least 2m at each point where g has a pole of order m. ❖ 


It is now a simple matter to give a representation of minimal surfaces, due to 
Enneper and Weierstrass, which plays a major role in the theory. 


7. THEOREM. Every point of a minimal surface M C M 3 is in the image of 
some conformal map ^ : V ^ M C M 3 . where V C C is a simply-connected 
open set. Each such conformal map ① is of the form ^ — ①（尸发 ). where 

① (/. 貧 ) 、入 ' = Re / 去 -，⑽ U - g(w) 2 )dw + ri 
4> (/ ^) 2 (.v, r) = Re /" ^/(w)(l +^(u') 2 )^/u' +c 2 


$ (/. 发 ) 3 (- Y ,. r ) = Re / f{w)g(w)Jw + f 3 . 
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In these equations, the C\ are real numbers, g is meromorphic on V 7 and f is 
an analytic function on V vanishing precisely at the poles of g y the order of the 
zero being exactly twice the order of the pole; the integrals are taken along any 
path from a fixed point Xq + / Vo € K to the point x + iy. 

Conversely, every such 少（乂发 ） is a conformal map into a minimal surface. 

PROOF. We have already seen that there is a conformal map $ : K A/ C M 3 
given by 

(1) ^ k (x,y) = Recp k (x + iy), 
for complex analytic functions satisfying 

( 2 ) = 0 . 

k 

By Lemma 6 we have 

(3) 0 / = <f >2 = fs, 

where / has a zero of order at least 2m at each point where g has a pole of 
order iti. We just have to show that the order of f is exactly 2m at such a 
pole. Now if we had (p x \x + iy) = ^'(x + iy) = 0, then we would also have 
0 3 , (.x + iy) = 0 by (2). Since 

d<p k _d<t> k 

( 4 ) 4>k\x + iy) = ^ - 

this would mean that d 中 /dx = d<P/dy = 0 at (x，）’），contradicting the fact 
that O is conformal (and hence an immersion). So 4>k'(^ + '}) # 0 for A: = 1 
or 2 (or both). Then equation (3) implies that the order of / is at most 2m at 
a pole of g of order m. 

Conversely, consider O = 少 (/ ， 发 ） where / and g have the stated properties. 
Then we have equation (1 )， where the are given by (3), and hence satisfy (2). 
It follows from (2) and (4) that 

jd<t> 3$\_ /9$ a$\ /9^ 

\ dx ’ dx ) \ dy dy / \ ’ 3 v / 
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Now our hypotheses on / and g imply [by (3)] that 0 / and 0 2 ’ are nowhere 
zero, and thus that d<P/dx and d<P/dy are nowhere zero. Since they are also 
orthogonal, by (5), they are linearly independent, so the map <P is an immersion, 
and thus a conformal immersion into its image. Since the are the real parts 
of complex analytic functions, they satisfy Laplace’s equation, so is also a 
minimal immersion, by Proposition 5. ❖ 

In order to connect this with the differential geometric properties of minimal 
surfaces, we need the following additional information, which will also explain 
the significance of the poles of g. 


8. PROPOSITION. For the immersion = 少 (/,g) of Theorem 7, the metric 
$*〈，) on V has components gij = where 

ri/u)io + i^)i 2 )i 2 


[this expression will approach some limit at z if z is a pole of g]. 
If N is the normal map of then 


N(z)= 


/ 2Reg(z) 2lmg(z) lg(z)| 2 - 1 \ 
V |g ⑺ I 2 + 1 ’ I 犮⑺ I 2 + 1 ’ |g(z)| 2 + l) 


eS 2 


[— (0,0,1) e 5 2 if z is a pole of ^]. 

PROOF. Since $ is conformal, we have gij = where 



/ao a$\ \ 


M = 


' 3.v / 


Using 


办 (- Y + ⑻ = i — 


and equation (3) of the previous proof, this gives 


^(-) = 1办'(:)1 2 = 


~i/(--)i(i + i g (-)i 2 )i 2 
2 
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We also see that at points where g does not have a pole, we have 


90 

dx 


— =(Re0 二 Re0 2 '， Re0/) x -(Im0/,Im0 2 ',Im0 3 ) 

dy 

=<Re 0 3 ' Im 0/ - R e 0 2 ' Im 0 3 '， ... ） 


={Im 0203 > I™ 0301'I m 01 02) 

=l/| 2 ( 1 + L g|2) (2Reg,2lmg,|g| 2 - 1). 
4 


From this we compute that 


30 30 


n/id + i^i 2 )! 



2 _ 


=A, 


which we should have known anyway, and finally get 


30 90 

~d^ X J^ _( 2Reg 2lmg lg| 2 _ 1 、 

"90~ 、 |g| 2 + 1’ |g| 2 + \g\ 2 + V 

dx dy 

As we approach a pole, this clearly approaches (0,0, 1 )， since g — oo. v 


The representation in Theorem 7 is not unique, because there are many 
different conformal maps O : K M. If O/ \ V t M are two conformal 
maps, then the map 

a = o 2 _1 o Oi: (/ — K 2 t/ = 巾厂 1 ( 巾 2(h ))， 

from the open set (/ C M 2 into R 2 , is conformal with respect to the usual 
Riemannian metric on E 2 . It is easy to see (Problem 4-9) that such conformal 
maps a are precisely the one-one complex analytic maps a and their conjugates. 
Conversely’ if we are given 0(/， g ) : V M m Theorem 7, and a one '° ne 
analytic or conjugate analytic map a : W V, then 少 (/ ， g) ⑽： 1S 
another conformal map into the same minimal surface, and it must a\e : e 
same form, with difierent / and g. One can obtain the new/ and ^ by making 
the substitution w = a(w) in the integrals of Theorem 7. 
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The non-uniqueness in Theorem 7 is not really much of a problem, for wc 
have already seen that there is practically a canonical way to select a conformal 
map O : K ^ M which covers a given point p of an imbedded minimal surface 
M C M 3 . We only have to assume that p is not a flat point, and also that 
v(p) i=- (0,0,1) € S 2 . Then v(U) C S 2 — {(0,0,1)} for some neighborhood U 
of p, and a o v : U V C C is conformal, where a : S 2 — {(0,0,1)} ^ C 
is stereographic projection. Hence we can choose v— 1 o a~ x : K ^ JR 3 as our 
conformal map, and Theorem 7 shows that there are / and g with 

v 1 o a— 1 = 0(/, 发）， or p o — o* 一 1 . 


But the formula in Proposition 8, together with the formula for a~ x on page 265, 
shows that N = a 一 1 precisely when g(z) = z for all z. We therefore have a 
representation of M in the following form (traditionally written with omission 
of the constants c/): 



o 1 

叫 

f ^F(w)(l — w 2 ) dw 


(*) 

o 2 

= Re J 

「 l -F(w)(\ + w 2 )dw 

(F nowhere 0) 


o 3 

=Re 1 

「 F(w)w dw 



We could also have obtained this representation in a different way, by beginning 
with the formulas for 0(/ ， 尺 ） in Theorem 7 and then making the substitution 
w = g~ l (u); in other words, we could find the formulas for 0(/^) og~ l . Notice 
that a local inverse ^ _1 exists around z precisely when z is not a pole of g and 
g f (z) ^ 0; the first condition is equivalent to v(0(z)) # (0,0, 1)，and it is easy 
to see that the second condition is equivalent to v* being one-one at O(r). 

The representation (*) is especially nice to work with. Problem 1 gives the 
choices of F which lead to the helicoid, the catenoid, and Scherk’s minimal 
surface; if we take the simplest case of all, F(w) = 1, we obtain Enneper’s 
surface, which seemed so mysterious when it was first introduced in Chapter 3. 
Naturally, the geometric information gi' en by Proposition 8 now simplifies con¬ 
siderably. If O/r is gi' en by (*)，then 


N = V c O/r = CT —1 
0/r*( , ) = ii(dx (8) dx + dy ® dy), 

, |F(r)| 2 (l + |_-| 2 ) 2 

where fiyz )= - 
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Notice in particular, that for real 9^ the minimal surfaces O = 
o 1 = Ree- i0 j ^(^)(1 - w 2 )dw 

O 2 = Re e~ W J l -F(w)(l + w 2 )dw 
O 3 = Ree _,0 J F(w)w dw, 

are all locally isometric, the isometry being given by 

^e-iO f(z) p(z). 

In general, we call two connected minimal surfaces associated if they have this 
representation for the same F and real 6 and (j). It suffices to have this for some 
small piece of each surface, since minimal surfaces are analytic. We also define 
two planes to be associated surfaces (these are the only minimal surfaces where 
the representation (*) cannot be achieved [except at isolated points]). Associated 
minimal surfaces are not only locally isometric, but can also clearly be made 
part of a continuous family of isometric surfaces. With the proper choice of F 
we obtain (Problem 1) the continuous family of isometric surfaces between the 
catenoid and helicoid which is pictured on pg. III. 171. 

On first consideration, it seems to be a pure stroke of luck that the catenoid 
and helicoid are not only isometric, but also associated. However, there’s defi¬ 
nitely more to it than that: 

9. THEOREM (H. SCHWARZ). If two minimal surfaces are isometric, then 
one of them is congruent to an associated surface of the other. 

PROOF. If one of the surfaces is a plane, the other must be also; for // = 0 and 
K = 0 implies that both principal curvatures are 0. So we will assume neither 
is a plane. We can then represent them as 

f = 0/71 V — > 

g = (X > G ： w 

By hypothesis, there is a map ot\ V ^ W such that the correspondence OfU) 
is an isometry; We want to show that after changing the second 
minimal surface by a congruence we will actually have a = identity. Then rela¬ 
tions (**) will show that \F(z)\ = |G(r)|, and the maximum modulus principle 
applied to G/F will imply that we have G = e~~ l ° F for some real 9. 
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The third fundamental form will play a role. Since the surfaces / and g o a 
are minimal，Proposition 2-6 gives 

III/ = —{K o f)l/ 

HI 发 。 a = —( 尺 0 ^ ° a)I 贫。 a. 

On the other hand ， 1/ = l goa by hypothesis，and therefore K o f = K o g oa 
by the Theorema Egregium. So 

III 厂 III— 

But by Proposition 2-7 we have 

III/ = = — II^Tj A^i = normal map of / 

Ill^oa = In 2 = ~IIn 2 A ^2 = normal map of ^ o a. 

We thus find that 

Ijs/i —1^2 and II 州 =IIat 2 . 

The Fundamental Theorem of Surface Theory then implies that A^i and N 2 
are the same up to a congruence. So if we change our second surface by a 
congruence we can assume that N\ = N 2 . But then ( 氺氺 ) gives 

a _1 (z) = a~ x (a(z)). 

So we must have a(z) = z. ♦> 

We conclude with one curious phenomenon concerning the representa¬ 
tion (*)• This representation was supposed to depend only on the imbedded 
minimal surface M, but this is not exactly the case, for it also depends on the 
choice of the normal map v，or equivalently, on the choice of an orientation 
for M. So while v gives rise to the map with 

(1) v o $ 尸 = o" 一 1 defined on some V c C, 
the map —v will give rise to a map with 

(2) —v o — o* 一 1 defined on some W C C. 

Since and are conformal maps into M, inducing opposite orientations, 
there must be a conjugate analytic map a : W ^ V such that 


( 3 ) 


二）二中戶 («( z )) 


z eW. 
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This means that for 2 l\\ z e W we have 

a— 1 (a(z)) = -v(^p (a(z)) 


Thus we must have 


-a 一 1 ⑺ 


d(z) = a(-a _1 ⑻） 


by (2) 
by (3) 

by (1). 


Writing equation (3) in terms of (*), we thus obtain 
Re / 尸 (11；)(1 - w 2 ) dw (+ constant) = Re I 


F{w)(\ — w 2 ) dw 


a - i / 乏〜 、 

F(u;)(l - w 2 ) dw 
Re / F(u>)(\ - w 2 ) dw 

疒 _l/z - 

Re/ F(u))(l - w 2 )dw, 


which, using substitution，yields 

Re j F(w)(\ - w 2 ) dw (+ constant) = Re J F (^ 1 - ^ 2 ^ 2 ) dw ' 

We obtain two other equations in a similar way, but, as one would certainly 
hope，these equations all lead to the same relation: 


H)- 


This F gives the exact same surface as F, but it induces the opposite orientation 

on M. 〜 

Now the interesting thing is. that there are functions F which equal F, the 

simplest example being 

1 r 4 - 1 

厂(二） = 1 - 74 = 
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This choice of F leads to Henneberg’s minimal surface 

$* = Re / ― r"^(l _ w ; 2 )dw 

J 2 w 4 、 

， f i w 4 — 1 ， ， 

$ 2 = Re /--- (1 + w 2 ) dw 

J 2 w 4 、 

J w 5 

The map 0 can be defined on all of C — {0} (we don’t even have to restrict 
ourselves to a simply-connected domain, since all integrands have residue 0 at 0, 
so the integrals are independent of the path); however, $ is not an immersion 
at 土 1 ，土 /， the points where F is zero. Using stereographic projection, we can 
identify C 一 {0, 士 1 ，士 /} with S 2 minus three pairs of antipodal points, the points 
土 1 ， 士 / occurring on the equator of S 2 . Since 

中 fO) = $^(a(z)) = (ct(-ct _, (z))) = $ f (ct(-o- _ 1 (z))), 

the map $ 尸 o a~ x : S 2 U 3 is invariant under the antipodal map, so our 
surface is the image of the projective plane punctured at three points. The 
figure below shows the image of a symmetric strip around the equator of S 2 . 



The equator maps onto the vertical segment AB n with the pair of points cor¬ 
responding to ±/ mapping onto the upper endpoint, and the pail 士 1 onto the 
lower. The boundary c ircles of the strip each map into the dosed curve which 
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intersects itself at points P X ,...,P^. The points of the segment AB are all dou¬ 
ble points of the immersion, but the surface crosses itself in a funny way along 
this line—it contains two congruent helicoid-like surfaces, with AB common 

to both. 



The final figure below shows an imbedded Mobius strip lying inside the im- 



Physicists, b>' the wav, would not be surprised to learn lliat tliere aie minimal 
surfaces in the shape of a Mobius strip. Ifoncdipsan appropriately bent piece 
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of wire into a soap solution, then a soap film will be formed in the shape of this 
surface (actually, one always obtains the sort of film pictured on the left; after 
the middle sheet is pierced, the soap film snaps back into the Mobius strip). If 




one neglects the slight effect of gravity, then any soap film ought to be a minimal 
surface, since the surface tension makes the film contract as much as possible. 

Considerations of this sort were first introduced by the blind experimental 
physicist Plateau, who gave a much more elaborate discussion of the problem, 
taking into account the thickness of the films. His writings gave rise to the 
Plateau problem, to prove that every imbedded circle in M 3 is the boundary 
of an immersed disc which has minimum area among all such immersed discs; 
this very difficult problem was first solved by Jesse Douglas and Tibor Rado. 
Douglas’ methods work just as well for higher dimensions, and his work won 
him the Field’s medal in 1936 . We will not even enter into a discussion of this 
work, which is almost purely analytic in nature, but descriptions of the methods 
used may be found in several references in the bibliography. There are many 
questions related to Plateau’s problem, some of which have led to the invention 
of powerful new techniques. Notice, for example, that Plateau’s problem is in 
some ways not even the natural question to ask, since it is concerned only with 
surfaces homeomorphic to a disc. Thus the solution of the Plateau problem for 
the curve pictured above will not be the Mobius strip, but a surface like the one 
shown below. Probably the simplest way to picture this surface is to make a piece 
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of wire in the right shape and dip it into a bubble solution (the two loops should 
be rather further apart than in the previous picture). It is fairly easy to find a 
shape that gives both a Mobius strip and a disc, depending on how it is dipped 
in. Since the two different soap films have unequal areas，this shows us that we 
should slightly revise our criterion for the shape of a soap film spanned by a 
given wire loop. The film need not have a minimum area—a local minimum 
should suffice. A surface which is a critical value，but not a local minimum, 
would presumably correspond to a position of unstable equilibrium—the slight¬ 
est disturbance would cause the soap film to change shape; presumably such 
films could never occur in practice (in addition, of course, all sorts of physical 
considerations might rule out other surfaces on practical grounds). 

If the wire loop is equipped with a pair of handles，then by gently pulling the 
two parts of the loop apart one can see the film jump from a Mobius strip to 
a disc, presumably at the point where the Mobius strip is no longer in stable 
equilibrium. Even for those who are willing to get involved in all the analysis 
necessary for the Plateau problem，experiments like this can be as instructive as 
they are fascinating, and provide convincing evidence for assertions that are still 
not mathematically provable; the interested reader should consult Courant [1]. 
And even if you are not eager to get your hands all soaped up, there is one 
description of simple experiments that you simply cannot afford to miss. This 
is a series of lectures by Boys {1} which treats soap films and soap bubbles, the 
mathematical correlates of which we will study a little later on. They were given 
to an audience of children in the good old Victorian days，and are among the 
best science writing ever produced. I seriously suggest that you put down the 
silly stuff you are presently reading，rush right out to purchase Boys’ little gem 
of a book，and get high on physics for a while. 

氺氺氺 

Returning to purely mathematical questions, we now seek a formula for the 
variation of area when we are dealing with an arbitrary variation of an im- 
mersed surface /: — iV，in a general Riemannian manifold ， { , )). We 

would even like to find the variation of H-dimensional volume for an immersion 
y - -> N m (but at least we will not worry about maps and variations which 

are only piecewise C°°). Asa start m this direction, we consider a simple general 
problem from the classical calculus of variations in several variables. Suppose 
we are given a (suitably differentiable) function 

F: M" x M x ^ M 

and a compact -dimensional manifold-with-boundary D C M . We seek, 
among all functions g: D ^ M with prescribed values on dD, one which will 
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maximize (or minimize) the quantity 

J(g) 

= f . . ., ^(/i, • • • tn)•> D\g(t\^ . . , Dn ^^ 1 ^ • • • <* ^«)) dt\ ... dt n 


， D 


F(j ， g(j), Dg{t)) dti ... dt n ， in abbreviated form. 


] D 


This is a direct generalization of the problem considered on pg. 1.316. For any 
variation a :(― 以） x Z) M of g, we compute the variation of J as follows. 
It will be convenient to denote a typical point in the domain of F by 

(/ 卜 •••，_>’”) or, even more briefly，by {t,x,y). 


Then 

dJ(a{u)) 


du 


u=0 


d_ 

du 


/ F ( 
u=0 ^ D V 


da \ . . 

/, of(w, /), (w, 0 I dt\... dt n 


f 3a 


stands for 


da da \ 


1 D 


1 D 


d 

du 


3a 


w=0 


F(t,a(uj),—{uj)) 
at 


cit\ • • • citfi 


〜 u) 名 (•> + 亡娄 (⑼ ⑷ 


du 


dx 


dudti 




clt\ ... (it.fi ， 


where 

(i) 


/ dg dg \ 

(,i’• • • ， / w ， 发 (,i’• • •j), (/1’• • • ’ )， …•’ & (^i •>••• i^n)j- 




Introducing the abbreviations 


w(t) - 

da 

:7(o,0 

au 

(2) A(t) = 

dF 

- — (•) 

" dx 

Bi (t )= 

dF 

幻 V 

we can write 


dJ(a{u)) 

=f 

du 

u=0 J D 


(all of these arc functions on D) 




clti 八 … 八 dt n . 
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We now have to pull an integration-by-parts-type trick on the second term in 
the integrand. We do this by considering the (n - 1)-form nr defined by 


( 3 ) 


jjx = 〉二 (- 1 )’+i (wj . Bi 、 dt\ A ... A dt\ A • • • A dt n . 


Since 


dm 


w 


■E 


dBi 


dt\ A ■ ■ ■ /\ dt n + 




(it\ A • • • A (it n ， 


we have 

dJ(a(u)) 


du 


u=0 J D 


， D 


W 




W 






dBi 


dU 


dt\ \dt n + I dvr 

JD 


dt\ A • • • A (it n + / T7T. 

JdD 


From the definition of ' 可 ， we see that 可 = 0 on 9Z) if o; is a variation keeping 
the boundary fixed. So g is a critical point for J if and only if 


dJ(a{u)) 


du 


u=0 J D 


da 

du 


( A 95 / 


rf/l A • • • A dt n 


for all variations a keeping the boundary fixed. From this we easily see that g 
must satisfy the equation 

A dBi ^ 

^ ? 瓦 =0 ， 


that is. 




dF 

3.v 


A 8 2 F 


(.)~y ^r-(.) =0. where • is gi\ en bv (1). 
3/,-3.iv 


This is the classical analogue of Euler's equation (Theorem 1.9-8). 
As a particular example, we take n - 2. and let 




印 1, /2 n1‘2) = V^+.Vl 2 + . r 2' 
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so that 


J(g) = J D ^ l+gl + Si dt x dt 2 〈幻 


f EG - F 2 dt x dt 2 


by formulas (A’）on pg. III. 137. 


Thus J(g) is the area of the imbedded surface 

A variation a : (—£, x Z) ^ M of g gives rise to a variation jS : (―^, s) x D 
M 3 of the imbedding /, defined by 

This variation P is perpendicular to the (,i ， / 2 )_plane，instead of being perpen¬ 
dicular to the surface M = /(/)); it has variation vector 

= ( 0 , 0 , w{t\j2))f(t x ,t2)' 



This is the one other kind of variation sometimes encountered in differential 
geometry books, and the kind which is always used in books on the calculus of 
variations. Indeed, this particular example was chosen by Lagrange to illustrate 
the general methods which he had developed ( 1760 ) for the calculus of variations 
in several variables. In this case, equation (4) gives 
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so equation (*) becomes 


dt' 、 R) dt 2 、 R) 



R = \/l + gl 2 + g2 2 ， 


which boils down to exactly the equation 


(1 + g\ 2 )g\\ - ^gxgiSn + (1 + gi)gi2 = 0 

which we found in the proof of Proposition 3; it was only in 1776 that Meusnier 
interpreted this equation in terms of the mean curvature of /. 

We will also be interested in the 1 -form m which we obtain in this case; 
from (2) and (3) we see that 


m = 


^_g\ 

R 


dt2 


W .g 2 

R — 


dt\. 


We will express m in terms of the form a> on M = f(D) with w — f^o). We 
have 


w (( i ， o , gi ))= 瓜 (/* (士 )) =((1’0’幻)， 
4(0,1,^2)) = 可 (/* (士)) = ( (0 , W 2 )， 



But 


( 切•畧 2 

0 \. 

( 

g2 1 ) 

V R ， 

R ^ 0 )- 

~\ R' 

R ， R) 


x ( 0 , 0 , u;) 


—v x W, 


where v is the normal vector. So for all X G M p we have 

co(p)(X) = (v(p) x W(p), X) 

=(W(p) x X,v(p)) 

={TW(p) x X, v{p)), TW(p) = tangential component of W(p). 
If dA is the 2 -dimensional volume form on M, then we have 

co(X) = dA(TW, X). 

Using the notation introduced on pg. 1.227, we can thus write 


o) = TVV 7 」 dA. 
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Without going through the calculations, we merely state that if we take an 
arbitrary n and let 

F(t\ ，…， /„, -Y, .Vi = )/1 + E; >v 2 , 

so that J(g) represents the -dimensional volume of the imbedded / 7 -manifold 
{/(/!,.. .,t n ,g{t\,.. .，〜））}，then the (n - l)-form w is where the (n - 1 )- 
form a) on M is defined by 

dV — volume element on M. 

This (n — l)-form co will be very important when we look for an invari¬ 
ant description of the variation of w-dimensional volume for an immersion 
f : M n — N. We have always expressed length or area as an integral involving 
a coordinate system, and calculated the derivative with respect to the variation 
parameter u by using “Leibniz’ Rule” to bring the derivative inside the integral 
sign. Before we go any further, we will need an invariant description of this 
procedure. 

Suppose we have a C°° 1 -parameter family of 众 -forms on an «-manifold 
(-with-boundary) M; thus, for each u e we have a /c-form r(w) on M. 

For each p e M, the map w r r(w)(/?) € Q k (M p ) into the vector space 
Q k (M p ) then has a derivative, which at each u is again an element e 

Q k (M p ). Thus a C°° 1 -parameter family of /c-forms u r(w) on M gives rise 
to a new C°° 1 -parameter family of 众 -forms u T(u) on M. 

10. PROPOSITION (LEIBNIZ’ RULE). Let M be a compact oriented 
«-dimensional manifold-with-boundary and u r(w) a C°° 1 -parameter fam¬ 
ily of «-forms on M. Then 

f r ⑻ =f r ( ； /o)- 

(⑴ U=U() Jm J m 

PROOF. Let 0 be a finite cover of M by open sets V each contained in 
r([0, l] w ) for some orientation preserving singular « -cube c : [ 0 , 1] 71 — A/. Let 
<t> = {(py} be a partition of unity subordinate to this cover. Then 

f (p v . r (U) = f {(p y oc) - r*r(w). 

Jm 
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It is easy to see that the ordinary Leibniz’ Rule implies that 


d_ 

du 


U=Uo 


fM 


4>v • r(w) 


Since 


40 , ir 


((f)y o c ) - C*t(Uo) = / (pyt(Uo). 


fM 


T(U) 


IM 



(py' r ⑻， 


{<Py) 


and similarly for / r(w 。）， the result follows, ♦t 4 

Jm 

Now consider a compact oriented «-dimensional manifold-with-boundary M , 
and a C°° map a : (-£,8) x M ^ N, where (TV, ( , )) is a Riemannian man¬ 
ifold. We will assume that each a(u) : M — TV is an immersion. Then the 
metric a(u)*( ,) on M determines a volume element T(u) on M ; using the 
given orientation of M, we can consider this to be an /7-form on M, which we 
call the volume form. What we want to determine is 


d 

du 


r ⑻. 


=o Jm 


According to Proposition 10, it suffices to determine r(0). For this we do not 
even need M to be compact. 


11 . THEOREM (VARIATION OF VOLUME FORMULA). Let / : M — 
be an immersion of an oriented ^-dimensional manifold (-with-boundary) 
M into a Riemannian manifold (N m , { , >) and let a : (—£, s) x M — W be 
a variation of / through immersions, with variation vector field W. If T(u) 
is the volume form of M determined by the metric a(u)*( , ) and the given 
orientation of M, then 

r(o) = — {w % n' t]} - r(o) + d(Tw j r(o)) 

where )] is tile mean curvature normal of the immersion /. [Notice that there 
is a slight abuse of notation here; at each p e M, the vector TW really denotes 
the unique vector X e M p with f^(X) — TW f(p)-] 

PROOF. The theorem involves two //-forms 011 M which we ha\ e to prove are 
equal at all points of M. Let us first consider a point po ^ M where W(po) is 
not tangent to f(M). By choosing a sufficiently small neighborhood V of po, 
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and decreasing e if necessary，we can then assume that a : (s, s) x V N \s 
an imbedding. 


f(V) 

6( - f)(F) 


It will be convenient to identify V with /(F )， so that / = 5(0) is just the 
inclusion map i •• V — N. On some open set containing image a, we can 
choose an orthonormal moving frame X\,..., X n , X n ^\X m such that 

(1) Xj(a(u, p)) is tangent to the submanifold a(u)(V) I < j <n 

(2) X r (a(u, p)) is normal to the submanifold a(u)(V) n + 1 <r<m. 

If 0 1 ，…， ..., are the dual 1-forms, then clearly 

(1 ’） a(u)*((f) ] A • • • A (p n ) = T(u) 

(2 ’） a(u)*((p r ) = 0 n + \ <r <m. 

Now the variation vector field VK, defined along F, is the restriction of the 
vector field W = da/du defined along all of image a. We can further extend W 
to a vector field defined on some open set containing image a; we will use the 
same symbol W for this extension. Associated to this vector field W is a certain 
local 1 -parameter group of local diffeomorphisms {p u }: recall (Chapter 1.5) that 
p u {q) is the result of following for time u the integral cur\e of W that starts at q. 
Clearly the integral curve of W that starts at a point p e V is just w r a(u, p). 
So 

pu(p) = Ci(u,p) = a{u)(p), p eV. 

It is therefore clear that if F is a tangent vector of V, then 



( 3 ) 


PuAUY)^=a(uU(Y). 
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Now let us recall the Lie derivative (pp. 1.150, 174, 234): if w is a /c-form 
on iV, then L^co is another /c-form defined by 

L^o){Z\, ..., Zfc) = lini 7 [a)(ph*Z\, ..., ph^Zk) — oj(Z\, ..., Z^)] - 
〃 h—o ft 

We claim that 

(4) r<O) = /*{L^(0 ' a---A 0 W )}. 

The proof of this will be quite straightforward. We adopt the abbreviation 
O = 多 1 八…八 0”. If 7i,..., are tangent vectors of V, then we have 

r(0)(Fi,..., Y n ) = lim j [r(/z)(yi，..., Y„) — r(0)(7i,..., Y n )] 

h->0 tl 

=lim — [ 別心广巾 ⑺， • • • ， D _ 巾 d … ， D] by (1') 

h—oh 

=lim 7- [^(a(h)^Y \,... ,a(h)^Y n ) — … ， /*D] 

h^O h 

=lim — , ph*UYn) ~ ^(UY\, ..., i*Y n )] by (3) 

h^O h 


— 乙步少 (f K ， • • • ， 在 * )， 


which proves (4). 

The reason for bringing in the Lie derivative is that we have some useful 
formulas for it. In particular (pg. 1.235), we have 

LfyO) = VK 」 d ⑴ VK 」 w). 

Substituting this into (4) we obtain 

(5) f ⑼ = /*{ 设」 d<^} + d(i*{W 」 4>}). 

We will show that the two terms on the right are precisely the terms appearing 
in the statement of the theorem. 

We first compute rfO = d (0^ A * • • A (f> n ) by using the first structural equation 
for N, which will bring in the connection forms ^ (1 < ot.fi < nt) for N 
associated to 0 1 ， •. • ， </> m ' 

n 

(6) d^ = d((p X 八 … 八 + V A ••• A ••• 


y=i 



A(f> n 


n m 

-E E 〜 1 

y=l r—n+\ 


A • • • A A • . • A (f) n • 
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So if Y\ . Y n arc the tangent vectors of V with i^Yj = Xj along K, then 

(7) /.*{ 示」 JOMK, ••.,}；) = d<X>(W,X x . X n ) 

n m 

=E E (0 r A 0 1 A • • • A l/r/ A - ■ A (f) n )(W, X\, . . . ,X n ) 

y=l r=n-\-\ 
n m 

=E E <p r (W)^j(Xj), 

j=\ r=n-\-\ 

since (2’）says that (p r (Xj) = 0 for / < « < r. On the other hand, we have 

m m 

v x .Xj = J2 <( 勾 > ^ = 

a=l a=l 


SO 


(t 


” -n = - 1 v， ^ ^0 


E fU x j、 x \ 


=«+i 


and hence 

( 8 ) 


(W.n - f ? )= EE 4> r (W)tl(Xj). 




Equations (7) and (8) thus give 

(9) /*{ 示」 d<^>} = ~(W,n • t]) - r(0). 

As for the other term in (5), if Y\ . Y n ^\ are tangent vectors of V, then we 

have 


/*{ 示 」 = o(U ，…， /*D 

=(0 1 A • • • A <() n )(WJ^Y\, ..., i^Y n -\) 

=(0 1 A ••- A (p n )(TWj\ t ： Y\,... 

since each 0 々丄 W 7 ) = 0 
二 [TW 」 八 … A <p n )](Y u ..., Y n - X ). 


Thus 


( 10 ) 


/*{vr 」 o } 二 tw 7 」 r(o). 
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This completes the proof of the theorem at any point po where W(po) is not 
tangent to f(M). 

The general case can be disposed of by a technical trick. Let N = x M, 
with the product Riemannian metric, which we also denote by ( , ), and define 
a : (-s, s) x M N by 

a(u ， p) = (a(u,p),u). 

The new variation vector field W is 

w ⑼ = (wmi )， 

where 1 denotes the unit vector field on R. Clearly W is not tangent to 
C N x {0}，so the theorem holds for a. On the other hand, it is easy to see that 
the new mean curvature normal x\ is just 

y\(p) = (" ， o), 

so that (W,ij> = (W,rj)] thus the result for ot implies the result for a. ❖ 

12. COROLLARY. Let a : (- £,s) x M ^ N be 3. variation of an immersion 
fw TV of a compact oriented «-dimensional manifold-with-boundary M 
into a Riemannian manifold (NA , >). If V _)) is the ^-dimensional volume 
of M determined by the metric a(uf{ , > and the given orientation of M, then 

卿 M =-{ (W^.^dv+f co. 

dll w _o J M J 

where dV is the volume element determined by /*〈 ，〉 and ⑴ =VK 」 c/K In 
particular, if a is a variation keeping 3A/ fixed, then 

師 ㈣ : —f ( w ， ”. nU/ v. 
du u= q J M 

The immersion 尸 is a critical point for V. among all immersions g \ M ^ N 
with g = f on dM. if and only if r] = 0 everywhere. 

PROOF. The first statement follows from Theorem 11. Leibniz Rule, and 
Stokes’ Theorem. If a keeps 3M fixed, then W — 0 on 3A/，so also a> = 0 
on 3A/; this proves the second statement. To prove the third, we can choose 
W — (f> ' Y], where 0 is a C°° function on M which is 0 on OM and positive 
on M — dM. ♦♦♦ 
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Notice that in the expression 


fM 


{W,n-Y])dV + 


fdM 


0), 


the first term depends only on the normal component 丄 W of W; for we have 
(W^n - r]) = 〈丄 • "〉，since rj is perpendicular to f(M). This partially 
confirms our suspicion that we need work only with normal variations. On 
the other hand, in the term f dM a>, only the tangential component TW enters; 
roughly speaking, the integral measures how much the volume of M is changing 
because of the way that the variation is expanding its boundary. In particular, 
we see that j dM is 0 not only when the variation keeps the boundary fixed，but 
also when W is normal to M along the boundary. Consequently, if q = 0 on A /， 
then dV(a(u))/du\ u _ 0 will be 0 for every variation which is perpendicular on 
the boundary of M, not merely for those variations which keep dM fixed. Back 
in our original equation (*) on page 262 we didn’t have any term involving an 
integral over dD precisely because we were dealing only with normal variations. 
This leads to an interesting phenomenon in the case of minimal surfaces M C 
M 3 . If v is the unit normal vector on M, then we can define a variation a of 
the inclusion /: M — R 3 by 


a(w, p) = p + u - v(p). 

The various surfaces {a(w, p) \ p e M} are called the parallel surfaces of M. 



Since this variation a has W = v, which is everywhere normal to M，we must 
ha\c 

dA(a(u))\ 


du 


0 . 


M=0 


But this equality does not necessarily mean that ^(a(0)) is a minimum. In¬ 
deed, as Problem 3-12 shows, each parallel surface has smaller area than M, so 
actually ^(a(0)) is a maximum! Something quite similar happens in the case 
of geodesics on a surface of positive curvature. For example, on S 2 , a portion 
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of a great circle is longer than a “parallel” curve. The phenomenon for mini¬ 
mum surfaces is analyzed in greater detail in Addendum 4, which considers the 
second variation of volume. 

Although we have derived the fundamental formula for the variation of vol¬ 
ume in all dimensions, we will not proceed to discuss the analogues of minimal 
surfaces in higher dimensions, except to say that this topic has generated much 
interest in recent years. We should also mention that the study of minimal 
hypersurfaces in spheres has also attracted much attention, and differs greatly 
from the theory for Euclidean spaces. For example (Lawson [1])，every compact 
orientable surface can be imbedded as a minimal surface in S 3 . 


For the remainder of this chapter, we will discuss a few other topics involving 
the variation of volume. We will often digress quite a bit from purely differential- 
geometric matters, and unfortunately our remarks will not form a coherent 
subject like the study of minimal surfaces. 

Two special cases of Corollary 12 will form the starting point of our consid¬ 
erations. Suppose first that M is simply a compact manifold with no boundary 
Then we have 


(i) 


dV(d(u)) 

du u=0 



〈 W 7 ,n • if) dV. 


We can also apply Corollary 12 when M and N have the same dimension n, 
so that M C is a compact «-dimensional manifold-with-boundary in the 
«-dimensional manifold N. In this case, M p = N p for all /? e M, so T: N p 
M p is the identity, while 丄 ： ~ 乂 is the 0 map. Consequently, r] is auto¬ 
matically 0, and we have only the boundary term left, 

dV(a(u)) 
du w= o 



It is easily checked that this can be written 


dV(a(u)) 

du 


=/ 

w=0 


{W,v)dV„^, 
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where v is the outward pointing normal on dM and dV n -\ is the (n — l)-dimen- 
sional volume element on dM. This formula is certainly reasonable, for when 
we move each point p on dM a distance (j)(p) along v(p). we add on a narrow 
band whose volume is approximately f dM (f) dV n -\. 



Both formulas (I) and (II) are important for a discussion of the isoperimetric 
problem. The classical isoperimetric problem was to find the curve of fixed 
length L which encloses the largest area; one naturally expects the answer to 
be a circle. One can also seek the curve of smallest length which encloses a 
fixed area; presumably the answer to this “dual” problem is also a circle. We 
should also mention the problem of Dido, to find the curve of fixed length 
between two points P and Q which, together with the straight line between P 
and Q, encloses the largest area; the expected answer is an arc of a circle. These 
classical problems have given rise to a whole class of problems in the calculus of 
variations, known generically as “isoperimetric problems”. To illustrate this sort 
of problem we will, for simplicity, stay in dimension 1. Consider two functions 

F:IRxMxM^M and G:IRxRxM — M. 


For a function /: [a,b] ^ M we define 


J(f) 


K(f) 


F(t, f(t) ， f(t))dt 


Among all functions /: [a, 6 ] ^ M with fixed values at a and b. and a fixed 
value J(f) = C. we seek the one which maximizes or minimizes K(f). The 
• dual.’ problem is to find that / with fixed \ alues at a and b, and fixed K(f)= 
C'. which minimizes or maximizes J(f). This problem is approached by gen¬ 
eralizing the methods which work for the corresponding problem in ordinary 
calculus, a review of which is now in order. 

Suppose we are given two differentiable functions 7 , k : R n ^ E, and we seek 
the maximum or minimum of j on the set k~ l (C). The method of “Lagrangiaii 
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multipliers” states that if j attains its maximum or minimum on k~ x (C) at the 
point p, and p is not a critical point of k, then there is a number 入 such that 



The proof of this assertion has already been outlined in Problem 3-3, but it is 
so crucial to the present discussion that it will be repeated here. We note that 
the hypotheses on k imply that in a neighborhood of p, the set k~\C) C R n is 
a hypersurface M, and that k^(X p ) = 0 for X p € M. n p precisely when X p G M p . 
Every such X p is c’ （0 ) for some curve c in M. It follows that j(c(t)) has a 



maximum or minimum at / = 0, which means that j\ ： (X p ) — 0. Thus the two 
linear functions j^k〆 ， 4 M have the property that ker 々 * C ker y*. This 
implies that y* = Xk^ for some X, which is equivalent to equation (1). 

Notice that if k attains its maximum or minimum on g~~ x (C f ) at q, and g is 
not a critical point of j, then there is a number " such that 

( 2 ) 恙⑷=士 ⑷. 

Equations (1) and (2) are equivalent, since 入， # 0 (as 尸 and q are not critical 
points). Thus, if /? is a maximum point of g on k~ l {C) and we set C’ = j(p 、， 
then p is at least one of the candidates for the minimum point of k on 厂 1 (C’). 
If we simply look for critical points for j on k ^ (C) and for k on j ! (C )， then 
these two “dual” problems are completely equivalent. 

Let us apply these ideas to our two functions J arid A". Suppose that the 
maximum or minimuni of J on K * (C) occurs at a function f which is 
not a critical point of K. Consider any variation ot \ ( — x [a, b\ M of f 
which keeps endpoints fixed. We know from formula (**) on pg. 1.319 that 
dJ(a(u))/ciu\ u=Q depends only on the function da/du(0j) on [a,b]. For any 
C 2 function W on [a, b] with W(a) = W(b) = 0, we define 

dJ{a(u)) for any variation a ot f 

J f* {w) = du — “ =0 With da/du(0,t) = W(t). 
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Notice that there always is a variation a with this property, for example, 

a(w，/) = /(/) + uW{t). 

The same W can be used to give a variation of any function /, so the “/” in the 
symbol is important. Nevertheless，since we will be considering only 

one /， we will usually write simply J^{W) for convenience. We define K^(W) 
in precisely the same way. We thus have functions /* ， 欠 * : V ^ K，where V is 
the vector space of all C 2 functions W on [a, b] with W{a) = W{b) = 0. We 
claim that (and likewise K^) is linear. To see this we choose two variations ot\ 
and with 

ou 

and define the variation a by 

0i{u,t) = (X\{uj) +a 2 (w,/). 


Then 


so 


JAWi + w 2 ) 


? (0 , 0 

ou 


W x {t) + w 2 (t\ 


dJ{a{u)) 


du 
dJ(ot\ (w)) 


du 


u=0 


w=0 


dJ{0l2{u)) 


du 


u~0 


as one sees by inspecting formula (**) on pg. 1.319, 


Homogeneity is proved similarly. 

We now make the following 

CLAIM. If K^(W) = 0, then W = da/du(0, t) for some variation a 
with the property that each a(u) is in K~ x (C). 


Remember that, by hypothesis, /• is not a critical point of K. From a modern 
point of view, our claim seems especially reasonable, for the set of all C 2 func¬ 
tions 0 : [a, b] —> K, with gi\ en \ alues at a and b, forms an infinite dimensional 
manifold, and in a neighborhood of / the set K~ X {C) should be a submanifold 
of codimension 1; each “tangent \ ? ector ?? W at / with K^(W) = 0 is a tangent 
vector to the submanifold K~ x (C) and should therefore come from a “curve” a 
in K~ ] (C). The classical argument runs as follows. 
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13. LEMMA. If K{f) - C, where the C 2 function / is not a critical point 
of K, and K^(W) = Kf^(W) = 0, then W = da/du(0, t ) for some variation a 
with the property that each a{u) is in A^ _1 (C). 

PROOF, Since / is not a critical point, there is W\ with K^(W\) / 0. Let 
L:R 2 ->R be 

L(r,s) = K( f + rW + 


If we define 

= f(t) + uWi(t), 

then 0 is a variation of / with d^/du(0,t) = W\(t) and j6(w) 


f + uW x . So 


K^W X ) 


lim 

u ->0 


K(f + uW x )-K(f) 3L 


ds 


(0,0). 


Similarly, 


dL 、 

=^~(0, 0}. 
dr 

Since 

f 1(0,0) = 

=K(f) = C 

< 

dL 



{^ 0} = 



the implicit function theorem shows that there is a C 2 function r i-^ s(r ), from 
a neighborhood of 0 in IR to a neighborhood of 0 in JR, such that 

(1) C = L(r,s(r)) = K(f + rW + for small r. 


Notice that the first part of the equation gives, upon differentiating with respect 
to r, 

0= ^1(0,0) + ^(0,0)/(0) = /：*(«/)+ ^*(VK, )/(0) = A ： ,(M/, )5^(0), 
dr 


and hence 

/( 0 ) = 0 . 

Thus, if we define the variation a by 


a(uj) = f(t) + uW(t) +^(//)Wi(0. 
then each a(u) = f + i(W + s(u)W\ is in 1 )y (1). and also 

— (0,0 = VKU) 十 / ⑼州⑴ = W(t). ❖ 

OH 
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14. THEOREM (EULER’S RULE). If the maximum or minimum of J on 
K~ x (C) occurs at a C 2 function / which is not a critical point of then there 
is a number 入 such that / is a critical point of J — (and consequently the 
Euler equations for J — k K hold for /). 

PROOF. Consider the two linear functions J* ， K* : V — R. If K^(W) = 0, 
let a be the variation given by Proposition 13, with all <i(w) in K~ x (C). Since the 
maximum or minimum of J on K_ l (C) occurs at j\ the function u J(a{u)) 
has a maximum or minimum at 0, and consequently 

= 0 . 

w=0 

Thus ker C ker /*. The vector space V is infinite dimensional, but it still fol¬ 
lows (Problem 3-2) that there is a number X with /* = 久欠 *， which is equivalent 
to the assertion that / is a critical point of / — 入 ♦ 


MW) 


dJ(a{u)) 

du 


In Problem 1.9-19, we showed that the Euler equations actually make sense 
and hold for a critical function of J which is only known to be C 1 . A similar 
result holds for Euler’s Rule; because this strengthened form of the rule will be 
so important for us, the details of the proof will be given here. 

Let / be a C 1 function on [a y b], and let VK be a C 1 function with W(a)= 
W(b) = 0. Since we no longer have equation (**) on pg. 1.319，we can no 
longer define Jf^(W) quite as before. Instead we define 


MW) = Jf^{W) 


dJ(a(u)) 

du 


u=0 


where a is the particular variation 

a(u,t) = /(/) + uW{t). 


The formula in Problem 1.9-19 shows that 


JAW) 


W'(t) 


- 

^議， /， ⑴)- 


dF 

dx 


(t, f(t),f'{t))dt 


dt. 


We define K^{W) similarly It is clear that and are linear. Notice that if / 
is a critical point of K, in the sense that (/ 尺 (6(«))/^/“|“ = 。 = 0 for all variations a 
keeping endpoints fixed, then surely K^(W) = 0 for all W. Conversely, suppose 
that K^{W) — 0 for all W. Then Du Bois Reymond's Lemma (see Problem 
1.9-19) shows that 

y (,，/(0'/ ’(,)) _ / "^7(,， /⑴， /’(0) 

J q (7 .Y 
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for some constant c. So for any variation a keeping endpoints fixed we have 
(P& 1.355) 



Thus / is a critical point for K if and only if K/^(W) = 0 for all W. 


13' LEMMA. If K(f) = C, where the C 1 function / is not a critical point 
of K, and K^{W) = 0, then W = = da/du(0, t) for some variation a [not of the 
special sort considered above] with the property that each a{u) is in K~ X {C). 

PROOF. The proof of Proposition 13 goes through unchanged; all variations 
constructed in the proof are of the special sort considered above, except for the 
final variation a. 


14' THEOREM (EULER，S RULE FOR C 1 FUNCTIONS). If the maxi¬ 
mum or minimum of J on K~^ (C) occurs at a C 1 function f which is not a 
critical point of K, then there is a number X such that / is a critical point of 
J — XK (and consequently the Euler equations for J — make sense and hold 
for /, by Problem 1.9-19). 

PROOF. Let yf be the vector space of all C 1 functions W on [a,b] with W (a)= 
W(b) = 0, and consider the two linear functions \ ^ K-. If K^(W) = 0, 

let a be the variation given by Proposition 13' Then the function u J(ot(u)) 
has a maximum or minimum at 0, and consequently 
dJ(a(u)) 

0= — V^ 

du u= o 

=j W\t) —(/, f{t), f\t)) — j —(/, f{t), f\t)) dt dt 
by Problem 1.9-19 

= MW). 

Thus ker 尺 * C ker 人 • So there is a number X with 人 =A 尺 * on TV 
means that 

r b r o r r l ()F " 

j w\t) 廣(’， /(’)，5(，，/(，)， dt 

=j" W\t)X 菩 (，，/ ⑴， /'(，))-/ 


.This 


dt ， 
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for all W e r W. Du Bo is Reymond’s Lemma then implies ； as in the argument 
preceding Lemma 13’， that / is a critical point of J — XK. ❖ 

Notice that, as in the simpler case of functions on R n . the dual problem has 
exactly the same critical points as the original. 

Given a certain amount of trust, that similar results hold for functions /: [a,b] 
M w , we can finally tackle the classical isopcrimetric problem. Consider an 
imbedding / : 5 1 ^ M 2 , and let a : (—s, e) x ^ M 2 be a variation of / 
through imbeddings. For the length L(a(u)) of a(w)(5 1 ) we have, by formula (I) 
on page 293 ， 

=-f (W^)ds 

u=0 ^ 

——I (W,n) ■ k ds, 

Js l 

where n is the principal normal of / and k is the curvature of /. For the area 
A(a(u)) bounded by we easily derive, from formula (II) on page 293, 


dL(ot(u)) 

du 


dA{a(u)) 

du 


=I {W, n) ds. 

w=0 S ] 


We want to find the imbedding f: S ] ^ M 2 which maximizes A for fixed L. 
Since /(5 1 ) cannot lie on a straight line, / is not a critical point for L. There¬ 
fore Euler’s Rule shows that there is some X with 

0= f (W,n)ds+X f (W,n) k ds 

Js^ Js { 

=j (^, 1|)[1 + Xk] ds, 

Js ] 


lor all variations W. It clearly follows that we must have \ + Xk = 0,^,0 k must 
be a constant. — 1 /X.. and / must be an imbedding as a circle. 

[It is perhaps worth pointing out that for this problem one can give an el¬ 
ementary proof that if L^{W) — 0 for some W. then there is a variation 
a : (—8. s) x S 1 — M 2 of / with da/Bu(0.t) = W. for which each a{u)(S l ) 
has length L(0). In fact, if P is any variation with d^/du(0. t) = W(t). then we 
can set 

a(u. t) = f (0) • ^(uj) e R 2 . L(u) = length of 

L(k) 
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We have 


and 



as desired.] 

We can also apply Euler’s Rule to the dual problem of finding the imbedding 
f : S 1 — R 2 which minimizes L for fixed A. Since no / can be a critical 
point for A, we find once again that f(S l ) must be a circle. Finally, consider 
the problem of Dido, to join two fixed points P and 0 by a curve c of fixed 
length L > d(P, Q) so that the area enclosed by c and the line segment PQ 
is a maximum. We consider an imbedding /: [a,b] M 2 with f(a) = P 
and f(b) = Q, and let a : {-£,£) x [a,b] R 2 be a variation of / through 
imbeddings. For the length L{a(u)) of a(u)([a,b]) we have, by formula (I) on 
page 293 ， 

dL ^ =-f\w, n) . K ds, 

du u=0 ， 1 

while for the area A(a{u)) bounded by a(u)([a,b\) and PQ, formula (II) on 
page 293 reduces to 

摘—社 
du w= o 九 

Euler’s Rule shows, once again, that / must have constant curvature, so that 
f([a,b]) must be an arc of a circle. We find the same result for the dual problem. 

There are, unfortunately two difficulties with our solution of the isoperimetric 
problem. We have been working with curves，and we could have obtained 
similar results for piecewise C ^ curves with a little more effort. But the obvious 
class of cun es to consider for the isoperimetric problem is the class of rectifiable 
curves, the curves with finite length (defined as the least upper bound of the 
lengths of inscribed polygonal curves). Moreover, we have merely found that 
the circle is the solution of the isoperimetric problem ij a solution exists^ we have 
not proved that the circle actually is a solution. 
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Although this will lead us astray from the righteous path of differential geom¬ 
etry, at this point I cannot resist the impulse to mention one of the extremely 
clever solutions of the isoperimetric problem, involving no assumptions about 
differentiability, which was given by the great geometer Steiner. Note first that 
we might as well restrict our attention to convex curves, because the convex hull 
C* of a nonconvex curve C has smaller length and encloses a larger area—a 
suitable region C** similar to C* will then have the same length as C, and yet 
still larger area. 



Let us therefore consider a convex curve C which is not a circle. We will show 
that it cannot be a solution to the isoperimetric problem. Choose two points A 
and B on C which divide C into two curves C\ and C 2 of equal length, and let 
Ri be the region bounded by C/ and the line segment AB. We can assume that 
area R\ > area /? 2 ； we claim that we actually have area R \ = area R2, To prove 



this, we reflect region R\ in the line AB, obtaining a region R\ f on the opposite 
side. Then R\ U R\ f has area > the area of /?i U /? 2 , while its circumference is 
the same. If C is a solution to the isoperimetric problem, then we must actually 
have area R\ U /?〆 =area R\ U /? 2 , so we have area R\ = area R\ f = area Ri 

Now since C is not a circle, we can choose A and B so that neither C\ nor C 2 
is a semi-circle. Since area /?i = area R 2 , the region R\ U R\ f with boundary 
Cj U C\ will be another solution to the isoperimetric problem, and it will also 
not be a circle. I 11 other words，we can assume that C is symmetric with respect 
to AB. 

Now there is a point P on C\ such that A APB is not a right angle; let Q be 
the symmetric point on C 2 . The region inside C is made up of the quadrilateral 
APBQ together with 4 regions L， … ， L as shown in the left half of the figure 
on the top of the next page. In the right half of this figure we have drawn 
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a quadrilateral APBQ with AP — AQ = AP — AQ and BP = BQ — 
BP = BQ, but with /.APB and ZAQB both right angles. Then on AP wt 
have drawn a region T\ congruent to the region T\ in part (a), and regions 
7 ^2,… ， 7^4 have been drawn similarly. The new figure clearly has the same 
circumference as the original curve C. On the other hand, it has larger area, 
since the quadrilateral APBQ clearly has larger area than APBQ. Thus C 
could not be a solution to the isoperimetric problem. This completes the proof 
that a circle is the only curve which can be a solution to the isoperimetric 
problem. 

This ingenious proof, although it assumes absolutely nothing about the dif¬ 
ferentiability of C, still has a defect, which，to be sure，Steiner would never have 
worried about. This proof, like our previous one, shows only that the circle is 
the solution of the isoperimetric problem, if a solution exists. In Blaschke {1 }， {2 }， 
one can find many rigorous solutions of the isoperimetric problem which avoid 
this pitfall by showing that for a closed curve oflength L, enclosing a region 
of area A, we always have L 2 — 4 丌 yi > 0, with equality only when the curve 
is a circle. These proofs exhibit various degrees of ingenuity and elegance, but 
there is also a straightforward, if somewhat lengthy, direct proof of existence ， 
which will be useful for us to examine. 

Let {X^d) be a bounded metric space, and let G(X) be the set of all non¬ 
empty closed subsets of X. The distance d{x, C) from a point .y e X to a 
closed set C e G(X) is defined as 

c/(.v, C) = min d(x, v), 

y^C 

and we define the 左 -neighborhood V € (C) of C as 

V £ (C) = {.y : d(x,C) < s}. 

Given Ci, C 2 e (?(X). we then define 

p(C } .C 2 ) = inf{^ > 0 : C, C V £ (C 2 ) and C 2 C V £ (Q)}. 
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It is easy to check that p is a metric, the Hausdorff metric, on G(X). When X 
is compact, the corresponding topology on G{X) depends only on the topology 
of X, not on the given metric d, since any neighborhood oi C e G{X) contains 
an ^-neighborhood. 

15. PROPOSITION. If (X,d) is compact, then so is (C{X),p). 

PROOF. Given e > 0, choose a finite number of sets A\,..., A n of diameter 
< e which cover X. For each finite set F C {1,let 

A F = {C e C{X) : CnAj ^0 <=> j g F}. 

Then the sets Ap cover G(X) and have diameter < 2s. This shows that 
p) is totally bounded. 

Now let Ci ， C 2 , • • • be a Cauchy sequence in {G{X),p). Let C be the set of 
all jc g such that every neighborhood of x contains points from infinitely 
many C n . The set C is non-empty, for if x n e C n and x is an accumulation 
point of the sequence {x w }, then x e C. It is also clear that C is closed. We 
claim that C = Given £ > 0, we first show that the C n are eventually 

in the open 卜 neighborhood V £ (C) of C. For suppose that an infinite sequence 
intersected the compact set X - V e {C). Then we could choose 
Xi n e Ci n 门 [I — V £ {C )]： some point x G X - 14(C) would be an accumulation 
point of the sequence hence x e C, a contradiction. We also claim that C 

is in V e {C n ) for sufficiently large n. In fact, since C n is a Cauchy sequence, 
there is some N such that C m C Vg/ 2 (C W ) for all m,n > N\ this implies that 
V e / 2 {C m ) C Ve(C„) for all m,n > N. So if « > and C is not contained in 
V e (C n ), then also C contains a point which is not in 14 / 2 (C m ) for all m > N, 
which is clearly impossible. ♦ 

We will apply this result to the case where 义 is a closed disc in M 2 . The set 
Con(X) C C{X) consisting of all non-empty closed convex subsets of X is easily 
seen to be a closed, and hence compact, subset of G{X). If A : G{X) K 
is the function A(C) = area of C (= Lebesgue measure of A, say), then A is 
clearly continuous. Define L : Coii(Y) — K by L(C) = length of boundary C. 

16. PROPOSITION. The function L : Con(^) ^ K is continuous. 

PROOF. If p(QXi) < e, then C, C (1 +^) *C 2 and C 2 C (1 + d • G, so the 
result follows from 
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17. LEMMA. If Y\ and y 2 are convex curves with Y\ contained inside y 2 , then 
length y x < length y 2 . 

PROOF. The following picture shows that if P is a polygonal arc inscribed 



in yj, then 尸 is shorter than some polygonal arc 尸 ’ inscribed in y 2 . ❖ 


It is now an easy matter to prove the existence of a (convex) curve, with fixed 
length Lo, of maximum area: We can clearly restrict our attention to convex sets 
contained within a closed disc X of radius Lo ； then the set L~ ] (Lo) C Con(X) 
is a closed subset of the compact space Con(X)，so the continuous function A 
takes on its maximum somewhere on the set. This proof of existence, together 
with Steiner’s argument, rigorously solves the isoperimetric problem. The dual 
problem can be handled similarly. Its solution is also contained in our solution 
of the original problem, for we now know that the relation L 1 —AnA > 0 always 
holds, with equality only for circles, and this proves that the circle is also the 
solution of the dual problem. It is also easy to derive this fact from the solution 
of the original problem by using the similarities of the plane. Finally we mention 
that the problem of Dido can be settled by similar methods; for instance, we 
can consider the space of all closed convex sets which have a given line segment 
PQ as part of their boundary. 

I would now like to discuss briefly a line of argument which could be used 
if Steiner's argument were not available, and we had to rely solely on Euler’s 
Rule. Clearly the only problem is to show that the solution of the isoperimetric 
problem (whose existence we can pro'e) must be a C 1 curve. The first step 
would be to show that the solution curve has a tangent line everywhere ‘ Now it 
is well-known (Problem 2) that a convex function always has left- and right-hand 
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derivatives，so we just have to show that our convex curve has no corners. If 
our curve actually contained two straight line segments AB and AC meeting 
at an angle at A, then it would be easy to show that it is not a solution to the 




isoperimetric problem. For the two segments could be replaced by an arc of 
a circle with equal length, but enclosing larger area, since such an arc is a so¬ 
lution to the problem of Dido. One doesn’t really need the whole solution to 
the problem of Dido to reach this conclusion ， however，for a simple calculation 
will show that the appropriate arc together with line BC encloses more area 
than triangle ABC. (If we had worked out the calculus of variations argument 
for piecewise C 1 curves we would have another way of seeing that the two seg¬ 
ments can be replaced by some nearby curve of the same length, but enclosing 
larger area.) In the general case, the same idea can be made to work by an 
approximation argument. 

Now it is also easy to see (Problem 2) that if a convex function is everywhere 
differentiable, then its derivative is automatically continuous. This shows that the 
solution to the isoperimetric problem must be a C 1 curve; Euler’s Rule then 
leads to the conclusion that it must be a circle. 

As differential geometers, we naturally think of generalizing the isoperimetric 
problem to an arbitrary surface M. Given a variation a : (~£, s) x 5 1 M of 
a map /: 5 1 M we now have 


dA(a(u)) 

du 


w=0 



(W,u)ds, 


dL(ot{u)) 

du 



f (W^)ds 
Js l 


f {W,\x)K g ds, 
Js l 
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where u is the second member of the Darboux frame for /, and K g is the geo¬ 
desic curvature of /. These formulas, together with a few ruthlessly suppressed 
details which are necessary to transfer Euler’s Rule from to manifolds, show 
that if f maximizes A for fixed L, then there is a constant X such that 

0=( (W,u) ds + X I (^u)^ ds 

— [{W,n}[\ + XK g ] ds 
Js l ‘ 


for all variations W. This implies that / has constant geodesic curvature. The 
geodesic curvature was first invented by Minding, in 1830 , when he obtained 
this solution (for the problem of Dido, rather than the isoperimetric problem). 
Minding dealt with surfaces in and defined K g extrinsically，but he then 
showed that it was a bending invariant; its present name was given it by Bonnet, 
in 1848 . 

A rigorous discussion of the isoperimetric problem on an arbitrary surface M 
is considerably more complicated than for the plane, if for no other reason than 
because the problem itself is more involved. First of all, Euler，s Rule is not 
always applicable，because there might be closed curves which are geodesics ， 
and consequently critical points for L. For example, on the surface M shown 
below, the equator C of the smaller spherical part is not a critical point for 





area among all curves with length equal to L{C). Wc can obtain a. variation ot 
of C by moving C up distance u along geodesics perpendicular to C, and then 
adding on a bulge to bring the length up to L(C). Then A(u) - .4(0) is greater 
than the area, of M enclosed between two parallel planes at distance sin u (see 
the third picture above), so 

A(u) - A(0) > sinu 


and consequently v4’(0) # 0. 
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The figure below shows a curve C f on M, with L(C f ) — L(C), which is a 
critical point for A among curves with this length. If we accept the fact that 


C ， 

C 

a circle is a solution to the isoperimetric problem on the sphere，then C r must 
be a solution to the isoperimetric problem on M. Of course, we really have to 
decide which of the two regions of M bounded by C f should be maximized; if 
we take the top region, then C’ actually minimizes. The necessity of making 
this decision correctly is further illustrated by the fact that there is another curve 
C" higher up with length L that is also a critical point for A among curves of 
this length. In fact, if we make the wrong decision we might be led to say that 
there are curves of length bounding regions with area arbitrarily close to that 
of M. This becomes quite critical if there is a closed curve of length L which 




curve of given length L 
bounding region of 
large area 


divides M into two pieces with the same area, as may happen for example on 
a sphere. 

I also suspect that in some cases the solution of the isoperimetric problem will 
have to be a curve which intersects itself, as in the following picture; notice that 
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we want the curve to go around as much as possible of the part of the surface 
with large curvature. 

Finally, we point out that on most surfaces there will be just a few solutions 
of the isoperimetric problem, and that they may be completely different curves. 
In this respect the problem of Dido is more natural on a general surface; given 
a geodesic segment y from P to Q, we would expect that among all curves c 
from P to Q with given length L > d(P, Q) there is just one on each side of y 
which maximizes the area enclosed by y and c. 

I think that a reasonable approach to the isoperimetric problem on a compact 
surface M is to consider only lengths L so small that a closed curve of length L 
must be contained in a geodesically convex set. It is then clear that our solution 
must be the boundary of a geodesically convex set, and there is no problem 
deciding which region it bounds. All our previous considerations can be suitably 
modified to show that a solution of the isoperimetric problem exists and is C 1 , 
so that it must have constant geodesic curvature. This proves, in particular, that 
there are closed curves of constant geodesic curvature; proving this result directly 
seems almost hopeless. By the way, it is a classical theorem that if every curve 
of constant geodesic curvature is closed, then M must have constant curvature 
(Blaschke {1}). 

In this connection, an interesting experiment can be performed with a soap 
film on a wire loop. If a small loop of thread held between two thin sticks is 
dipped into the soap solution，it can then be thrust into the soap film without 
breaking it. If the part of the soap film inside the thread is then broken, and 



the sticks are removed，the thread should take a form which is a solution to the 
isoperimetric problem on the soap film. When one tries this experiment it turns 
out that, unless the wire loop is very flat, the string alw ays rushes off toward 
the wire loop, no matter where it is placed. I take this to mean that there 
are no curves of constant geodesic curvature on a non-ilat minimal surface, 
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but I haven’t the slightest idea how one would prove it. [Actually，as Osserman 
pointed out to me, the experiment involves a rather more complicated problem, 
since the shape of the surface changes as the thread moves.] 

For our next application of Euler’s Rule we will work only in M 3 , and consider 
the 3-dimensional isoperimetric problem, to find the surface of fixed area A 
which encloses the greatest volume. Consider an imbedding /: 5 2 —> M 3 , and 
let a : (—x 5 2 ^ M 3 be a variation of / through imbeddings. For the area 
A(a(u)) of a(u)(S 2 ) we have，by formula (I) on page 294 ， 

dA(a(u)) 

du “=o — 

=-j 2H{W,v)dA, 

where v is the normal of / (S 2 ) and H is the mean curvature. For the volume 
V (<i(w)) enclosed by a(u)(S 2 ) we have，by formula (II) on page 294 ， 

dV{a(u)) — 
d u u =o 

We want to find the imbedding /: 5 2 M 3 which maximizes V for fixed A. 
Since the compact surface f(S 2 ) cannot have H = 0 everywhere (Corollary 
7-31)，/ is not a critical point for A. Therefore Euler’s Rule shows that there is 
some X with 

0= f (W,v)dA + X f 2H(W,v)dA - f {W,v)[\+2XH] dA 

Js 2 Js 2 Js 2 

for all variations W. It clearly follows that / (5 2 ) must have constant mean curvature. 

At this point we encounter new difficulties, for we first have to find all the 
surfaces of constant mean curvature. This particular problem is interesting of 
itself, quite apart from any connection with the isoperimetric problem. For one 
thing, such surfaces are the possible shape for soap bubbles—the increased air 
pressure within the bubble naturally makes it take a form which maximizes the 
enclosed volume. \Ve already know (Theorem 5-3) that a convex surface with 
constant mean curvature must be a standard sphere. H. Hopf [1] proved that 
an immersed surface homeomorphic to S 2 with constant mean cur\ature must 
be a standard sphere. The proof of this is deferred to Addendum 2, since it 
uses the existence of isothermal parameters, which is proved in Addendum 1. 
Alexandrov [1] proved that any imbedded compact hypersurface of 1R W+1 with 



f {W. rj) dA 

Js 2 
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constant mean curvature must be a standard sphere; this proof is presented in 
AddencUim 3. Alexandrov’s theorem holds just as well for hypersurfaces in the 
hyperbolic space H n+l or in an open hemisphere of S n+l . It definitely fails 
even for surfaces with H = 0in the sphere S 3 , as we mentioned on page 294. 

It was long unknown (Hopf’s Problem) whether every immersed compact hy¬ 
persurface with constant mean curvature is a standard sphere, and although 
this was widely suspected to be the case, the previous edition of this volume 
mischievously suggested that “some one may some day blow a soap bubble in 
the shape of an immersed torus”. As far as I know, no one has yet done that, 
but in 1986 Wente [1] proved that there are indeed immersed tori with constant 
mean curvature. His detailed proof combined methods from complex analy¬ 
sis and recent results on partial differential equations. Noting symmetries in 
computer-generated pictures of such immersed tori, Abresch [1] searched or 
examples with one family of planar curvature lines, and was able to induce t e 
problem to an ODE that can be solved explicitly in terms of elliptic functions^ 
Finally, Kapouleas [1], [2] proved that other surfaces could also be immersed 


with constant mean curvature. 

At first sight the isopenmetric problem seems easier, since it seems that a 
solution ought to be convex. Proving this directly seems almost hopeles^ how¬ 
ever, for the boundary of the convex hull C* of a set C m R 3 may well have 
larger surface area than the boundary of C. Of course, the volume of C is also 



larger than that of C-the big question is whether it is larger by enough. In 
Blaschke {2} there is a proof that the sphere is the solution to the isopenmetric 
problem provided that we restrict our attention to convex sets. In the genera 
case there is such an overwhelming multitude of problems, not least of which is 
the difficulty o{defining surface area, that we will say no more about the problem ， 
merely referring the interested reader to the bibliography 

To conclude this rather disconnected series of remarks, we shall very briefly 
discuss a problem which requires for its solution even more elaborate mac^n- 
ery than any yet mentioned, but which is of much greater m eres 




312 


Chapter 9 


geometry. In his investigations of the “three body problem”，Poincare was led 
to consider simple closed geodesics on a compact convex surface M C JR 3 . 
Poincare gave a rather long proof that at least one simple closed geodesic exists 
on M ， and then outlined a much more direct argument for the same conclu¬ 
sion. Although many (probably hopelessly difficult) subsidiary results would be 
required to make this argument into a complete proof, it is nevertheless an in¬ 
teresting application of Eulers rule for isoperimetric problems. We notice first 
that if c is a simple closed geodesic on M, then Theorem 6-5 implies that v oc 
divides 5 2 into two regions each of area 2 丌 .To establish the existence of such 
a geodesic, we will consider the set of all simple closed curves y on M such that 
vo}/ divides S 2 into two regions of equal area, and then among these choose 
one, c : 5 1 M, of shortest length. We claim that c must be a geodesic. To 
prove this we consider a variation a :(— 以 ） x S 1 -> A/ of c. For the length 
L(a(u)) of a(u)(S x ) we have, by the formula on page 307, 

u=0 

Now extend / to a map / : D M, of the unit disc into M, so that /(D) is 
one of the regions bounded by /(5 1 )； extend a to a map a : (—£, s) x D M 
similarly. Let A(a(u)) be the area of the image v(dt(u){D)) C S 2 . Then 

A(a{u)) = f K dA, 

Ja(u)(D) 

where dA is the volume element of M and K is the Gaussian curvature of M. 
It certainly seems reasonable that we should have 

dA(oi{u)) f 

(2) = (KoJ)(W^u)ds, 

du w =0 Js^ 

for A(a(h)) — /l(a(0)) is the integral of K cl A over a small band around /(S 1 ) 
whose width is given approximately by the function <W^u〉. To prove this rig- 
orousK. we write A(a(u)) as 

A(a(it)) = I [K o a(n)] - r(;/). r(；/) = a{u)* cfA. 

J D 

Then 


u~0 


\u=0^ D 


[K c <i(")] . r(") 


dA(ot(u)) 

ciu 


f (W,u)^K g ds. 
Js { 


dL(a(u)) 

du 
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Kod(u) - T(0) + (K o f) - f (0) 
w=0 - J D 

by Leibnitz’s Rule 

•r(0) — f (Ko f){W,u)T{0) 
Jd 

+ j (K o by Theorem 11 


， D 


d 


du 


Koa(u) 


u —0 




(Ko /)-(w 」r((m 


=f (K o f) - (^u) ds. 

JS' 

Now if our curve c is a solution to the isoperimetric problem of minimizing L 
for fixed A = 2jt, then Euler’s rule says that there is a constant X such that 


0= f {W.u)[X(K o f) - K g ]ds 

Js' 

for all variations This implies that K g = X(K o J). On the other hand, 
applying Theorem 6-5 to f(D) C we obtain 

—/ k s ds -2 tt = I K dA = 2 jc , 

Jsi Jf(D) 


and thus „ 

Q = j K g ds = X J 、K o f) ds. 

So if M has K > 0 everywhere，then we must have X — 0, and thus K g = 0; 
consequently r is a geodesic. 

In Blaschke {1; pp. 211-212} there is a further argument, due to Herglotz, to 
show that M actually contains at least 3 closed geodesics. Nowadays, all such re¬ 
sults are proved by quite different, rigorous methods, of far greater generality- 
see Klingenberg {1}. 
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ADDENDUM 1 

ISOTHERMAL COORDINATES 


As we mentioned in Volume II， the existence of isothermal coordinates on 
any surface was first proved by Gauss, who resorted to a trick that works only 
in the analytic case. Although we will treat the more general case also, Gauss ， 
proof will be given first, as it is interesting in its own right. First we need to 
review some facts about differential equations. The equation 

/(X) = f(x,y(x)) 


is written classically as 


dy_ 

dx 


= /U ， 少)， 


or even as 

dy — f(x,y) dx — 0. 

Most elementary differential equations courses indicate that one method of solv¬ 
ing this equation is to find an “integrating factor” for it，that is, a nowhere zero 
function X such that X(dy — f dx) is exact, say 

X(dy — f dx) = dg. 

Then the solutions of the original equation are the same as the solutions of 
dg = 0, i.e., the curves g = constant. For example, to solve the equation 

0 = (x 2 y + x)dy + (xy 2 - y) dx 


—x dy ~ y dx + xy(x dy y dx). 


we multiply by \/xy, to obtain 

dy dx , 

0 = - - h d(xy), 

y ^ 

with the solution 


As a more 
tion 


log v(.v) — log a* + .V - v(a ) = constant. 


interesting example, we consider the general first order linear equa- 

dy 


- + 0 (^ = ^-), 
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which we write as 
In order for 


[(f)(x)y — i^(x)] dx + dy = 0. 
[X(x)(p(x)y - X(x)\l/(x)] dx + X(x) dy 


to be exact，we need 


or 


± [ X(x)<f>(x)y-X(x)^(x)] = ^ 
Oy (IX 


d\ d\ 乂 ， w 

X(x)(f>(x) = — => — = (p(x) dx 
dx 人 

=> log k = j (p 

=^> X = . 


So we write our original equation as 


e S<t> d L +e !<t> ( f ) ( x )y = ^{x)e^, 

dx 


which gives 


d 

dx 


(e/'v) = ir(x)ef' 
ef'v = j ef 〜 + C, 

y = e -p ( f e f 〜 + C、_ 


Of course, only in the most fortuitous cases can one find an integrating factor 
by inspection. What is theoretically more interesting is the observation that for 
any 1-form 


(*) 


a> = a d.\ + dy 


M 2 with a(p 0 )^(po) # 0, an integrating factor exists in a neighborhood 
of po. To prove this, we consider the differential equation 


on 


** 


/(.V) = 
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Since 一 ( 卢 /a)(/?o) # 0, the integral curves of this differential equation form 
a foliation in a neighborhood of po and there is a diffeomorphism h from a 



neighborhood of po to M 2 such that the integral curves go into the sets with 2 nd 
coordinate constant. Let 


g(p) — 2 nd coordinate of h{p). 


Then 


ker dg{p)= 


tangent space at p of the solution curve 
of (**) going through p 


=ker 


This proves that 

dg{p) = Up) - (o{p) 

for some X(/?) ^ 0. 

In Problem 1.6-9 we showed that the differential equation 

v’(：）= /(: ， j. ( 二 )） ( ; =complex derivative) 

( an always be solved if /: C x C C is complex analytic. From this we easih 
conclude, by modifying the preceding argument, that if a and arc complcx- 
valucd functions on M 2 which arc the restrictions of complex analytic functions 
on C 2 , and ot{po). ^(po) / 0, then there is a complex-valued function X in a 
neighborhood of po such that 


X{a cf\ + ^ c/y) = dg 


for some complex-valued function g: both 入 and g are the restrictions of rom- 
pl('\ analytic fuiK tions on C 2 . Now we ran pro' c 
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18. THEOREM. Let 〈 ， 〉 be a Riemannian metric on a neighborhood V of 
0 g IR 2 whose components gij with respect to the standard coordinate system 
on R 2 are {— real analytic). Then there exists a C w isothermal coordinate 
system for { , > in a neighborhood of 0 . 

PROOF. Let X\,X 2 be a orthonormal moving frame in a neighborhood 
of 0 , with dual 1 -forms 9 l ,6 2 . Then 

〈， )= 0 l ( S ) 6 l + 9 2 

and consequently the corresponding quadratic function || || 2 can be written as 

II || 2 = e^e l + e 2 -o 2 . 

Let (f) be the complex-valued differential form 

(f) = 0 l + W 2 , with ^) = 9 X — id 2 . 

Then _ 

II II 2 = 0'0- 

If we construct X\,X 2 explicitly by applying the Gram-Schmidt orthonormal¬ 
ization process to d/dx\d/dx 2 , then the coefficients of X U X 2 will appear as 
algebraic combinations of the gij. The same is thus true of 9 X ,d 2 . Since the 
g.j are C' and hence the restrictions of complex analytic functions on C 2 , the 
same is true for 6\6 2 . So by the remark preceding the theorem, there is a 
complex-valued function 入 such that 

A0 = dg A0 = dg 

for some complex-valued function g. This implies that 

入又 || || 2 = XXcp • $ 二 dg . d 袞， 


so that 


If we write g = 
R 2 is not zero, 


-rdg dg. 

人人 


u+iv for real-valued u and v, then the Jacobian of (w, i；) ： IR 2 ^ 
for if it were, then dg would be zero, and hence |||| 2 would be 


zero. Now 


dg - dg = du - du + dv - dv ， 


so 1 

|| || 2 = — (du - du + dv - dv). 

W 

Bv polarization, 

〈 ， 〉 =^^ (du ® du dv ® dv). 

The functions u and y are C w since g is the restriction of a complex analytic- 
function on C 2 . Thus (m,u) is the required C 10 isothermal coordinate system, v 
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The proof of Theorem 18 when the g" are not C M will be much more in¬ 
volved. First we introduce some new classes of functions. A function /: R n ^ 
]R m is said to satisfy a Holder condition of order a (0 < a < 1) on U C if 
there is a constant K such that 


\f{p) - fiq)\ < K \p-q\ a for all p^q eU. 


Such functions are called C a functions, and a function / is C n+ot if all mixed 
n th order derivatives of / exist and are C a . We will eventually show that if 
the gij in Theorem 18 are C a , then there is a C 1+a isothermal coordinate 
system in a neighborhood of 0. We will also show that if the gij are C w+0! , then 
this same coordinate system is C n+l+a ; in particular, if the g" are C°°, so is 
the coordinate system. There need not be a C 1 isothermal coordinate system 
when the gij are merely C° (= continuous). 

The condition that (w, v) be isothermal is 

gij dx l ® dx^ = ( , ) = X(du ® du + dv ® dv), some 入 > 0. 


To derive explicit equations for u and v, it is easiest to consider the dual metric 
〈 ,)* on r*]R 2 , which must satisfy 








木木 


Denoting (x l ,x 2 ) by (x, j), setting 


(g") 


a b 
b c 


and applying our equation to the pairs {du, du), (civ, civ), and {du,dv), wc 
obtain 

(1) au x 2 + 2bu x iiy + city 2 = ^ = av x 2 + 2bv x v y + cv } 2 

人 

(2) C1U X V X + b(l( X Vy + UyV X ) + CUyVy — 0 . 

Equation (2) can be written 


u x (av x + bv y ) + u y (bv x + cv y ) = 0, 
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which implies that there is a function p with 

u x = p{bv x + cv y ) 

Uy = —p(av x + bv y ). 

Substituting into (1) we find that 

p 2 {ac - b 2 ) = 1. 


We thus have the 


Beltrami equations: 

bv x -f* CVy 
Ux ~ ~ h' —) 


av x 


+ bVr 


'ac 


b 2 


a b 
b c 


(g ij ) 


as necessary and sufficient conditions that (u,v) be isothermal coordinates for 

the metric { , > = J2l,j=\ ® ' . , . f 

At this point it becomes extremely convenient to introduce the notation 

formal complex derivatives. We will often denote a typical point 上 f C = M 
by z, and z will also be used to denote the identity map z: C C. We have 
already used x, v ，： R 2 -> M for the coordinate functions on R , so the equation 
z = ；c + «> is a’ (true) equation concerning the three complex-valued functions 
x, v,z on R 2 . Because of this equation we have 


dz = dx + i dy, dz = dx — i dy. 


Since any complex-valued differential on K 2 can be written in terms of dx and 
dy, it can also be written in terms of dz and dz. So for any complex-valued 
function w on R 2 , there are unique functions u> z = dw/dz and w- z = dw/d^ 


with 


dw = IV z dz ivz dz. 


Substituting from the above equations, we have 

dw = {w z + Wz) dx + i(iv z — iv z) dy. 


so that 


w z + Wz 


i(w z - wz) 


dw 

dx 

dw 

dy 


Wy 


U)x 
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which gives 


w z : 

: j(u>x - iu>y) 


w x = W z + Wz 


= \(w x + iWy) 

or 

Wz - U) z 

Wz = 


w y = i - 


The usual differentiation rules apply to the operators d/dz and 3/9z，and we 
have 

3, a, 

^-(2) = 1, =0 
oz oz 

d 3 

7 ⑺ =0 ， -(z) = l. 

oz oz 

It is also easy to check that we always have 

^ZZ = ^ZZ' 

Another easily checked result is 

m = (w^z). 

The chain rule becomes 

(l^ o ^) 2 = (l^ z 。 0 • (z + (^z 0 0 ' Cz 
(U) o = (w z o 0 • G ㈣ 0 0 . 

[If we agree to write w z o ^ = W( and ° C = then we have 

(⑴ 0 Oz 二切 f • G L 

which looks a little nicer.] 

Finally, we note that if w = u + iv for real-\alued u and f. then the condition 
0 - - ^(u x + iv x + i[u y + iv y ]) 

is ecjuhalcni to the Cauchy-Riemann equations 

l^X = Vy, Uy = -V X . 
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So Wz = o if and only if w is complex analytic on U ; in this case it is also easy 
to see that 

w z = u/, the complex derivative. 

Now suppose that u,v satisfy the Beltrami equations. If we set 

w = u + iv, 


we find that 


2u)z \/cic — = (/? — /“ + / \/cic ) Ux + (( _ ~ 」 ac )〜, 
2w,Jac - b 2 = (b + ia + i\!ac - A 2 ) v x + (c + ib + yjac - h 1 、 v y . 


A short calculation shows that the coefficients of v x and v y on the right hand 
sides of these two equations are proportional, and we have 

Wz c 一 a — 2ib 

w z c + a + 2\J ac — b 2 


or 



Conversely, it is easy to see that the Beltrami equations follow from (*). Notice 
that if the gij are C n+a , then so arc a,b,c and hence fi. Moreover, |^| < 1. 
Notice also that we always have 

u x v y — u y v x = \w z \ 2 — \u>z\ 2 . 

So if w satisfies (*), then 

2 2 

U. X Vy — UyV X = |U ! Z | (1 — |/i| )• 

Since I" I < 1. it follows that (u,v) has non-zero Jacobian at an\- point where 

Wz 7^ • I .f . 

The first major step on the road to our final result will be to prove that it fj. is 
C a and |ju(0)| < 1. then equation (*) has a C 1+a solution w in a neighborhood 
of 0, with u> z (0) ^ 0. In outline our proof will go as follows. We will let D(R) 
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denote the open disc of radius R > 0. Suppose that f is C a in D(R). For all 
zo € D(R), define 

/^(zo) = ff ------- dxdy (z = x + /». 

7T JJ z - z 0 

D(R) 

We will show that 

(A) F- Z {z 0 ) = f(z 0 ). 


We thus have a way of producing a function F with = f. 


Now suppose for the moment that we have a function w satisfying (*). If we 
define 

丄 〆〆 fi(z)w z (z) 

冗 JJ z - zo 

D(R) 


F(zo) 


dx dy zq e D(R), 


then (A) gives 


Fz(zo) = fi(z 0 )w z (z 0 ) = Wz(z 0 ). 


But this means that {w — F)z = 0, so u; — F is complex analytic. Thus we have 


w(z 0 )= - 


UI 

D(R) 


fl(z)w z (z) 
z - Zo 


dxdy +g(z 0 ), 


for some complex analytic function g. Conversely, if w satisfies this integral 
equation for some complex analytic function g，then (A) shows that w satis¬ 
fies (*)，since gi = 0- We will solve (*) by showing that the equivalent integral 
equation always has a solution. 


In order to get to the proof of (A), we need a succession of simple lemmas. 


19. LEMMA (GENERALIZED CAUCHY INTEGRAL THEOREM). Let 
Z) C K 2 be a compact 2-dimensional manifold-with-boimdary，and let /: i) 

C be C 1 . Then 




D 
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PROOF. If f = u + iv for C 1 functions w, v : Z) R, then 


L 


dz — I {u + iv)(dx + i dy) = I u dx — v dy + i I v dx + u dy, 
JdD JdD JdD 


while 


2i // f^ dxd y = 2i ff l -(f x +if y )dxdy = + if x ) dx dy 

D D D 

= JJ{—u y — v x ) dx dy + i Jj(u x — v y ) dx dy. 


D D 

The real and imaginary parts of these two expressions are equal by Stokes 5 
Theorem. ♦ 

Remark: We define the line integral f c f dz 2 ls 

j f dz = j f • (dx — i dy). 

It is easy to check that this definition is equivalent to the one usually adopted 
in complex analysis books ， 


f dz 


a 


f dz). 


Since 

Lemma 19 gives 


fz = (/z )， 


f(^D 


fdl 


f dz 


JdD 

-2 / jj f z dx dy. 
D 


j f- z dx dy 

D 


20. LEMMA (GENERALIZED CAUCHY INTEGRAL FORMULA). For/ 
and D as in Lemma 19. and ro € interior Z), we have 


/(-o) 


_L f / ㈡ 

2ni J^ D 二一二 o 


dz 


丌 


// 

D 


M-) 
二—二 0 


dx dy. 
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PROOF. Let B(e) C *0 be a disc of radius £ around -o. Applying Lemma 19 
to the function ， 

z - ~~ -— on D — interior B(e)^ 


we 


have 


2i 


// 


M~) 
二—二 0 


dx dy 


D—int B(e) 

Taking the limit as e — 0, we find that 


f n^)_ 

IdD z — ro 


dz + 


/(--) 


dz. 


IdB(e) = — :0 


M-) 


2i Jj ’ dx dy 


/(-) 




hD z — r 0 


dz + 2;r//(zo). ❖ 


21. LEMMA. If z 0 € /)(/?), then 

5o = 


-f[ —dx dy. 
rr JJ z - Zo 


D(R) 


PROOF. Let D(R) be the closure of D(R) C C. Applying Lemma 20 to 
r: D(R) C we have 


二 o 


i id~D( 


dz 


2ni JdD{R) - - -o 穴 J J ^ 

D(R) 


// 


dx dy. 


and 


dz 


R 2 


hD(R) 二 — ：0 JdD(R) 二 ( 二 一 二 0) 


dz = 0, 


since the sum of the residues of R-/:(z — 二 q) inside dD(R) is 0. ❖ 


22. LEMMA. If r 0 ^ D(Rh then 


dxdy + R 2 . 


7T J J 二一 ：0 
D(R) 


PROOF. Since |r| 2 = rf, so that 
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Lemma 20 now gives 
R 2 




i Id~D 


1 


and 


JdD(R) z - Zo 


R 1 


dz 


2 们 - Jbd(R) z — Zo 
And now one somewhat more technical lemma. 


丌 JD(R) ^ ~ z o 


dz = R 2 . ❖ 


dx dy, 


23. LEMMA. Let 0 < 8\,£2 < 1, with + s 2 ^ 2. Then there is a constant 
not depending on R, such that 


// 

D(R) 


dx dy 


\z — Z\\ 2 ~ £[ - |z — Z 2 \ 2 ~ £l 


< 咖，勹） 


\z\ — Z2 | 2 -£i -£2 


for all zj ? 22 e D(R) with zi / z】. 
PROOF. Let \z\ — z 2 \ — 28 and define 


D\ = disc of radius 8 around Z\ 
£>2 = disc of radius 8 around 
Z>3 = D(R) — (D\ U D 2 ). 



Clearly 

//^ 


dx dv 


< 


Z\\ 2 ^ e ^ • \z - z 2 \ 2 ~ £2 ~ S 2_£2 
A D x 


JfjA 


dx dy 


:ii 2_si 


»2jt 


S 2 ~ E2 Jo Jo r 1 -^ 


• r dr dd 


using polar 
coordinates 
around z\ 


n 8 


巧 _ 2 叫 ，- d, . 


1 


1 8 £i In 

- • ATT • - = - . ~z - . 

8 2 - ei si fi S 2 - £ '~ S2 
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Similarly; the integral over D 2 is 

/In 1 

These bounds both have the desired form 


咖， Q) • 


\z\ - Z 2 \ 2 ~ ei ~ ei 

Now we always have 

\z-zi\< \z- z 2 \ + \z\ - z 2 \ = \z - z 2 \ +28, 

and consequently 

\z — z\\ 28 t 

< 1 + ^ - ： 


|z-z 2 | 一 \Z - Z 2 \ 

So on D 3 (in fact on M 2 — Dj) we have 

\z — Z\\ 28 

< 1 + 7 = 3 . 


|z-z 2 | 


So 


// 

Dy 


dx dy 


I: — :i| 2 -. \z-z 2 \ 2 ~ e2 


// 




2—22 


2s 2 


dx dy 


/ >3 


〈-叫 1 

dx dy 

\z - Z\ | 4_e '- £ 2 



^ ei i\ 

r d\- dy 

1: - -i| 4_ei_S2 


\z — Z\\ A ~ ex ~ e2 


R 2 -Di 

n oo using polar 

r e l +£ 2-3 dr coordinates 
around 二 1 


3 2 -勺 


1 


. 俨 + 。 —2, 


^1 - ^2 


which is again of the desired form. ❖ 
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We are now ready to give the precise formulation of (A), which includes three 
inequalities that are essential for proving that the equivalent integral equation 
can be solved. 


24. PROPOSITION. Let /: D(R) C satisfy 


Define 


Then 


|/(z)j S M 


z € D(R) 


|/(zi) - f(z 2 )\ < K\z x - z 2 \ a z x ,z 2 e D(R). 


F( Zo 、=ff z 0 e D(R). 

7t J J Z _ Zo 


D(R) 


㈤ 

(b) 


Fi{z Q ) = f(z 0 ) 


^z(-o) = 


-士 // 

D(R) 


m- /(zo) 
(Z - :o ) 2 


dx dy. 


Moreover for all z 0 ,z\,z 2 e D(R) we have 


(c) 

(d) 

㈦ 


\F{z 0 )\<4RM 
2 a+1 


1 ^(- 0 )! < 


R a K 


a 


\F z (z\) — F z (z 2 )\ < CK\z\ — z 2 \ a , 


where C is a constant that does not depend on R, or on the function f. 
PROOF. For fixed ： o, lei 


F{z) = F{z) - /(:o) 三， 


so 


that by Lemma 21 


F{z ')= 


-士 // 

D(R) 


/㈡ _ /( 二 0) 


dx civ. 


VVe claim that the complex derivative F’ （： o) exists and that in tact 


(二一二 o ) 2 


D(R) 
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To prove this we have to show that as /i 0, the same is true of 
F(z 0 + h)~ F{z 0 ) .1/7 f{z) - /(z 0 ) . 7 


U — z 0 ) 2 


dx dy 


™//[/(z) -/(:。)]. - 7h- 0 } dxdy 

D(R) 


/ ⑵ 一 f{Zo) 


开 J J - Zo) 2 

D(R) 


dx dy 


//^ 


/(z) - f(z 0 ) 

--o - h)(z - z 0 ) 


-Jf 


1 

D(R) 

1 

ff! 

71 

11 

D(R) 

\h[ 

ff 

71 

JJ 

D(R) 

\h\ 

ff — 

71 

JJ \Z 


/ ⑺ 一 /(z 0 ) 


Z - Zq [z - ZQ- h z - z 0 
/U) — f(z 0 ) … 


/ ⑺ -/(z 0 ) 
(z - z 0 ) 2 

1 ) 

- > dx dy 


dx dy 


iz - z 0 ) 2 (z - Zo-h) 
1/(2) - /( 2 o)l , 


dx dy 


Zq\ 2 \z - Zq- h\ 


dx dy 


D(R) 
K\h\ I 


: \h\ ff 

冗 J J \:- 


^// 


Inr 

: 0 | 2 |: - -0 - h\ 


dx d v 


dx dy 


I: — -ol 2_Q! |- — :0 - 々 I 


4 騎， n 省 


by Lemma 23 


■啦 i)-i/?r 


This indeed approaches 0 as — 0. 
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Now since the complex derivative F\zq) exists for all Zo ^ /)(/?), the ordinary 
partials F x , F y exist, and hence F z and F z exist. Moreover, since F is complex 
analytic, from the definition of F we obtain 

0 — Fz(zq) = Fz(zq) - /( zo ) . 1 ， 


which proves (a). Furthermore 



F'(zo) = 

: F z {io) - 

= F z {zq) - 0, 

which proves (b). 

To prove (c), wc note that 



|F(z 0 )l < ^ 

D(R) 

1 

dx dy 


|z - z 0 | 


[f 

1 

dx dy 

where D D D(R) is the disc 

-Vii 

D 

1: - Zol 

of radius 2R about zo 

M f l7t f 2R 1 
~ Jo Jo r 

r drd9 

using polar 
coordinates 
around zq 

= ARM. 





Similarly, for (d) we have 


|F z (r 0 )| 


Uf 


1/(2) - /(-0)l 


71 JJ |- - -ol 
D(R) 


2 


dx dy 


< 


K 


< 


// 

HR) 

//| 一 


K _ 

7T JJ \ :- :o| 2_a 

D(R) 


n J J I" - "ol 

D 

K f 27t f 2R 
兀 Jo Jo 
2K(2R) a 


.2—a 


dx dy 


dx dv 


dr cl6 


by(b) 


a 
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To prove (e) let z \, Z 2 be fixed, and define 

B = /Ui) - /U2) 

z \ ― z 2 

F(z) = F(z) — Bzz. 
/(z) = f{z) - Bz, 


If we set 


then by Lemma 22 we have 


F(zo)= 


-士 // 

D(R) 


/U) 

Z - Zq 


dx dy - BR 2 


So by (b) we have 


Fz(Z0) = — ; 


If 

D(R) 


/ ⑵ - f(Zp) 
(Z — Z 0 ) 2 


dx dy. 


Thus 


F z {z\) - F z {z 2 )= — 

But we easily check that 

Therefore 

Fz(^\) - Fz(Z2) 


D(R) 


f(z) - /(z,) f(z) - f{z 2 ) 


(z - 2l ) 2 


(Z — Z 2 ) 2 


dx dy. 


/(zi) = /(Z2). 


丌 


Jf t/U) - f(z \)] 


1 


D(R) 


Uf 

D(R) 

// 


U - Zi) 2 (z - z 2 ) 2 


dx dy 


[/(:) — f (z \)] - (z\ — Z 2 )( 2 z — z\ — 22 ) 
一：1) 2 (: — 二2) 2 


dx dy 


71 


[/(:) — /(:1 )] . (-1 ~ - 2 ) [(- — 二 1 ) + (r — : ： 2 )] 
(二一 :1) 2 (: _ 二2) 2 


dx dy. 


D(R) 


Now since 


/(:) 一 /(:i) = /(:) — 

II 

/ (:) — y (- 2 ) = j (二）一 /(二2) _ 厶 (二— 二2)， 
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we have 


[/(z) - /(z t )][(2 -z l ) + (z-z 2 )] 

=[/ ⑷一 /( 2 i) - B(: - z,)](z - z 2 ) 

+ [/(z) - f(z 2 ) - B(z - z 2 )](z - Zi) 

=[/ ⑺ - /(zi)](z - Z 2 ) + [/(z) - /(:2)]( z _ 2 1) 
- 2B(Z - z x )(z - Z 2 ). 


So we get 


F z (z t ) - F z {z 2 )= - 


¥// 


/⑷ - /(zi) 

(Z - 2i) 2 (z - Z 2 ) 


dx dy 


£>(R) 


+ [[ u — 办办 

n JJ (z - z x ){z - z 2 ) 

D(R) 

=I\ + ,2 + ,3 ， say. 


Now 


Similarly, 


Finally, 


l/il < 



D(R) 


_ K _ 

|z - Zi\ 2 - a • |z - 2 2 | 


dx dy 


|zi — Z 2 I K c(a, \ ) 

71 \Z X - Z 2 \ l ~ a 


Kc{aA) 

丌 


|zi -z 1 \ ct . 


by Lemma 23 


I/2I < 


Kc(aA) 

丌 


|Zi — :2 严 . 



D(R) 

= 2B(z x - z 2 ) by Lemma 21 ， 
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so 


We have 


Therefore 


Thus 


|/3l<2|5|.|r,-r 2 |. 


\B\ 


1/(-1 ) - /(- 2 )[ 

l-l — -2l 


5 A^l-i - 


|0f —1 


|/3l <2/^|n -r 2 r. 


\F z (^i)- F z (z 2 )\ < U1I + I/2I + I/3I 

< (constant). 欠 . | 二 1 一 Z 2 \ a . 


From the definition of F we have 


FA:) = F z (z) - Bz, 


so wr have 

l^z(-i) - Fz(-i)\ < (constant) K ^\z x - z 2 \ a + \B\ - |fi - z 2 \ 

< (constant) • A ： ■ |zi - z 2 \ a + K\z x - z 2 \ a ~ l - |ri - z 2 \, 
by [he, estimate for \B\ above 
<CK\z x ~z 2 \r ❖ 


Instead of solving the equation 

(*) Wz = /XIV z . 

or the equivalent integral equation, for reasons that will appear later we will 
instead solve the more general equation 

(**) u'f = /.I w z + yw + S. 

'\lici.e //. y.S are C a and |"(0)| < 1: moreo\er. we will show that solutions 
rxist with any given values foi. w(0) and w ， z (0). There is no loss of generality in 
assuming that //(()} = 0: 
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25. LEMMACHEN. If the equation 

(**) Wz = \xw z + yw + 8 

has a C 1+a solution in a neighborhood of 0, with arbitrary values for ⑴⑼ and 
u; z (0), for all C a functions fi ， y，8 with /x(0) = 0, then it also has such C ]+a 
solutions for all C a functions /i ， y，8 with |"(0)| < 1. 

PROOF. For any function w, define w by 

w(z) = w(z — /i(0)f), 


so that 

w(z) = w(z + / i(0)z). 

The chain rule on page 320 gives 

w z (z) = w z + Wz - M(0), 

Wz(z) = w z - /i(0) + Wz, 


where w z , u)z are to be evaluated at z + /i(0)z. Therefore 
(**) Wz =+ yw + 8 

if and only if 

/i(0) w z + w- z = /x(z)[u; z + M(0)u ； z] + y{z)w(z) + 8{z), 


or 

〜 / " ㈡ 1 ( 0 ) 、〜， y ㈡ … S(z) 

w- z = I - - - U) z H - - -+ - — =- 

\1 -"⑼"(:" 1 - M ⑼ /4 二） 1 - M(0)M(:) 

= p{z)Wz + a(z)u;(r) + r(r), sa\; 

where p(0) = 0. In this equation Wz ， w z are evaluated at r + ^(0)r. Replacing 二 
by j — /x(0)r, we get the equivalent equation 

(**) W- Z {z) = p{z - fi(0)-)wz(=) + o(z - I.i(0)z)w(:) + r(r - "(0) 二)， 

which is of the same form as (**)，with the coefficient of Wz being 0 at 0. So by 
hypothesis've can solve for a C 1+a function w with any desired initial values 


u>(0) = a. 


j? z (0) — b. 



334 


Chapter 9, Addendum 1 


This gives 

while by equation (1) 


w{0) = w(0) = a, 


w z (0) = ui z (0) + fx(0)Wz{0). 

Using equation (5*), we have 

Wz(0) = a(0)u!(0) + r(0) = a(0) - a + r(0), 


so 


So to solve (**) for 


we just solve (**) for 


w z (0) = b + /x(0)[a(0) - a + r(0)]. 


w(0) = a, w z (0) = b, 


u;(0) = a 


w z (0) — b~ fx(0)[a{0)a + r ⑼] ♦ 

Since wc will be solving the general equation 

Wz = fjiw z + yw + 8, fx(0) = 0 , 

we first want to find an integral equation equivalent to it. To do this we form 

fx(z)w z (z) + y(z)w(z) + 8(z) 




FUo)= 


Proposition 24 gives 


-士 // 

D(R) 


z - Zo 


dx dy. 


Fl — _z + + 8 = Wz if w satisfies (**)， 

and hence (w — F)z = 0, so that 


w(z 0 )= - 


[ Jf 

D(R) 


fx(z)w z {=) 


-0 


dx dy 


UI 

D(R) 






二 0 


dx dy 


// 


7T J J Z ~ =0 

D(R) 


dx dy + ^(r 0 ) 
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for some complex analytic function g. Conversely, of course, if w satisfies this 
equation for a complex analytic then it satisfies (**)• By complicating our 
integral equation, we can arrange that w(0) = g(0); clearly we just have to add 


jI^{z)w z (z) 

D(R) 


dx dy + … 


to the right hand side. Similarly, if we add 

/x(z)w z (z) 

^ ^ ^ + 

^ D(R) 

to the right hand side, we will have w z (0)= 发 ’(0); this follows from Proposi¬ 
tion 24 (and the fact that /x(0) = 0). So we see that we can solve (**) for w with 
any given values of 1 ^( 0 ) ， w z (0) provided that we can solve the following equa¬ 
tion for u;, where g is any complex analytic function (actually it would suffice 
to solve it for functions of the form g(z) = az + b)\ 




w(z 0 ) 


+ 


Uf 

D(R) 

]_ jj /x(z)w z (z) 


y(z)w(z) 


ix(z)w 2 (z) 1 

-- dx dy - 

71 J J Z- 2 0 71 J J Z -Zo 

D(R) D(R) 


// 

D(R) 

JJ y(z)w{z) 


dxdy- X - fj 
D(R) 

S(z) 


5(2) 


z — Zo 


dx dy 


D(R) 


_ dxciy + - JJ ' — dxciy + m ^ dx dy 

D(R) D(R) 


+ z 0 


~Jf 


jl(z)w z (w) 


dx dy + 


D(R) 


Uf 

D(R) 


y -^^d xdy + 


-// 


(5(2) 


冗 J J Z 2 
D(R) 


dx dy 


+ g(:o)_ 


Now the first integral involving 5 is a C 1 +Qf function A, for Proposition 24 shows 
that 


Af = <5 which is C a by assumption, 

A z is C a by part (e) of Proposition 24. 

The other two integrals involving 8 are just constants. So it certainly suffices 
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to show that we can solve the following equation for C a functions /x, y with 
^x(O) = 0 and any C 1+a function h\ 



The integral equation (I) will be solved by the only method available to us, 
namely, the method of successive approximation, which we have always formu¬ 
lated in terms of the Contraction Lemma (1.5-1). First we need to concoct the 
right space of functions to work with. Consider first the set 

H(R,a) = {C a functions w : D(R) C}. 


For w e H(R,a) we define 


Nil/? = sup \w(z)\ + R a - sup 

zeD(R) z\ y Z 2 ^D{R) 


\ujjzi) - U)(z 2 )\ 
\z\ - Z 2 \ a 


The first term sup \w(z)\ insures that w n — 0 uniformly if ||u^||i? — 0. The 
term sup \ w(z\) — w(z 2 )\/\z\ — 22 ^ is simply the “best” constant K in the defi¬ 
nition of w being C a ; the fudge factor R a is reasonable, for it insures that 


\\w\\n = ||u5||j where w(z) = w(Rz). 


It is easy to check that 


\\w\\r > 0 for w / 0, 

|| 入 11，|| /? = | 入 |._| /? XgM. 

Ik，l + U) 2 \\r < 11^1 || + ||U ， 2|| 及 . 


So we obtain a metric on H(R,a) by defining 


distance from W\ to W 2 = ||u，m — u) 2 \\r, 
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and it is easy to see that H(R,a) is complete in this metric. Finally, it is easily 
checked that if 、 W \, u ；2 € then 

\\u)\W 2 \\r < || U ；! \\ R • \\w 2 \\r. 

Next consider the set 

H(R,a + 1) = {C a+l functions w : D(R) C}. 

For w € H(R,a + 1) we define 

\\\w\\\ R = sup \w{z)\ + R - \\w z \\ R + R - \\u)z\\r. 

zgD(R) 

It is once again easy to check that 


\\\h>\\\r > 0 for if # 0 

III 入 • = W.MI/? 

\\\m +^2lll/? < III ⑴ iIII/? + infill/?, 

and that //(/?,a + 1) is a complete metric space with respect to the metric 
distance from w\ to u ；2 = III ⑴ i 一 utilize- 
Consider, for the moment, a function /: ( —/?, R) M, and suppose that 


R 


a + l - f\x 2 )\ 


l-Vl - A- 2 | a 


< K. 


Defining 
we have 


沙 ） = /(A'l + s(x 2 - .Vl)) - f(x 2 + 5(X1 - X 2 )), 


^(0) = /(-'l 卜 /( v 2 ), 发⑴ =/(-V 2 ) - /(-Vl). 
So the mean value theorem gives 

发 （1) — g ⑼ 


2[/(.v 2 ) - /(.vi)] 




6 ( 0 , 1 ) 


Thus 


(-V 2 - .Vl) ■ [f'{r}\) - .f'On)] num e (a-i,.y 2 ). 
R a \x\ - ,y 2 | K\rji - ri 2 \ a 


R a \f(Xi)-f(M)\ < 


K |.Yi - ,v 2 | 
T R ~ 


R a+l 

\m - m\ a 


< - .v 2 r ， 
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or finally 


l/(^i) - /( 又 2)1 
l-^i - 叉 2 | a 


< K. 


For functions w : D(R) C there is a similar argument, using Taylor’s formula 
to estimate \g(l) — ^(0)|. The answer involves the derivative Dw, which can be 
expressed in terms of w z and From this argument we easily see that there 
is an inequality of the form 


W^Wr < (constant) • \\\w\\\ R . 


26. PROPOSITION. Let /z, y be C a functions in a neighborhood of 0 with 
/x(0) = 0, and let h be C a+, in a neighborhood of 0. Then for sufficiently small 

R > 0 there is a C a+l function w : D(R) C satisfying (I) for all zo € D(R). 

PROOF. We suppose that /z, y are C a in D(Ro) for some Ro < and we will 
henceforth consider only R < Rq. For w e H(R,a + 1), define the function 
Sw on D{R) by setting (Su;)(zo) equal to the right side of (I) without the h(zo): 
we will abbreviate this expression by 

(Su;)(z 0 ) = I\ (z 0 ) + I 2 (zo) 

+ h( z o) + , 4 ( 之 0 ) 

+ Zo{,5( 2 0) + h( z o)}- 

We make the crucial 

CLAIM. There is a constant C\ depending only on a, and not on R ， 
such that 

"I—£ miiu 

for all w e H(R,a + 1). 

Assuming this Claim for the moment, the remainder of the proof goes as 
follows. Since ^ 0 as ^ 0, there is dearly some /?* such that for all 
R < we have 


where C n is a constant with 


C" < 1， 


Pill/? 
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Define T : H(R，a + 1) — H(R^a + 1) by 

Tw — Sw + h. 

If R < then for all w with 

III^IIU<^PIIIi? 

we have 

llir«；|iu = iiiSiu + / I ||| /? ^yisioiiu + piiu 

<1^.11^111^ + miR 
<^PIII/? + PIII/? 

= 备_1"/?. 

Thus, for R < the map T takes the complete metric space 

A/= €//(/?,« + 1) : 

into itself. Moreover, the map r: A/ M is a contraction, for 
\\\Tw x - Tw 2 \\\ r ^ \\\Sw x - Sw 2 \\\r 

=IllSOi^-1^)111/^ «; 2 ||| 及 . 

By the Contraction Lemma, there is some w e M with 

w = Tw = Sw + h, 

which is precisely the equation we want. 

To prove the Claim we will use all the information in Lemma 24. First we 
want to show that 

W\I\W\r < (constant) - R a - \\\w\\\ R , 

where the constant is independent of R. It clearly suffices to prove the same 
inequality for each of 

sup IA (r)|, R • ||(/i)zll/?, R . Il(/i)zll/?. 
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Let L be a number such that 


- M(:2)l < ^ • l-l ~ :2 「， 二 1 ，二 2 e D{Ro). 


Since fi(0) = 0, it follows that 

\fi(z)\ < LR\ zeD(R), R < R 0 


and therefore that 

\\fi\\ R <2LR a . 

Thus for all W 2 € D(R) we have 

(1) \/i(z)w z (^)\ < W^zWr < IImII/? - W^zWr 


< 2LR a 


IIMIU 

R 


= 2LR a — l _ ||M|k ， 


\l^(Zi)U) z {Zl) - l^(z 2 )W z (z 2 )\ < \\I-IU) z \\r < W^Wr - llWzIlj? 

[ ' In -z 2 \ a ~ R a — - R a 

< 2LR a -WMI r 
- R a - R ~ 

=III^IIU- 

K 

We can now apply the inequalities of Proposition 24. Inequality (c) gives 

(3) |/,(r)| < 4^.21^-' • IH^III^ 

which is the desired inequality for sup \I\ (r)|. Inequalities (d) and (e) give 


(4) 


2L 


= - L R a • IIMII/? 

a 


(5) 


R 


a-\-\ 


l(/l) t):， (r2)l ^ +1 . C .* M - 

= 2CL-R a -WIwIWr ： 


these give the desired inequality for R - ||(/i) z ||/?. Finally^ since {I\)z = 山(、 

necessary inequalities for R - ||(/i)zl|/? follow immediately from (1) ， (2). We have 
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therefore shown that 

lll/iliu < (constant) - R a - |||u;||| /? . 

Now consider 1 2 - We first note that for z e D(R) we have 

\y(z)w(z)\ < \\yw\\ R < ||y||/? - Ml 尺 

< l|yll«o - (constant) • 1M || 尺 (see page 338). 

This is a stronger inequality than (1): since 0 < 7? < 1 and 0 < a < 1 we have 
1 < R a ~ x , so we can write 

(r) \y(z)w(z)\ < (constant) - R a ~ ] - |||w|j| 及 . 

Similarly, if Z\,Zi € D{R), then 

(2 a |y(zi)» ； (zi) - y(z 2 )w(z 2 )\ < \\yw\\ R < ||y|U • MU 

() |z, - z 2 l a _ _ R a - 

< . (constant) - \\\w\\\ R 
K 

constant ir .. 

< —-—— \\M\r. 

K 

Now (1'), (2’）give the inequality 

III ,2 111 沢 £ (constant) - R a - "M|U 

in the same way that (1), (2) gave the inequality for |||/i||| 尺 . 

Since 1^ is just a constant, h(z) — I\ (0), we have 

lll^llli? = ll|/i(0)llli? — l^i(0)| < sup |/i(z)| 

zeD(R) 

< lll/illl/? < (constant) - R 01 - 

Similarly for 1 4 . 

As for the term zh(z) — z(I\ ) 2 (0), we have 


l-(/i)z(0)| < l--M(/,) z (0)| 

一 \\\h\\\R 


111/illU 


< (constant) - R a - |||w.'|||/?. 

Ill- (/.)z( 0 )},IU = /?• Il(/i)z( 0 )||/ f 

= /? l(/l)z(0)| 

< (constant) - R a - |||w.>|||«. as above. 

Thus |||-(/i) z (0)|||j? < (constant) - HIw|||/?, and the term r/ 6 (r) works exactly 
the same. 
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27. COROLLARY. If fi, y y S are C a functions in a neighborhood of 0, with 
|/x(0)| < 1 ， and a,b e C are any two complex numbers, then there is a C a+1 
function u; in a neighborhood of 0 such that 

Wz — [ivj z + yw + 8 
(**) uj(0) = a 

w z (0) = b. 

In particular, there is a C i+a isothermal coordinate system around any point 
of a surface with a C a metric. 

PROOF. Proposition 26 and Lemmachen 25. ❖ 

Our next task is to show that if /x ， y，S in Corollary 27 are C n+a , then there 
is a solution w of (**) which is C w+1+a . First a technical lemma. 


28. LEMMA. If / is C n+a (n > 1) on D(R) and we define 


F(z 0 ) = -- ff ’⑵ dxdy ， z 0 e D(R), 

71 J J Z - Z 0 
D(R) 

then F is C w+,+a . 

PROOF. Induction on n. Consider first the case n = \. By Proposition 24 we 
have Fz = /, so Fz is C 1+a . We just have to show that F z is C 1+Qf , since this 
then implies that F x , F y are C i+a ，so that F is C 2+a . Now we easily check that 


dz 


log \z — Zq\ 


-o 


and therefore 


^(-o) = ff ~{/log|r - ： o\ z )dxdy + - 
71 J J OZ 71 

D{R) D(R) 

Using the Remark after Lemma 19, we write this as 


Jj ./zlogl: 


- zo\ 2 dxdy. 


F(=o) = J /loglr - zo\ 2 dz + ^ Jj fz^og\z - z^\ 2 dx dy\ 


BD(R) 


D{R) 
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We can now differentiate under the integral signs to obtain 

(1) F z (z 0 ) = -^ f -^-dz + ~ ff ^^dxdy. 

2tti J z - zo n J J z - z 0 

a/>(/?) D (幻 

The first integral is C°° (since we can keep differentiating under the integral 
sign); the second is C ,+a by Proposition 24. 

Now suppose the result holds for C n+a functions, and let / be C /I+1+a . We 
still have Fz = /, so that Fz is C w+1+a , and we also have equation (1), in which 
the first integral is C°°. Now f z is C n+ot ^ so by the induction assumption, the 
second integral is C w+1+a . Thus F z is C w+l+a , so F is C w+2+a . <♦ 

29. PROPOSITION. If /x, y, 8 are C n+a functions in a neighborhood of 0, 
with |/x(0)| < 1, and ci^b E C are any two complex numbers, then there is a 
C w+1+a function u; in a neighborhood of 0 such that 

Wz = /jiw z 4 - yw + 8 
(**) w(0) — a 

u; z (0) = b. 

In particular, there is a C nJrXJr0t isothermal coordinate system around any 
point of a surface with a C n+a metric. 

PROOF. Induction on n. The case n = 0 is Corollary 26. Now suppose the 
result is true for and let /z, y^S be C w+l+a . 

Case 1. y = 0. The motivation for the proof is the following. If w satisfies 

( 1 ) u)- z = fiw z + 5 , 
then we should have 

(l^z)z — = ^(U7 Z ) Z + fl z W z + S z . 

So we first solve this equation for u) z . To be precise, we note that /i, /x z , 8 Z are 
C w+Q? , so since the result is assumed true for there is a function / satisfying 

(2) /z=M/ z +Mz/ + 5 z 

in some disc D(R); moreover, we can obtain any desired values for /(0) and 
f z (0). [Notice that equation (2) contains / explicitly even though equation (1) 
does not contain w explicitly.] Define W by 

W(: 0 ) = ff I^-dxdv. 

冗 J J 二一二 0 

D(R) 
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r I hen W is C n+2+a by Lemma 28, and by Proposition 24 we have 
/(z 0 ) = l^fUo) = W z {z 0 ) f{z 0 ) = W z (z 0 ). 

So 


(Wz) z = W z - z — f- z — iifz + l^zf + S z by (1) 
二 (^f)z +S Z = (/iW z ) z + S z . 

Hence (W^ — /j.W z — 8) z = 0. This means that we can write 
⑶ 的⑺ - /i{z)W z {z) - 8{z) = g(z), 


where g is complex analytic. Let G be a complex analytic function with Gf(z)= 
g(z)^ and let 


Then 


w{z) = W{z) — G{z). 


w z ~ W z — 0 

m(z) = W 2 {z) - g{z) = i^i{z)W z (z) + 8(z) by (3) 

= fi{z)w z (z) + 8(z). 

Thus u; is a C w+2+a solution of our equation. We also have 

_) = 1^(0) - G(0) 
w z {0) = W z {0) = /(0). 

So we obtain the condition U) z (0) = b by choosing a solution / of (2) with 
f (0) = b. We can obtain u;(0) = a since G is only determined up to a constant. 

Case 2. General case. We look for a solution of the form w = e^o. We find that 
the equation 

(4) Wz = f^tw z + yw + 8 

is equivalent to 

o~ z + XzG = ^ia z + [i\ z a + yo + c~^8. 
or 

o*(X? - f.i\ z - y) + 02 = t-icfz + ( 厂入 5 . 

By Case 1, there are C w+2+Q? functions \'o satisfying 

— + y\ X(0) — 0, X r (0) = 0 

o z = f.ia z + e~ x 8: a(0) = a, a r (0) = b. 

Fheii w = c^cj is C n+2+a and satisfies (4), and w(0) — a, it ， r (0) = /?•♦:♦ 
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Notice that Proposition 29 does not give a C°° isothermal coordinate system 
in the C°° case; for although the equation = jxw z will have C w4 * 1+af solutions 
for all n, these solutions might be defined on smaller and smaller neighborhoods 
of 0. But this is now easy to take care of. First let us note that if (w, u) is an 
isothermal coordinate system，and / : C — C is complex analytic, with f f 
never 0, then /o (w, u) is also an isothermal coordinate system, since / is angle 
preserving. We can also prove this from our equation Wz = "u; z ，for since 
fz = 0, the chain rule gives 

(/ 0 w) z = (f z ow) w z 

(/ ° ^)z = {fz ° IV) - Wz, 

and hence we have (/ oiu)f = \i - (/ ow) z . This argument can also be reversed, 
allowing us to prove 

30. PROPOSITION. If y is a C nJr0t function with |"| < 1， and w is any 
solution of 


(*) 

then w is C n ^ ] ^ a . So if \x is C°°, any solution w is also C°°. 

In particular, there is a C°° isothermal coordinate system around any point 
of a surface with a C°° metric. 

PROOF. We know that around any point there is some C w+14 * a solution a of (*) 
which has an inverse around that point. So we can write 

(1) u; = / o a 

for some /. Then the chain rule gives 

w z = (/ z o o) - o 2 + { fz o o)a z 
m = {fz ocr)-a- z + (f~ z o o)a- z . 

Since xv is a solution of (*)• we have 

{.fz 。 cf)a- z + (fzoo)^z = l~i[Uz og)g z + (fz o a)d z ]. 

Since cr is a solution, this leads to 


( 2 ) 


(f- z ocf)[d^ - ixa z ] = 0 . 
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Since Oi — \xo z implies that 

o z — {Oz) = A(°"z) = A &， 

we see that 

Oz - \xd z = b~ z - [i\xo- z 

= ^z(i - ImI 2 )- 

This is non-zero, since |/x| <1， and a has non-zero Jacobian at the point in 
question. It follows from (2) that fi — 0, i.e., / is analytic. Then (1) shows 
that w must be C w+1+Q! too. ❖ 
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ADDENDUM 2 

IMMERSED SPHERES WITH 
CONSTANT MEAN CURVATURE 

Let f: U M be 2 lu immersion (for t/ C M 2 open) which is conformal, so 

that the components E, F, G of If satisfy 

E = G, F — O', 

such immersions always exist by the results* of Addendum 1. From equation (B) 
on pg. III. 136 we have 


K — k\k：2 


In — m 2 


(2) H = X -{k x +k 2 ) = 

A little calculation shows that the Codazzi-Mainardi equations (pg. III. 56) be- 


l y - m x = -L.{1 +n) = E y H 
It, 


m y -n x 


： (l+n) = -E x H. 


EyH = -EHy + ^ + -^- 
E x H = -EH x + l j + ^, 


so the Codazzi-Mainardi equations can be written 


niy = EH X 


f7i r ~ — E H v . 


* At present we need Proposition 29 or 30, but we could make do with the much simpler 
Theorem 18, since it follows from (hard) theorems on partial differential equations that 
a surface of constant mean curvature must be analytic (see pg. V 147). 
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If we define the function O: (7 — C hy 


(4) 


then 



2 


—i • ni ， 


m 2 = 




+ m 2 - In 


=E 2 (H 2 - K) by (1) and (2) 

= E 2 (k\ — 众 2) 2 /4. 

Thus the umbilics on f(U) are the image of the zeros of $. Notice that if H 
is constant, so that H x = = 0, then equations (3) arc precisely the Cauchy- 

Riemann equations for thus $ is complex analytic. So we immediately have 


31. LEMMA. If M is a connected surface immersed in R 3 with constant mean 
curvature, then either all points of M are umbilics, or else the umbilics are 
isolated. 

PROOF. Since the analytic function <l> is identically zero if its zeros have an 
accumulation point, we see that for every p e M one of two possibilities must 
hold: 

(1) p has a neighborhood with no umbilics, except perhaps p, 

(2) p has a neighborhood all of whose points are umbilics. 

But the set of points p satisfying (1) is open, and so is the set of points p sat¬ 
isfying (2). Since M is connected, either (1) holds everywhere, or (2) holds 
everywhere. ♦ 

Now consider the lines of curvature on A/, or rather their images in U under 
the map f ~ x . Formula (D) on pg. III. 136 says that a vector v = (( 幻 “/ 2 ) is 
tangent to one of these curves if and only if 

( “ 2 2 -“此 ar 

EOF 
l m n 

— -~E[—nw\ 2 + (/ - n)ci\U 2 + nw 2 2 ] 

{Lnun evaluated at the point where v 
is considered to be a tangent vector}. 
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Thus v is tangent to [ 广 1 of] a line of curvature if and only if 

—m{dx{\)} 2 + (l — n) dx(y) dy(\) + m{dy(\)} 2 = 0. 


We can write the left side of this equation as the imaginary part of a complex 
number, namely 


Im 



—i ， tn • [{dx(\)} 2 - {dy(\)} 2 + 2 / dx(\) dy{\)] 


=ImO • [{dx(\)} 2 - dy(\) 2 + 2 / dx(\) dy(\)]. 


Introducing the complex-valued 1-form Jz, as on page 319, we can thus write 
our equation as 

Im O . {dz(y)} 2 = 0. 

For any complex number u; —： 0, we let arg w be some angle between the x-axis 
and the ray from 0 through w, so that w = \w\e^ w . Then the above equation 
holds if and only if there is an integer m with 

mix = arg O • {dz(\)} 2 
=arg 0 + 2 arg Jz(v), 


or 


(*) 


argrfz(v) — 


1 mix 

-arg O + — 


for some integer m. 


In a neighborhood of an isolated umbilic of our surface M with constant H 
we consider the 1-dimensional distribution A formed by the multiples of the 
principle vectors with the larger principal curvature ， say. The index of this 
distribution was defined in Addendum 2 to Chapter 4. We can now compute 
it in terms of O. 


32. PROPOSITION. Let /: (/ ^ M be a conformal immersion into a sur¬ 
face M of constant mean curvature //， with corresponding analytic function O. 
Suppose that p = /(0) is an isolated umbilic, so that 0(0) = 0， and conse¬ 
quently 

O(r) = a n z n + • •• a n ^ 0 ? // > 1. 

Then the index of A at p is —n/2. 
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PROOF. We consider the distribution on U which is 广 1 of A. Let e: [0,1]— 

(7 be a small circle around 0. To compute the index of the distribution at 0, 

we must choose a continuous function 6 : [0,1] — M such that 9{t) is an angle 

between the x-axis and the direction of the distribution at c(/); then the index 

is [0(1) — 0(0)]/27T. First choose a continuous function 0 : [0,1] — M such that 

0(/) is an argument for Then equation (*) shows that we must have 

^ 1 mn 

6(t) = ^-(/>{!) + —, 

where the integer m must be constant, by continuity. So the index in question 
is 

— [7T(1) — 0(0)] = — - • — [0(1) — 0(0)]. 

2n 2 2n 

But standard complex analysis results say that 0(1) — 0(0) = 2nn. [Here is a 
direct proof. Clearly [0(1) — 0(0)]/2 丌 is just the degree of the map a from S ] 
to C — {0} defined by 

a(t) = -nc(t)) = c{t) n [\ + -] 

= c(tf[\ + dm 

where we have 


\d{t)\ < 1 for a sufficiently small circle c. 


Now 


\a(t)~c{t) n \ = \c(t) n d(t)\<\c(t)\ n . 



So the line segment from c{t) n to a(/) does not contain 0. This means that a 
and t c(t) n are homotopic as maps from S ] to C — {0}. So they have the 
same degree. But the degree of t \-^ c(t) n is n.] 

All of this leads up to 


33. THEOREM (H. HOPF). If M is an immersed sphere in M 3 with constant 
mean curvature //. then A/ is a standard sphere. 

PROOF. If all points of M were not umbilics, then by Lemma 31 there would be 
only finitely many umbilics. By Proposition 32, the index of A at each umbilic 
would be negative. This contradicts Theorem 4-20, since X(^0 = 2 > 0. ♦♦♦ 
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ADDENDUM 3 

IMBEDDED SURFACES WITH 
CONSTANT MEAN CURVATURE 

In this Addendum we will prove that a compact imbedded surface M c M 3 with 
constant mean curvature Hq must be a standard sphere. Essentially the same 
proof works for imbedded hypersurfaces in R” +1 ， H n ~^\ or an open hemisphere 
of S n ^. The proof depends on a simple ingenious geometric construction, 
together with analytic results (Theorems 10-17 and 10-20) from Addendum 2 
to Chapter 10; the proofs of these theorems can be read right now, for they do 
not depend on any material from Chapter 10 proper. These analytic results are 
applied to the present situation as follows. 

Consider a surface given as the graph of a function h: R 2 ^ R, and introduce 
the standard abbreviations 

dh dh 

P = q = Yy 

d 2 h d 2 h 

r = 巧， S = d^ y 

For the condition that the surface has constant mean curvature Ho we find ， 
from (B’) on pg. 111.137, the equation 

(*) 0 = (1 + q 2 )r - 2pqs + (1 + p 2 )t - 2H 0 (l + p 2 +q 2 ) i,2 

= F(p,q,r,s,t). 


d 2 h 

1 = 


Now let hi and A 2 be two solutions of (*)，with corresponding partials p\,... ,t\ 
and pi, ■■- , ti- If we denote the partial derivatives of F with respect to its 5 
arguments as F p ,..., F t , then at all points of M 2 we have 


0 = - F(p2,q2,r 2 ,s 2 ,t2) 


d_ 

dr 


F{rp\ + (1 


— 7 ) 尸 2, …， "l + (1 — r),2)(" 



(Pi - Pi)fp(») H - + (,i - h)F t (»)dx 


where • = (zp\ + (1 - z)p 2 ,..., r/i + (1 - r)^) 
—A ■ (p\ — pi) + B ■ (c/i — ^ 2 ) + C - (n — r2) 

+ D ■ (s { - s 2 ) + E ■ (t ： - t 2 ), say. 
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Setting u = h\ — /? 2 , and letting p ， q,t now denote the partials of w, we see 
that u satisfies the equation 

(**) A ' p + B ' (] + C ' t + D ' s + E ' t — 0. 

34. LEMMA. Let h\ and I 12 be two functions whose graphs are surfaces of 
the same constant mean curvature Ho, both functions being defined either in 
a neighborhood of 0 in R 2 , or in a neighborhood of 0 in the closed half-plane 
{(jc, y) : y > 0}. Suppose that h\ > I 12 in this domain, and that /^(0) = /?2(0). 
If h\ and hi are defined only in the half-plane, assume also that dh\/dx(Q )= 
3//2/3x( 0). Then h\ = /?2 in a neighborhood of 0, or in a neighborhood of 0 
in {(x,y) : y >0}. 

PROOF. Notice that for all (X,//) / (0,0) we have 

F r X 2 + F s \ji + Fill 1 = (1 +<7 2 ) 入 2 - IpqXjJi + (1 + p 2 )fi 2 
=X 2 + 11 2 + (qX - pix) 2 > 0, 

where F r , F s , F t are evaluated at any point of M 5 . So we also have 

CX 2 + + E/j 2 = f F r (m)X 2 + F s (m)X^ + F t (.)fi 2 dT 

Jo 

> 0 . 

Thus Theorems 10-17 and 10-20 apply to the solution u = h\ — hi of equa¬ 
tion (**).♦:♦ 

For the geometric part of the proof, we first note that the standard spheres are 
the only compact surfaces which have a plane of symmetry in every direction. 
In fact. 

35. LEMMA. If ^ C M 3 is bounded and has a plane of symmetry in every 
direction, then A is invariant under all rotations about some point * (hence A 
is a union of concentric spheres around *). 

PROOF. Choose 3 mutually orthogonal planes Pi • 尸 2 , 尸 3 which arc planes oi 
symmetry for A. and let * he the unique point in H P 2 D Let P be any 
other plane of symmetry. It is easy to see that if P does not go through *. then 
suitable compositions of the reflections through 尸 1 . P 〉 尸 3 . and 尸 will take any 
given point in A to points arbitrarily far from *. So if A is hounded, then we 
must have * G P. Thus A is invariant under reflection through every plane 
through *. 1 his implies that A is invariant under all rotations about *♦ 
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It is this symmetry property of spheres which we will establish for anv surface 
of constant mean curvature. 

36. THEOREM (ALEXANDROV). Let M be a compact surface imbedded 
in M 3 with constant mean curvature Ho. Then M has a plane of symmetry in 
every direction, so A/ is a standard sphere. 

PROOF. Wt know (Theorem 1.11-14) that M is the boundary of some closed 
domain D. Wc can assume that our direction is the z-axis，and that M is placed 
so that it lies in the region where z > 0, and touches the plane 二 = 0. For each 
^ > 0, let P a be the plane :二 a ， The set of points of M which lie below P a 
is a U hump H a . Let H a be the reflection of H a in P a . For sufficiently small 



a > 0, the set H a will lie inside D. Consider the set of all 6 > 0 such that H a 
lies in D for 0 < a < b. This set clearly has a largest dement c. There are then 
two possible cases, as illustrated below. 



In the first case, there is a point e 私 D M which is not on P c . From 
the definition of c\ it is easy to see that near p the surfaces M and H c are the 
graplis ol two functions h'Ji: with h\ > I 12 . Then Lemma 35 shows that M 
and H c coincide in a neighborhood of p. 

II there is no point p e H c fl M — P c , then we must have the situation shown 
in the second figure: for some point p e P c , the surface M has a vertical 
tangent plane at p. The part of M which lies above or on is a surface- 
with-boundary, and near p it can be represented as a function h\ on a closed 
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half-plane perpendicular to the (x, j)-plane. Similarly, H c can be represented 
as a function A 2 on the same closed half-plane. This time we have > h\. 
Lemma 35 shows that H c coincides near p with the part of M which lies above 
or on P c . 

Now let K be the component of H c which contains the point p (in either 
Case 1 or Case 2). This component K is the reflection in P c of a component 
K C H c . The argument of the above two paragraphs，together with a simple 
connectedness argument, shows that K C M. But K U K C M is already a 
compact manifold. So we must have K U K = M. Thus M is symmetric with 
respect to the plane P c . ♦♦♦ 

One of the most interesting aspects of this proof is the fact that constancy of 
the mean curvature was used in such a weak way. There are numerous other 
conditions which can be treated similarly; Alexandrov has a whole series of 
papers on this subject. A somewhat later paper by Alexandrov [2] generalizes 
Theorem 36 so as to allow many types of self-intersections of M. For example, 
if M C M 3 is a compact surface, bounding a domain Z), and /: A/ — R 3 is an 
immersion which can be extended to an immersion of D into R 3 , then f{M) 
does not have constant mean curvature unless it is a standard sphere. Naturally ， 
the counterexamples of Wente, Abresch，and Kapouleas (page 311) cannot be 
of this sort. 
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ADDENDUM 4 

THE SECOND VARIATION OF VOLUME 

In this Addendum we will derive the formula for the second variation of 
volume, and give some applications. The calculation itself is a real bitch, and 
even the final formula is quite involved, so some preliminaries will be required. 

1. Fora submanifold M C jV and a vector ^ e A// we have the map At ： M p -> 
M p with 

= (s(X, 

Since is symmetric, it has n real eigenvalues 入 ■ ， … ，入 We will let 

n 

L ⑻ =^ 入 / 2 = trace A^ 2 . 

/ =i 

If 专 denotes, instead, a section of the normal bundle Nor M, then S 2 ( 专 ） is a 
function on M. 

2. Given ^ e 丄 ， we define the “partial Ricci tensor” 

n 

i=\ 

where X x ,.. ,,X„ is an orthonormal basis of M p ; it is easily seen that this does 
not depend on the choice oi X u ...,X n . Naturally, Ric M ⑻ denotes a function 
on Af if ^ denotes a section of the normal bundle Nor M. 

3. Recall from Addendum 1 of Chapter 7 that if W 7 is a vector field tangent 
along the manifold M, then div W is the function on M defined by 

n 

(div ， W){p) = tracc(X p V Xp W) = f 〈 ▽ 不 U ,〉， 

/ =1 

where X\,... ,X n is any orthonormal basis of M p . 

4. \\e also recall from this same Addendum that we have defined the Laplacian 

for a section 少 of a vector bundle over a Riemannian manifold M\ to define 
this we needed a connection on the bundle. For a submanifold A/ C of a 
Riemannian manifold N, we have the induced metric on M, and a connection D 
on the normal bundle defined by 


= 丄 V’x 诊， ▽’ = the covariant derivative in N. 



z 」 ( 0 八 " ） =(z 」 沴） 八 q + (-ir 0 八 （ z」 … 

L z ((f> a rj) = L Z (f> At] + (f) a L z rj 

Lzco = Z 」 do; + (/(Z 」 o;) 

Lzdco — dLz ⑴ 

Ly+zW = LyOJ + Lz^ 

Lz(Y 」 w) = [Z, l 7 ] 」 ct) + y 」 Lzco 


for 0 a A ： -form 
[Problem 1.7-4] 

[Problem 1.7-18] 

[Problem 1.5-14] 

[an exercise, using 
Problem 1.7-18(c)]. 


6. Finally, there is one important way that the second variation formula for 
volume will differ from the second variation formula for energy. If a : (-^，^) x 
M — TV is a variation of (5(0) = /: M — TV, and W(p) = 3a/3w(0, p) is 
the variation vector field, then our formula will involve not merely W, but also 
W = da/du. We will define vector fields TW and 丄％ along a by writing 
W(u.p) = TW(u, p) + 丄 1^("，/?)，where TW(u,p) is tangent to a(u)(M) at 
u(p) and 丄 /?) is orthogonal to a(u)(M) at u(p). 

37. THEOREM. Let /: M — N be a minimal immersion of an oriented 
"-dimensional manifold (-with-boundary) M into a Riemannian manifold 
(iV'( ,〉)，and let a: x M ^ N be a variation of / through im¬ 

mersions. Let W be the \ ariation vector field, and let W = da/du. If r(") 
is the volume form on M determined by the metric d(//)*( , ) and the gi'en 
orientation of M, then 

f (o) 二 [Rk、 M (丄 vv) - e 2 ( 丄 no _ (iw, △(丄 h/) 〉] • r(o) 

+ (/(di' Tvy. (tw ，」 r(o)) + t [ 丄泶，丁泶 ] 」 r(o)). 
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Thus if ^ is a section of the normal bundle, we have 

n 

△少（尸 ） = y 丄 ▽ / A 7( p ) (丄▽、少 )， 
y=i 

where X\,..., X n is an orthonormal moving frame with 

VxiXj(p) = 0 ， V = covariant derivative in M. 

5. We will require the following properties of contractions Yand Lie deriva¬ 
tives Lzor. 


\ —/ \M/ \ —/ . \ ―/ \ ― / 

ab c dcf 

/ _ \ / _ \ /— \ /— \ /—\ / —\ 
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PROOF. W e will regard this proof as a continuation of the proof of Theorem 11 ； 
we will refer to equations (1)-(10) in that proof, and therefore commence our 
numbering of equations with (11). Once again we first consider a point po e M 
where W(p 0 ) is not tangent to f(M). We choose V as before, and assume 
that f is just the inclusion i : V N. We will use all the notation introduced 
in the proof of Theorem 1 1， and we will also introduce the abbreviations 

( 11 ) d j = 1 < 7 < 

Since our immersion is minimal (rj = 0), equation (9) shows that 

(12) ,’*{Z」= 0 for all vector fields Z along V. 

Using (6 )， we can write d<t> as 

m n 

(13) d<t> = (f) r A jX r ^ for ll r = P 0 1 A … A W A …八 0' 

r=n-\-\ j=\ 

Then (12) becomes 

m 

^ 0 r (Z)/*/x r = 0 ， using (a) on page 356 and /.*〆= 0. 

r=n-\-\ 

Since this is true for arbitrary Z ? we have 

n 

(14) i*[i r = 0, and hence ^ 市 / (Xj) = Q along V. 

y'=i 

Now let us apply equation (5) to all u, not just w = 0. We obtain 

r ( w ) = <5(«广(承」 d ^) (承」 $)). 

As before, this implies that 

(15) f(0) = ( 床」 t/cD)} + 诼 」 $)} 

=/*{△ 尕 ( 伊 」 + d(i*{L^(Wj <D)}) by (d). 

Once again vve will show that the two terms on the right are precisely the terms 
appearing in the statement of the theorem. 

The first term is the one that will give us all the difficulties, and we will use 
some preliminary tricks to make the calculations manageable. First of all, we 
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want to be more particular in our choice of the moving frame X\,., X n , X n+ \, 
•.. ， X m . We will assume that X\(p 0 ),. • • ， X n (p 0 ) is a basis of eigenvectors for 
4 丄 w(A))，with corresponding eigenvalues Xi,..., X n . This means that 

Wk 二 (A±W(po)^j(Po)^ ^k(po)) 

= (尸 0)， 勾（尸 0))， 丄叭尸 0)> 


= (lV Xk Xj,±W) 

at po 

=(E Vj^k)Xr^w\ 

at po 

\r=«+l / 


m 

=- J2 <p r (W)-t j ； {x k ) 

at po. 

r=w+l 


and consequently, 


m 

(16) [ = -心夕 

at po. 


r=w+l 


We still have considerable leeway in the choice of our moving frame ， •.. ， 
X m . We can replace it with a new moving frame X\,..., X m defined by 

m 

X a = J2 M a X P^ 



where (M„ ) is a matrix of functions such that 

(i) (A/^) is always orthogonal, — (M^), 

(ii) A// = = 0 \ < j <n, n+ \ <r < m, 

(iii) (M^(po)) - /• 

Condition (i) means that the new moving frame is orthonormal, and condi¬ 
tion (ii) implies that (1) and (2) still hold, so that the Xj are tangent to the 
a(u)(V). while the X r are orthogonal. Condition (iii) means that the frame is 
not changed at po, so that equation (16) still holds. The dual 1-forms arc 
related to the (f)^ by 

m 

y = 0 a (/ ； o) = 0 a (/>o). 
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so 


the corresponding connection forms \fr^ satisfy 

m mm 

-^ A = (I4> a = [ dM^ A 0^ + ^ A d(f)^ 

P=\ P=\ 

m m 

= J2 dM ^ a ^ 

卢 =i 卢， y=i 

mm m 

= EE m ^ m « a ^- e 

P=\ 5=1 P ， y,8=\ 


A I 


办 =1 




K,^=l 




Now M^M y ^ s y is easily seen to be skew-symmetric with respect to a 
and )6，since \jfy = Since (M^) is orthogonal and M(po) = /, we also 

have skew-symmetry for dM^ at po. So Proposition II. 7-4 (which is 

really a result about forms on a single vector space) shows that at po we have 


(iv) 


^p(Po) = ^p(po) - dM^(po). 


Now we claim that it is possible to choose Ma so that 

(v) I dM } k (p 0 ) = ir J k (po) 1 < j, k < n 

\ dM r s {po) = f r s (po) n + \ <r,s < m. 

Ill fact, for every unit tangent vector X at po we can define 

Ml(cxptX) = cxp(t\fr J k (X)) 

M^(cxptX) : =exp(/^r ； (A')) 

Ml = M- = 0, 


\ < j,k <n 
n + 1 < r^s < m 


where the exp oil the right is the ordinary exponential of matrices. Then the 
matrices (M^) satisfy (\); they also satisfy (i)-(iii), the matrices {M J k ) and (MJ) 
being orthogonal since they are exp of skew-symmetric matrices. In connection 
\vith (i'), w e thus see that our moving frame can be picked so that it satisfies not 
only (16), but also 


( 17 ) 


^ J k {po) = o 1 < /,k < n 
^s(Po) = 0 // + 1 < < m. 
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In addition to this special choice of the moving frame, we require another 
preliminary move. We are trying to show that d^)} is the first 

term in the formula of the theorem. We notice that this term involves only the 
perpendicular component 丄 H 7 of H 7 . We can ease the strain of the calculations 
by first proving that the same is true of the expression that we have to work 
with. In the following lemma ，TW and 丄味 actually denote extensions of these 
vector fields to a neighborhood of image a. 

38. LEMMA. For a minimal immersion we have 

r{L^(WJ d<i>)} = /*{L ± p ( 丄伊」 d<t>)}. 

PROOF. By property (c)，which we stated before the theorem, we have 

(伊」 d < P )} = /*{泶」(伊」 

For vector fields Y and Z in N, define 

so that 

/*{ L 步(伊」 = 伊， W ). 

It is clear that S is bilinear over M. We will show that S(Y, Z) = 0 if either Y 
or Z is tangent along M. The lemma then follows by writing W + 

Suppose first that Y is tangent along M. Then 

4(r ， z) = /*(r 」 j(z 」 

= /*{L r (Z 」 」 Z 」 d<i>)} by (c). 

Now equation (12) tells us that Z 」 gives 0 when applied to tangent vectors 
of M. The same is clearly true for F 」 Z 」 since Y is itself tangent along M. 
So 

i*{Y 」 Z 」 d^} = 0, and hence i*{d( Y 」 Z 」 d<i>)} = 0. 

On the other hand，since Y is tangent to M we clearly also have 


Thus S(Y^ Z) = 0. 


/*{L r (Z 」 帅 ) } =0. 
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Now suppose that Z is tangent along M. We have 

s(Y,z) = /*{r 」 t/(z 」 do)} 

=/*{^ 」厶 2 ^/0} by (c) 

= r{[F ， Z] 」 JO} + by(f) 

= n[y ， z] 」 d<D} 

+ JO)} + r{d(Z」 : by (c) 

= n[r ， z] 」 t/$} + s(z,r) + rw(z 」 r 」 do)}. 

The first term is 0 by (12). The second term is 0 by what we have already 
proved. The third term is 0 for the same reason that 」 Z 」 JO)} was 0 

before. Q.E.D. 


We are now finally ready to carry out the computation. 

Step 1. We claim that 

(18) 广 {[ 尕 〆 } =0 = 广 {/ ■丄床 〆 }， n + l <r < m. 

To see this, choose Y to be a vector field tangent to V and let i^Y = X. Then 


i*{L^<p r }(Y) = L^ r (X) 

=〆)(/) + ( 州 」 by (c) 

= X((f) r (W)) + d(() r (W,X) 

= X(<p r (W)) 

+ [W(cp r (X))- X((t> r {W))- c(> r ([W, X])] by pg. 1.215 
= -cf> r ([W, X]). 


But if t x . ,t n is a coordinate system around po in V, then A" is a linear 
combination of da/dt x ,..., da/dt n , 


n 

y = E 

j=\ 


da 

ai dU' 


We have 


so 


W. 


da 

9^ 


[U] 




3a 3a 


da 


a 


3". 


d 3 

da 




dtJ 


0, 


by pg. 1.156. 
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Thus [W, X] is also tangent to K, so (f) r ([W, X]) = 0. This shows that 
= 0 . 

We also have 

= X}) = 0, 

since [TW, X] is tangent to V. Hence /*{A ± p0 r } = 0 also. 

Step 2. For 1 < j < n, we have 

= /*^/( 尕」 0^)} + /*{ 尕」 d(f> j } by (c) 

= d{(j> j (HO) - 卜」史 ％ A 0] 

I a=l ' 

m m 

= d(<P j (W)) -J2^ J k {W)0 k + by (a). 

k=\ a—\ 

Using (16) and (17) we see that 

(19) i*{L^(f> j }^d(cpHW))-Xjd J at p 0 . 

Similarly，we find that 

(20) i*{LiW} = - 乂 〆 at po. 


Step 3. Using the second structural equation to express d\l4 in terms of the 
curvature forms 屮 / ， we have 


r ( L 丄示中 /} = ， •*{ 丄示 」 + />/( 丄卬」於 /)} by (c) 


= —广 {丄步 」 ^ f J y A j +/.*{ 丄设」 中 " + d{fl(LW)). 

Because of equation (17 )， each term A ^ always has one factor equal to 0 
at /?o, so we obtain 

(21) /.*{[ 丄 ^^/’}=/*{ 丄示」中 /}+(/( 少 /’( 丄 ^0) at po. 


Step 4. Referring to (13) for the definition of fi r , vve now compute 
广 I 人丄免 I = ^冷 1 八.••八少/八 ... 八 

n 

=八…八 a \ e n 

j=\ 

n 厂 

+ EE 0 1 八…八 i *{ L ± ^ c (> k ) 八…八 /.*#• 八 ... 八汐 w 
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Substituting from (20) and (21), and rearranging slightly, we have 

n 

i*{L 丄床 /i r } = 八 … 八丄设」屮八 … 八 # 


n 厂 

ziy 


A • • • A -XfcO k A • • • A i*f J r A • • • A 


+ 八•..八別少/(丄州)）八.•.八％ at 尸 0 . 


Notice that 


n 厂 

EE 

y=i L k^j 


0 1 A • • • A 


E(E 

-/ = ! K k^j 


A • • • A A • • • A 


—\ k 0 1 A • • • A A • • • A 


But 入 a ： = 0, since our immersion is minimal; so — 入众 = 入 ）. Thus 

k=\ k 封 

n 

(22) 丄采 = Y^° l A … A 丄诼」屮 /} a … 八 M 

7 = 1 

n 

+ XI 乂 A • • • A i*xfrl A • ■ ■ A 0" 


E ^ 1 


A • • • A 


d(^/ J r {LW)) A … A Q n at po. 


Step 5. Wt have 

/*{L 示（诼」 = /*{L 丄采 (丄设」 by Lemma 38 

= /*{ 丄伊」 (/( 丄伊」 c/OU by (c) 

=/*{ 丄设 」 by (c) again 
m 

= Y, L ±i y((p r Afi r )} by (13) 

r=w+l 

m 

= 〉: / *{丄 W 7 」 （△丄 八 Mr )} 

r=n~\-\ 

m 

+ J2 /*{丄诙」 (圹八 乙丄采 "A b >' ( b ) - 

r=«+l 
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When we expand the first of these sums by (a), we obtain two terms, one involv¬ 
ing / Vr and one involving i*{L^<f, r }. These will both be 0, by (14) and (18 )， 
so we obtain 

m 

/*{ L 步(尕」 抑)}= [，•*{ 丄设 」( 〆 八 £丄$〜)} 
r=n+\ 
m 

=[ [ 丄示 by ⑻. 
r=n+\ 

Substituting in from (22)，we obtain 
(23) /*{ 乙步（设」 

m n 

= y , 八… △，.*{ 丄设」屮八 … am 

r=n+\ y=1 

m n 

+ 0 广（州） ^^ 入 /0 1 八 … 八 /*〆 八…八 

r==n + \ j=\ 

m n 

+ Y. 八 ._. 八々少 /_< 丄灰 ) ） a. •. 八 at p 0 

r=n+\ j=\ 

=S\ + S 2 + 53, say 

Step 6. We will see what each of these sums gives when applied to the / 2 -tuple 
of vectors X\(p Q ),..., X n (p Q ). ! 

Recall that 

^i(X a ,X^) = (R'(X a , Xp)X r ,Xj). 

Thus we have 

m n 

= Y, (t> r (W)^^l(LW,Xj) 

r—n+\ j=i 

m n 

=Y, 4> r (W)J2(R , UW,x j )x r ,Xj) 

r=n-\-\ j = \ 

m 

=~ Y, V{W){R'(LW,Xj)Xj,X r ) 

r=n+\ 

= —（丄 灰， Xj)Xj, 丄 W〉= Ricjv/ (丄 WO at po. 


at po 

at po 

at po 
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Hence 

(24) S\ = RicA/ (丄 H 7 ) • r( 0 ) at /?o. 

Next we have 

m n 

5 2 (^!, ..., X n ) = ^2 (p r {W)^2kj\(f J r {Xj) at Po 

r=n-\-\ j=\ 

n m 

= E^- E cp r (W)r r (Xj) at po 

j—\ r=n+l 

=-by ( 16 ). 

Hence 

(25) 5 2 = -S 2 ( 丄 WO . r( 0 ) at p 0 . 

To evaluate S 3 , we note that d{\j/^ (-LVK)) = J2 / (-LW / ))(A r , ) - 9 l . So we 
obtain 

m n 

(26) S 3 ⑶， ...， J„) = Yu 4> r ^)Y. d{ ^r (LW))(X } ] at P° 

r=«+l 7=1 

n m 

=E E cp r (W)Xj(^UW)) at p 0 . 

j = \ r=n-\-\ 

Step 7. The coefficient of r ⑼ in the statement of the theorem will clearly be 
completely accounted for as soon as we show that 

(27) = -(l^,A(liy)) at po. 

Equation (17) implies that {'s/ ， x,X k , Xj) = 0 at p 0 . and hence that V x ,X k = 0 
at po. where V is the covariant derivative in V. So 

n 

A ( 丄 MO = E 丄 ▽ 、 . （ 丄丄 HO. 
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Now 


▽V 7 ±w = vV,.( 4> r (W)X r \ 

V=n+i ) 

m m 

=E ^M r {W))x r + Y, <t> r (W)V X/ x r 

r=n+\ r=n+\ 

m m m 

= E ^(vm)x r + Y. V{W)Y^^(Xj)x a ^ 


=w+i 


r=n+\ 


SO 


丄 (VV, 丄 wo= E [Xj((p r {W)) + (t> s (W)^{Xj)]x r . 


=n-\~\ 


s=n + \ 


Hence 


^(W)r s (Xj))^x r 


=n+l 


5=« + l 


+ E [wm)+ E 4> s (mr s (Xj)]-J2€(^)^a. 

广 =«+1 s=w+l a=l 

Using (17), we obtain* 

m m 

丄 VV, ( 丄 VV, 丄 E [Xj(Xj(<p r (W)))+J2 <p s (W)Xj(^(Xj))]X r 2itp 0 , 
and therefore 


=n+\ 


s=n + \ 


(28) Y, <j) r (W) - [Xj{Xj((/> r (W))) 

j = \ r=n-\~\ 

m 

+ Y. at po 

s=n+\ 

n m 

=E E cf ) r {W)Xj{Xj( ( p r (W)) at p 0 . 

j = \ r=n+\ 

since if，; = —\j/ s r . 


*Xote that Xj (( X- f )) need not be zero at po. even though \//^ (Xj) = 0 at po. 
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We can find out something about the Xj((f) r (W)) by writing (18) in the form 
0 = 二 ( 丄设」 〆 )} + /*{ 丄汲 」 by (c) 

=—/*< [丄承 

I a=\ ' 

n m 

=d(cp r (W)) ~Y,V k (^)0 k + Y. by (a). 

k = \ s=n-\-\ 

This gives us 

m 

Xj((t ， r (w))^-^aw)- Y, 轉伸⑽.， 

s=n-\-\ 

using (17) we obtain 

m 

Xj(Xj(4> r {W)) = -Xj(irjUW)) - (p s (W)Xj(^ r s {Xj)) at p 0 . 

s=n-\-\ 

Substituting into (28)，we get 

n m 

〈丄 h /， △(丄 vn〉=— EE <i> r (W)Xj(^aw)) 

y=l r=n+\ 

n m 

-EE (i> r (W)(i> s (W)Xj(r s w) 

j=\ r,5—«+l 

n m 

=-E E (f) r {W)Xj{\j/ J r (丄 H 7 )) at po, since 少 r s = H. 

j=\ r=n-\-\ 

This proves (27)，and completes our calculation of the first term in (15). 

The second term in (15) will not be nearly so bad. We have 


(29) /*{L 免（设」 0)} = i*{WJ (/(伊」 OH 

by (c) 

= /*{ 尕」 1 免 0} 

by (c) 

t n 

= /* j 设」 E 0 1 A . . . A L^(p J A - 
1 7 = 1 

• A | by (b) 

To show that 



(30) /*{L 步 ( 诼 」 OU = div TW • (TWJ r( 0 )) + T [丄 泶， T 浓 ] 」 r(0 )， 
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it obviously suffices to show that both sides give the same result when applied to 
any (n — l)-tuple (X\ ， •… ， Xi, • • • ， X n ) at po. Since the A7，s enter symmetrically ， 
we can assume, by renumbering, that / — 1. Now (29) gives 


/*{£ 示（设」 0)}(X 2 ， ... ， AV} 

= A " ' A L w ( t )1 A ••- A , X 2 ,..., X n ) at Po 

=a 采 0 1 八 ••• a 0”) (灰， x 2 ，...， a „) 

n 

+ ^(0* 八.••八 L^(f) J 八 • • • 八 c() n )(W, at po. 

J=2 


In computing the first term, the only permutations of (W, X 2 ,..., X n ) that do 
not give zero are interchanges of W with one Xj\ in the second sum only the 
given order (W, X 2 , ..., X n ) produces a non-zero result. So 


步（伊」 d>)}(X 2 v，D 

- n 

(L^ l KW) 

- y=2 

n 

+ Y^(f> l (^KL^(() j )(Xj) at po 

j=2 

n 

]=\ 
n 

+ (t> l (W)J2(Liy<t> j )(Xj) at po 

7 = 1 

[since j = 1 gives the same new term in each sum] 

n 

+ cp\W)Y J (L^ i )(X j ) at po 

j = \ 

n 

(L 步 <^)( 丄 H/) + 4>\W) J2[Xj(cP j (W))-kj] 


[by (19)] 


at po 
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n 

=a 示 0 ”( 丄 HO + <P ] (W)J2 Xj(<p J (TW)) 

7=1 

[since ^ Xj - 0] 

= (wj 咖丨奴丄 ho + _」 <t>')(±W) 

n 

+ 4> i {W)Y J ^j((TW,Xj)) 
j = \ 

= d(p x (W, 丄 W) + 丄 (W)) 
n 

+ cp l (W)Y J [{^x i TW,X j ) + (TV^. Xj )] 

y=i 

= [W((/) l (iw ))- 丄 承 ))-0*( [设，丄伊 ])]+ 1W(4> 1 (W)) 

n 

+ (p x (W) E〈 Va}TM / ， Xj) at Po 

y=i 

[since J2j v ^； ^0 = ^ = °] 

n 

= -<p l ([W, 丄设 ]) + cp x (W) Y^i^XjTW.Xj) 

7=1 

n 

=〈T [丄设， T 设]， X, > + 〈 W， 不〉 Y^^xJW,Xj). 

;=i 

This is exactly the value of the right side of (30) on X 2 , • ■ ■, X n \ we have thus 
completed the calculation of the second term in (15). 

Finally, we again dispose of the general case, where W(po) may be tan¬ 
gent to V, by considering N = jV x R, with the product metric, and the map 
a : (—£, £) x A/ -> N defined by 

a(«, p) = (a(u, p),u). 

We recall that 

W(p) = (VF(p),l) and ri(/^)- (^0). 

So a ⑼ is minimal if <5(0) is. If R' is the curvature tensor in N, then we have 

Ric M (丄 W> = R 1CM (( 丄灰， 1)> 

n n 

=— E<R' (丄 VK， Xi)Xi, LW) - ^(R^l, Xi)XiA), 


369 

at po 

at po 

at po 
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for X\,... ,X n an orthonormal basis of M. Using the fact that we have a 
product metric, we easily find that 

n 

Ricw(-LW) = - (丄.，丄 WO 

i=i 

二 Ric M (丄 HO. 


The map s(p) : M p x M p M p 丄 is obviously given by 

s ( p )( X ， r ) = (.v(X,F), 0 ), X,Y e M p , 

so the map A 丄 w is given by 

( A ± w (^), r ) = (⑻ x ， r )， o )， u ^, D )= ⑻ （ n ， 丄 w 〉= { A ± w ( X ), y ). 


Consequently, 
We also have 

and hence 


S 2 ( 丄 W) = e 2 (iw). 

△(丄 W) = △(( 丄阶， 1)) = (A (丄州 )， 0 )， 


〈丄 W，A(1W)> = 〈(丄 ％ 1)， (A(lH/),0)> = (1W, A(1W0〉. 
Since we obviously have TW = TVK, we have 

divTW . (TW jr (0)) = divTiy • (TW」 r ( o )). 


Finally, 


[1W, TW] = [(1H>,1),(TH>,0)] 

- [1W,TW] + [l,TW] 

=[1W,TWI 

the second bracket vanishing since there is clearly a coordinate svstem .y 1 ,..., 

.v m , r on N with 3/3.V 1 = TW and d/d r = 1 . Thus the result for a implies the 
result for a. 


l o integrate the result of Theorem 37 succinctly, w e introduce the outward 
pointing unit normal of dM along / (see the picture on the next page): for 
each q e 3A/, wc define /.i(q) e Ay ⑷ to be the unit vector tangent to /(A/), 
perpendicular to f(dN), and outward pointing. Recall (pg. 1.260) that the 
orientation for dM is chosen so that 14 ,..., i» w _i is positively oriented at q if 
and only if //(") ， 1 ，卜- is positively oriented on M, 
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39. COROLLARY. Let /: A/ be a minimal immersion of a compact 

oriented ^-dimensional manifold-with-boundary M into a Riemannian mani¬ 
fold (N m ， ( , )), and let a: (—f) x M -> be a variation of / through im¬ 
mersions. Let W be the variation vector field, let W = 3a/3w, and let /x be the 
outward pointing unit normal of dM along f. If V (a(w)) is the «-dimensional 
volume of M determined by the metric a(w)*( , > and the given orientation 
of M, then 


d 2 V(a{u)) 

du 2 


=f [Ric M (丄 HO — S 2 ( 丄 HO — 〈丄 R △(丄 
u=0 J M 


+ {-\) n+i f [divTM/. (TW ， ii) + <T [丄床， T 床]， ">] 

J3M 


where dV is the volume element determined by /*〈，〉，and dV n ~ x is the 
induced volume element on dM. In particular, if a is a variation keeping dM 
fixed, then 


d 2 V(a(u)) 

du 2 


=f [Ric M (丄 VK) — S 2 ( 丄 W)- 〈丄％ △(丄 
u=0 J M 


PROOF. Left to the reader. ❖ 


Problem 3 shows what our formula reduces to in the case of a geodesic 
y : [o,b] N. Here we will consider the case of a hypersurface M C N. 
with i: M ^ N the inclusion map. Then 丄 VT = /?v for some function /?, 
where v is a unit normal vector field. Since 

丄 ▽'$(/?) (丄 ▽V/ 川） = 丄 ▽\(/?)(义 ⑻口） 

= Xj(p)(Xj(h))-v. 

we see that 

{JLW,A{±W)) =hMu 

where A now denotes the Laplacian on functions, computed by means of the 
induced metric / *( , ) on M, So if S 2 denotes the sum of the squares of the 
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eigenvalues of the symmetric map II : M p x M p R, then our integral becomes 


Im 


[h 2 Rk M (v) - h 2 l：2 - hAh]dV. 


Suppose in particular, that we consider the variation by parallel surfaces, ot(u, p) 
=exp p u v(p). Then h = 1 and (Problem 3-12) W(u, p) is always perpendicular 
to a(u)(M); so the integral over dM drops out, and we obtain 


d 2 V(a(u)) 

du 2 


w—0 


= [Ric m (v)-S 2 ]JK. 
Jm 


If N has sectional curvatures > 0, then RicM(^) 5 0, so we obtain 

d 2 V(a(u)) I 


du 2 


< 0 . 


w=0 


Moreover, we have strict inequality unless E 2 = 0， which happens only when 
s = 0, so that our hypersurface is totally geodesic. Thus a non-totally geodesic 
minimal hypersurface in a space of non-negative sectional curvature always has 
greater volume than nearby parallel surfaces. 

Now let us consider a minimal immersion /: A/ ^ M 3 , where M is a com¬ 
pact surface-with-boundary. Let a : {—£, s) x Af ^ M 3 be a variation of / 
keeping dM fixed, such that W = hN for some function h vanishing on 3A/, 
where iY is a unit normal field. Then our formula becomes 
d 2 A{a{u))\ = r ^_ h 2^2 + k 2 2 ) _ hAh ^ dA 

u=0 •/ A/ 


(i) 


du 1 


where k\ and ^2 


-k\ are 


the principal curvatures 
[2h 2 K - hAh]dA 


IM 


fM 


[2h 2 K + I/(grad h, grad h)] dA, 


by Proposition 7-59. 

In particular, consider a compact 2-dimensional manifold-with-boundary DC 
M 2 and a minimal immersion O : D —> R 3 given by 

O 1 ~ Re y ^F(w)(l — w 2 ) dw 

p /. 

7 F(w)(l + w 2 ) dw 


(*) 


= Re 


O 3 = Re / F(w)w dw 
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for a nowhere 0 complex analytic function F: D 
have (page 274) 

(2) If = 0*〈 ， 〉 = fi(dx ® dx + dy ® dy), 

| F ( z )| 2 (1 + | z | 2 ) 2 


C. For this immersion we 


where fi(z)= 


4 


z = x + iy. 


We can compute (Problem 5) that the curvature K for the metric 0*〈 ， > on D 
is given by 

( 3 ) 你 ) = ^^’ … + z> . 

Suppose now that we have a variation a of O which keeps dD fixed, and such 
that W{^(z)) — h(z) - N(z) for some function h: D ^ R with h = 0 on dD. 
Using (2), we compute, from the last equation in the proof of Proposition 5, that 

(hi 2 + h^){z) 

(4) I / (grad/ ? ,grad/ ? )(z)= ^ |F(z)|2(1 + 

Substituting (4) and (3) into (1), and remembering that the volume element dA 
of I on Z) is 


Vdet(g/ 7 ) dx A dy = fidx A dy ， 


we obtain 
d 2 A(a(u)) 


du 2 


u—0 




[/7“x ， >0] 2 + [h 2 (x,y)] 2 - 


8 [/?(_x ， j)] 2 


cix dy. 


(1 +x 2 + y 2 ) 2 ] 

Notice that this expression does not involve the original map (*) at all; it involves 
only the region D, and the function h. If we recall (page 274) that N = a 
we see that D contains the unit disc B = {(x ， 少 ) : x 2 + y 2 < 1} if and only if the 
normal map iV of O covers the whole southern hemisphere of the unit sphere. 


40. THEOREM (SCHWARZ-RADO). If the interior of D contains the unit 
disc B = {(x, j) : x 2 + v 2 < 1}, then there is a function h : D ^ R with h = 0 


on dD such that 

( 1 ) 


Id 


h\ 2 + h 2 2 - 


8/? 2 


(1 +.v 2 +v 2 ) 2 ^ 


cix dy < 0. 


Consequently; for every nowhere 0 complex analytic function F : C, the 
minimal surface O(D) given by (*) does not have minimum area among all 


nearby surfaces with the same boundary. 

(Since the solution to the Plateau problem tells us that there is some minimal 
disc with the same boundary as this proves that 0(5 ! ) is the boundary 

of at least 2 different minimal surfaces.) 



374 


Chapter 9, Addendum 4 


PROOF. Let B(r) — {(.y, v) : x 2 + v 2 < r 2 }, and define h r : B(r) — M by 




.Y 2 + y 2 


+ V 2 +r 2 


J(r) = f (h r \) 2 + (h r 2 、 2 — 

JB(r) L 


8(//) 2 ■ 

(1 + .Y 2 + V 2 ) 2 . 


dx dy. 


Substituting (2) into (3), we obtain the explicit formula 


\6(x 2 + y 2 )r 4 f 8 (x 2 + >- 2 -r 2 ) 2 

{x 2 + y 2 + r 2 ) 4 dXC y ~j B(r) U 2 +> ,2 + r 2)2( Y 2 + y 2 + 1) 2 


Making the substitution x = w ■ r, j = i; • r, we get 


，乂二 6 (: 2 二— 


f Uu 2 + v 2 - \) 2 r 2 

Ib {u 2 + v 2 + l) 2 (u 2 r 2 + v 2 r 2 + l ) 2 


du dv. 


Finally, computing /’ （ l) by Leibniz’s Rule, we obtain 

, /* (w 2 + u 2 — l ) 3 

/ ( 1 ) = 16 / ---- -r du dv 

Jb (^ 2 + v 2 + \) 5 


On the other hand，we claim that /(l) 二 0. To prove this, we use Proposition 
7-59 and the fact that h r — 0 on dB(r) to write (3) as 


h r \h r n +h r 


(1 + .v 2 + y 2 ) 2 


dx dy\ 


then we just compute that the term in brackets is 0 for h x . 

Since 7(1) = 0 and /’ （ l) < 0 . there is a number ro > 1 such that /(，•）< 0 for 
1 < r < ro. Now there is some r with 1 < r < /*o such that D D B(r). Define h 
on D by 

. / 、 i h r (x.y) (.v. r) e B(r) 

/;(.'•• r) = \ 

y 0 otherwise. 

This h has all the desired properties, except that the first partial derivatives of /? 
are discontinuous on B(r). However, it is easy to see that we can round oft h 
to a C°° function without changing the sign of the integral in 
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PROBLEMS 

1. Show that formula (*) on page 274 gives 

1 

a catenoid for F(w) 


a helicoid for F(w) 






Scherk’s minimal surface for F(w) 


—ur 


2. Let /: M R be convex, 
(a) We have 


f\x + ) 

f'(x-) 


inf 

h>0 


sup 

h>0 


f(x + h) - f(x) 

h 

f(x + h) — f(x) 



(b) If f\x) exists for all x, then /’ is continuous. Hint: Consider h > 0, say, 
with [f(x + h) - f(x)]/h < f f (x) + e. 

3. Let y : [" ， 办 ]— iV be an arclength parameterized geodesic, with unit tangent 
vector V = ciy/cit. and let a : (— £ ， e) x [a.b] F be a variation, with variation 

vector field W. 

(a) If Z is a vector field along y with (F, Z) — 0, then 丄 VVZ = V f yZ. 

(b) △(丄 HO = D 2 UV/dt 2 . 

(c) We have 

d 2 L(a(u)) - 广 — ID 2 1W 

u=0 』 a 


clu 2 


clt 2 


丄 - (R'(W,V)V,W)(t)dt 


+ <V f TW,F> - (TVV,F) + {[±W,TW],V) 

(d) Let 

B = (V k TW 7 , V) - {TW,V) + ([1^,T^],F> 

=(VkTIV.TH 7 ) + 〈▽丄 wTHM 》一〈 V T h / 丄 V>. 

Noting that TW is a multiple of V. say T W = h V, show that 

〈 ▽th/ 丄 MMO = 0 and (Vi/TH 7 , TIV) = <V T jf TH 7 , V). 
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Thus 


B = (V tw TW,V) + {^±wTW,V) = (y w JW,V) 
={V w w,V) - 〈 vv 丄 
— (Vp{/ iy, V) + 〈 Vj/ 丄丄 . 


(e) Conclude that 
d 2 L(a(u)) 


du 2 


u—0 


I D1W D 丄 

]\ df ’ dt i 

+ (^ivW,V)' b 


- {R\W,V)V,W){t)dt 


4. If M C M 3 is a minimal surface, then at any point p e M the Gaussian 
curvature K(p) is given by 


K{p)= - 


v^X) 


{X.X) 

Hint: The numerator is 111(^", X). 


for any X e M p . 


5. Consider a minimal immersion $ : V M 3 given by (*) on page 274, so 
that N = a— 1 and g" = where 


M ⑵ 


|F(z)| 2 (l + \z\ 2 ) 2 


Use Problems 4 and 7-20 to show that 


K(z) 


1 + i-P 


16 



lA 二 ) 


\F(z)\m + \z\ 2 )^ 


6. (a) Let M C M 3 be a minimal surface with K < 0 everywhere，and con¬ 
sider an imbedding /: U -> M whose parameter lines are lines of curvature. 
Using the formulas on pg. 111.217, show that if A：i > 0 is the positive principal 
cun ature, then 


E{s,t) = S(s)/k\(sj), 


G{sj) = T(t)/k l (s,t) 
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for certain functions S，T > 0. Then show that there is a new imbedding with 

1 

E = G =—. 
k\ 

Conclude that if 〈，〉 is the metric on M，then 

sTk{ ,) 


is a flat metric (Ricci). 

(b) Let ( , ) be a metric on a 2-dimensional manifold M such that K < 0 and 
y/—K ( , ) is flat. Thus there is a coordinate system (w, y) such that 


y/—K 〈， ) = du ® du + dv ® dv 


〈，〉 = -(du ® du + dv ® dv) 
y/—K 

=g(du ® du + dv ® dv), say. 


Using the formula on pg. 111.217, show that 



Then show that there is an imbedding /: t/ ^ R 3 with 


1 

— 

n = 一 1 ， 


F = 0 
m —Q. 


Thus f(U) is a minimal surface isometric to M. 
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